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theory turing-basic

imports Main

begin

1 Basic definitions of Turing machine

Actions of Turing machine (Abbreviated TM in the following* ).

datatype taction =
— Write zero
wo |
— Write one
W1 |
— Move left
L
— Move right
R |
— Do nothing
Nop

Tape contents in every block.

datatype block =
— Blank
BE |
— Occupied
Oc

Tape is represented as a pair of lists (Ljcft, Lyight), where Lieft, named left
list, is used to represent the tape to the left of RW-head and Ly;g5:, named
right list, is used to represent the tape under and to the right of RW-head.

type-synonym tape = block list x block list

The state of turing machine.
type-synonym tstate = nat
Turing machine instruction is represented as a pair (action, next-state),

where action is the action to take at the current state and nezt-state is the
next state the machine is getting into after the action.

type-synonym tinst = taction X tstate

Program of Turing machine is represented as a list of Turing instructions
and the execution of the program starts from the head of the list.

type-synonym tprog = tinst list
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Turing machine configuration, which consists of the current state and the
tape.

type-synonym t-conf = tstate X tape

fun nth-of :: 'a list = nat = 'a option
where
nth-of xs n = (if n < length zs then Some (zs!n)
else None)

The function used to fetech instruction out of Turing program.

fun fetch :: tprog = tstate = block = tinst
where
fetch p s b = (if s = 0 then (Nop, 0) else
case b of
Bk = case nth-of p (2 % (s — 1)) of
Some i = i
| None = (Nop, 0)
| Oc = case nth-of p (2 % (s — 1) +1) of
Some i = i
| None = (Nop, 0))

fun new-tape :: taction = tape = tape
where
new-tape action (leftn, rightn) = (case action of
W0 = (leftn, Bk#(tl rightn)) |
W1 = (leftn, Oc#(tl rightn)) |
L = (if leftn = || then (tl leftn, Bk#trightn)
else (tl leftn, (hd leftn) # rightn)) |
R = if rightn = [| then (Bk+#tleftn,tl rightn)
else ((hd rightn)4tleftn, tl rightn) |
Nop = (leftn, rightn)

)

The one step function used to transfer Turing machine configuration.

fun tstep :: t-conf = tprog = t-conf
where
tstep ¢ p = (let (s, I, r) = cin
let (ac, ns) = (fetch p s (case r of [| = Bk |
T # 18 = 1)) in
(ns, new-tape ac (I, r)))

The many-step function.

fun steps :: t-conf = tprog = nat = t-conf
where
steps cp 0 = ¢ |
steps ¢ p (Suc n) = steps (tstep ¢ p) p n
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lemma tstep-red: steps ¢ p (Suc n) = tstep (steps ¢ p n) p
proof (induct n arbitrary: c)

fix c

show steps ¢ p (Suc 0) = tstep (steps ¢ p 0) p by(simp add: steps.simps)
next

fix nc

assume ind: )\ c. steps ¢ p (Suc n) = tstep (steps ¢ p n) p

have steps (tstep ¢ p) p (Suc n) = tstep (steps (tstep ¢ p) pn) p

by (rule ind)

thus steps ¢ p (Suc (Suc n)) = tstep (steps ¢ p (Suc n)) p by(simp add:
steps.simps)
qed

declare Let-def [simp] option.split[split]

definition

isevenn=d z.n=2%zx

The following t-correct function is used to specify the wellformedness of
Turing machine.

fun t-correct :: tprog = bool
where
t-correct p = (length p > 2 A iseven (length p) A
list-all (X (acn, s). s < length p div 2) p)

declare t-correct.simps[simp del]

lemma allimp: [Vz. Px — Quz;Vz. Pz] = Vz. Qz
by (auto elim: allE)

lemma halt-lemma: Jwf LE; ¥ n. (= P (fn) — (f (Suc n), (fn)) € LE)] =
I n. P (fn)

apply (rule exCI, drule allimp, auto)

apply(drule-tac f = f in wf-inv-image, simp add: inv-image-def)

apply (erule wf-induct, auto)

done

lemma steps-add: steps ¢ t (x + y) = steps (steps ctx) ty
by (induct x arbitrary: ¢, auto simp: steps.simps tstep-red)

lemma listall-set: list-allpt =V a € sett. pa
by (induct t, auto)

lemma fetch-ex: 3b a. fetch T aa ab = (b, a)

by (simp add: fetch.simps)

definition ezponent :: ‘a = nat = 'a list (-~ [0, 0]100)
where exponent x n = replicate n x

tinres {1 12 means left list [ is congruent with [2 with respect to the execu-
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tion of Turing machine. Appending Blank to the right of eigther one does
not affect the outcome of excution.

definition tinres :: block list = block list = bool
where
tinres bx by = (3 n. bz = by@QBE™ V by = bz @ Bk"™)

lemma exp-zero: a¥ = ||

by (simp add: exponent-def)

lemma exp-ind-def: a4 T = q # a®
by (simp add: exponent-def)

The following lemma shows the meaning of tinres with respect to one step
execution.

lemma tinres-step:
[tinres 1 1%; tstep (ss, I, r) t = (sa, la, ra); tstep (ss, I', r) t = (sb, b, rb)]
= tinres la Ib A ra = b A sa = sb
apply (auto simp: tstep.simps fetch.simps new-tape.simps
split: if-splits taction.splits list.splits
block.splits)
apply(case-tac [!] t ! (2 x (ss — Suc 0)),
auto simp: exponent-def tinres-def split: if-splits taction.splits list.splits
block.splits)
apply(case-tac [!] t ! (2 * (ss — Suc 0) + Suc 0),
auto simp: exponent-def tinres-def split: if-splits taction.splits list.splits
block.splits)
done

declare tstep.simps[simp del] steps.simps[simp del]

The following lemma shows the meaning of tinres with respect to many step
execution.

lemma tinres-steps:
[tinres 1 1; steps (ss, I, r) t stp = (sa, la, ra); steps (ss, U, r) t stp = (sb, b,
rb)]
= tinres la b A ra = rb A sa = sb
apply (induct stp arbitrary: sa la ra sb lb rb, simp add: steps.simps)
apply (simp add: tstep-red)
apply (case-tac (steps (ss, I, ) t stp))
apply(case-tac (steps (ss, l', r) t stp))
proof —
fix stp sa la ra sb lb rb a b ¢ aa ba ca
assume ind: Asa la ra sb lb rb. [steps (ss, I, r) t stp = (sa, la, ra);
steps (ss, l', r) t stp = (sb, b, rb)] = tinres la lb A ra = rb N sa = sb
and h: tinres I l' tstep (steps (ss, I, r) t stp) t = (sa, la, Ta)
tstep (steps (ss, U/, r) t stp) t = (sb, Ib, rb) steps (ss, I, r) t stp = (a, b,
)

steps (ss, l', r) t stp = (aa, ba, ca)
have tinres b ba A ¢ = ca A a = aa



apply (rule-tac ind, simp-all add: h)
done

thus tinres la Ib A ra = rb A sa = sb
apply(rule-tac ] = b and I’ = ba and r = ¢ and ss = a

and ¢t = ¢ in tinres-step)
using h
apply(simp, simp, simp)
done
qed

The following function tshift tp n is used to shift Turing programs tp by n
when it is going to be combined with others.
fun tshift :: tprog = nat = tprog
where
tshift tp off = (map (X (action, state). (action, (if state = 0 then 0
else state + off))) tp)

When two Turing programs are combined, the end state (state 0) of the
one at the prefix position needs to be connected to the start state of the
one at postfix position. If ¢p is the Turing program to be at the prefix,
change-termi-state tp is the transformed Turing program.
fun change-termi-state :: tprog = tprog

where

change-termi-state t =

(map (A (acn, ns). if ns = 0 then (acn, Suc ((length t) div 2)) else (acn,

ns)) t)
t-add tp1 tp2 is the combined Truing program.
fun t-add :: tprog = tprog = tprog (- |+| - [0, 0] 100)
where
t-add t1 t2 = ((change-termi-state t1) Q (tshift t2 ((length t1) div 2)))
Tests whether the current configuration is at state 0.

definition isS0 :: t-conf = bool
where
isS0 ¢ = (let (s, I, r) =cins = 0)

declare tstep.simps[simp del] steps.simps[simp del]
t-add.simps[simp del] fetch.simps[simp del]
new-tape.simps|[simp del]
Single step execution starting from state 0 will not make any progress.

lemma tstep-0: tstep (0, tp) p = (0, tp)
apply (simp add: tstep.simps fetch.simps new-tape.simps)
done

Many step executions starting from state 0 will not make any progress.

lemma steps-0: steps (0, tp) p stp = (0, tp)
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apply (induct stp)

apply(simp add: steps.simps)
apply(simp add: tstep-red tstep-0)
done

lemma s-keep-step: [a < length A div 2; tstep (a, b, ¢) A = (s, I, r); t-correct A]
= s < length A div 2

apply(simp add: tstep.simps fetch.simps t-correct.simps iseven-def
split: if-splits block.splits list.splits)

apply(case-tac [!] a, auto simp: list-all-length)

apply(erule-tac x = 2 x nat in ollE, auto)

apply(erule-tac x = 2 x nat in ollE, auto)

apply (erule-tac x = Suc (2 * nat) in allE, auto)

done

lemma s-keep: [steps (Suc 0, tp) A stp = (s, I, r); t-correct A] = s < length
A div 2
proof (induct stp arbitrary: s 1 r)
case 0 thus Zcase by(auto simp: t-correct.simps steps.simps)
next
fix stpsir
assume ind: Aslr. [steps (Suc 0, tp) A stp = (s, I, r); t-correct A] = s <
length A div 2
and hl: steps (Suc 0, tp) A (Suc stp) = (s, I, 1)
and h2: t-correct A
from hi h2 show s < length A div 2
proof(simp add: tstep-red, cases (steps (Suc 0, tp) A stp), simp)
fixabc
assume h3: tstep (a, b, ¢) A= (s, 1, r)
and h4: steps (Suc 0, tp) A stp = (a, b, ¢)
have a < length A div 2
using h2 h4
by (rule-tac | = b and r = ¢ in ind, auto)
thus ?thesis
using h3 h2
by (simp add: s-keep-step)
qged
qged

lemma t-merge-fetch-pre:
[fetch A s b = (ac, ns); s < length A div 2; t-correct A; s # 0] =
fetch (A |+] B) s b = (ac, if ns = 0 then Suc (length A div 2) else ns)
apply (subgoal-tac 2 * (s — Suc 0) < length A A Suc (2 * (s — Suc 0)) < length
A)
apply (auto simp: fetch.simps t-add.simps split: if-splits block.splits)
apply (simp-all add: nth-append change-termi-state.simps)
done

lemma [simp]: [- a < length A div 2; t-correct A] = fetch A a b = (Nop, 0)
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apply (auto simp: fetch.simps del: nth-of .simps split: block.splits)
apply(case-tac [!] a, auto simp: t-correct.simps iseven-def)
done

lemma [elim]: [t-correct A; — isSO (tstep (a, b, ¢) A)] = a < length A div 2
apply (rule-tac classical, auto simp: tstep.simps new-tape.simps isS0-def )
done

lemma [elim]: [t-correct A; — isS0 (tstep (a, b, ¢) A)] = 0 < a
apply (rule-tac classical, simp add: tstep-0 isSO-def )
done

lemma t-merge-pre-eq-step: [tstep (a, b, ¢) A = cf; t-correct A; = isS0 cf]
= tstep (a, b, ¢) (A |+| B) = ¢f
apply (subgoal-tac a < length A div 2 A a # 0)
apply(simp add: tstep.simps)
apply (case-tac fetch A a (case ¢ of || = Bk | © # xs = x), simp)
apply (drule-tac B = B in t-merge-fetch-pre, simp, simp, simp, simp add: isS0-def,
auto)
done

lemma t-merge-pre-eq: [steps (Suc 0, tp) A stp = cf; — isS0 cf; t-correct A]
= steps (Suc 0, tp) (A |+| B) stp = ¢f
proof (induct stp arbitrary: cf)
case 0 thus ?case by(simp add: steps.simps)
next
fix stp cf
assume ind: \cf. [steps (Suc 0, tp) A stp = cf; = isS0 ¢f; t-correct A]
= steps (Suc 0, tp) (A |[+| B) stp = ¢f
and hl: steps (Suc 0, tp) A (Suc stp) = cf
and h2: — isS0 cf
and h3: t-correct A
from h! h2 h3 show steps (Suc 0, tp) (A |+| B) (Suc stp) = cf
proof(simp add: tstep-red, cases steps (Suc 0, tp) (A) stp, simp)
fix a bc
assume hj: tstep (a, b, ¢) A = cf
and hS: steps (Suc 0, tp) A stp = (a, b, ¢)
have steps (Suc 0, tp) (A |+| B) stp = (a, b, ¢)
proof(cases a)
case ( thus ?thesis
using h4 h2
apply(simp add: tstep-0, cases cf, simp add: isS0-def)
done
next
case (Suc n) thus %thesis
using h5 h3
apply (rule-tac ind, auto simp: isS0-def)
done
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qed

thus tstep (steps (Suc 0, tp) (A |+| B) stp) (A |[+| B) = ¢f
using h4 h5 h3 h2
apply (simp)
apply (rule t-merge-pre-eg-step, auto)
done

qed
qed

declare nth.simps[simp del] tshift.simps[simp del] change-termi-state.simps[simp
del]

lemma [simp]: length (change-termi-state A) = length A
by (simp add: change-termi-state.simps)

lemma first-halt-point: steps (Suc 0, tp) A stp = (0, tp’)
= stp. - i8S0 (steps (Suc 0, tp) A stp) A steps (Suc 0, tp) A (Suc stp) = (0,
tp’)
proof (induct stp)
case (0 thus ?case by(simp add: steps.simps)
next
case (Suc n)
fix stp
assume ind: steps (Suc 0, tp) A stp = (0, tp’) =
Istp. - isS0 (steps (Suc 0, tp) A stp) A steps (Suc 0, tp) A (Suc stp) = (0,
tp”)
and h: steps (Suc 0, tp) A (Suc stp) = (0, tp)
from h show Jstp. — isS0 (steps (Suc 0, tp) A stp) N steps (Suc 0, tp) A (Suc
stp) = (0, tp)
proof(simp add: tstep-red, cases steps (Suc 0, tp) A stp, simp, case-tac a)
fix abc
assume gI: a = (0:nat)
and ¢2: tstep (a, b, ¢) A = (0, tp")
and g¢3: steps (Suc 0, tp) A stp = (a, b, ¢)
have steps (Suc 0, tp) A stp = (0, tp’)
using ¢2 g1 g3
by (simp add: tstep-0)
hence 3 stp. - isS0 (steps (Suc 0, tp) A stp) A steps (Suc 0, tp) A (Suc stp)
= (0, tp))
by (rule ind)
thus 3 stp. — isS0 (steps (Suc 0, tp) A stp) A tstep (steps (Suc 0, tp) A stp)
4= (0, )
apply (simp add: tstep-red)
done
next
fix a b ¢ nat
assume gI: steps (Suc 0, tp) A stp = (a, b, ¢)
and ¢2: steps (Suc 0, tp) A (Suc stp) = (0, tp’) a= Suc nat
thus I stp. = isS0 (steps (Suc 0, tp) A stp) A tstep (steps (Suc 0, tp) A stp)
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A= (0, )
apply (rule-tac x = stp in exl)
apply (simp add: isSO-def tstep-red)
done
ged
qed

lemma t-merge-pre-halt-same’:
[ isS0 (steps (Suc 0, tp) A stp) ; steps (Suc 0, tp) A (Suc stp) = (0, tp');
t-correct A
= steps (Suc 0, tp) (A |[4+| B) (Suc stp) = (Suc (length A div 2), tp')
proof(simp add: tstep-red, cases steps (Suc 0, tp) A stp, simp)
fixabc
assume h1: - isS0 (a, b, c)
and h2: tstep (a, b, ¢) A = (0, tp’)
and h3: t-correct A
and h4: steps (Suc 0, tp) A stp = (a, b, ¢)
have steps (Suc 0, tp) (A |+| B) stp = (a, b, ¢)
using hi h4 hS3
apply (rule-tac t-merge-pre-eq, auto)
done
moreover have tstep (a, b, ¢) (A |+| B) = (Suc (length A div 2), tp)
using h2 h3 h1 h4
apply(simp add: tstep.simps)
apply(case-tac fetch A a (case ¢ of [| = Bk |  # xs = x), simp)
apply(drule-tac B = B in t-merge-fetch-pre, auto simp: isS0-def intro: s-keep)
done
ultimately show tstep (steps (Suc 0, tp) (A |+| B) stp) (A |+| B) = (Suc
(length A div 2), tp’)
by (simp)
qed

When Turing machine A and B are combined and the execution of A can
termination within stp steps, the combined machine A |+| B will eventually
get into the starting state of machine B

lemma t-merge-pre-halt-same:
[steps (Suc 0, tp) A stp = (0, tp’); t-correct A; t-correct B]
= 3 sip. steps (Suc 0, tp) (A |+| B) stp = (Suc (length A div 2), tp’)
proof —
assume a-wf: t-correct A
and b-wf: t-correct B
and a-ht: steps (Suc 0, tp) A stp = (0, tp’)
have halt-point: 3 stp. — 1sS0 (steps (Suc 0, tp) A stp) A steps (Suc 0, tp) A
(Suc stp) = (0, tp’)
using a-ht
by (erule-tac first-halt-point)
then obtain stp’ where — isS0 (steps (Suc 0, tp) A stp’) N steps (Suc 0, tp)
A (Suc stp’) = (0, tp')..
hence steps (Suc 0, tp) (A |+| B) (Suc stp’) = (Suc (length A div 2), tp’)



using a-wf
apply (rule-tac t-merge-pre-halt-same’, auto)
done
thus %thesis ..
qed

lemma fetch-0: fetch p 0 b = (Nop, 0)
by (simp add: fetch.simps)

lemma [simp]: length (tshift B ©) = length B
by (simp add: tshift.simps)

lemma [simp]|: t-correct A = 2 * (length A div 2) = length A
apply (simp add: t-correct.simps iseven-def, auto)
done

lemma t-merge-fetch-snd:

[fetch B a b = (ac, ns); t-correct A; t-correct B; a > 0]

= fetch (A |+| B) (a + length A div 2) b

= (ac, if ns = 0 then 0 else ns + length A div 2)
apply (auto simp: fetch.simps t-add.simps split: if-splits block.splits)
apply (case-tac [!] a, simp-all)
apply (simp-all add: nth-append change-termi-state.simps tshift.simps)
done

lemma t-merge-snd-eq-step:
[tstep (s, I, r) B = (s', l', r'); t-correct A; t-correct B; s > 0]
= tstep (s + length A div 2,1, r) (A |+| B) =
(if s" = 0 then 0 else s’ + length A div 2, 1" ;r')
apply (simp add: tstep.simps)
apply(cases fetch B s (case r of [| = Bk | © # zs = z))
apply (auto simp: t-merge-fetch-snd)
apply (frule-tac [!] t-merge-fetch-snd, auto)
done

Relates the executions of TM B, one is when B is executed alone, the other
is the execution when B is in the combined TM.

lemma t-merge-snd-eq-steps:
[t-correct A; t-correct B; steps (s, I, r) B stp = (s, I, r'); s > 0]
= steps (s + length A div 2,1, r) (A |+| B) stp =
(if ' = 0 then 0 else s’ + length A div 2, 1', 1)
proof (induct stp arbitrary: s’ 1’ r’)
case 0 thus ?case
by (simp add: steps.simps)
next
fix stp s’ ' r
assume ind: N\s' I’ r'. [t-correct A; t-correct B; steps (s, I, r) B stp = (s/, I,
r’); 0 < s]

!

= steps (s + length A div 2, 1, r) (A |[+| B) stp =
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(if s" = 0 then 0 else s’ + length A div 2,1, 1)
and hi: steps (s, I, ) B (Suc stp) = (s', I', r')
and h2: t-correct A
and h3: t-correct B
and h4: 0 < s
from h1 show steps (s + length A div 2, 1, r) (A |+| B) (Suc stp)
= (if s' = 0 then 0 else s’ + length A div 2, ', 1)
proof(simp only: tstep-red, cases steps (s, I, r) B stp)
fix abc
assume hd: steps (s, I, r) B stp = (a, b, ¢) tstep (steps (s, I, r) B stp) B =
(s, U, r")
hence h6: (steps (s + length A div 2, 1, r) (A |+| B) stp) =
((if @ = 0 then 0 else a + length A div 2, b, ¢))
using h2 h3 h4
by (rule-tac ind, auto)
thus tstep (steps (s + length A div 2, 1, r) (A |+| B) stp) (A |[+| B) =
(if s' = 0 then 0 else s'+ length A div 2, U/, ')
using hd
proof (auto)
assume tstep (0, b, ¢) B = (0, l’, ') thus tstep (0, b, ¢) (A |+| B) = (0,
U, r’
by (simp add: tstep-0)
next
assume tstep (0, b, ¢) B = (s, 1/, 1) 0 < s’
thus tstep (0, b, ¢) (A |[+| B) = (s’ + length A div 2, 1, 1)
by (simp add: tstep-0)
next
assume tstep (a, b, ¢) B=(0,1,7) 0 < a
thus tstep (a + length A div 2, b, ¢) (A |+| B) = (0, 1/, 1)
using h2 h3
by (drule-tac t-merge-snd-eg-step, auto)
next
assume tstep (a, b, c) B=(s",1',r) 0 < a0 <s’
thus tstep (a + length A div 2, b, ¢) (A |[+| B) = (s’ + length A div 2, ', 1)
using h2 h3
by (drule-tac t-merge-snd-eg-step, auto)
qed
qed
qed

lemma t-merge-snd-halt-eq:
[steps (Suc 0, tp) B stp = (0, tp'); t-correct A; t-correct B]
= Jstp. steps (Suc (length A div 2), tp) (A |+| B) stp = (0, tp’)
apply (case-tac tp, cases tp’, simp)
apply(drule-tac s = Suc 0 in t-merge-snd-eq-steps, auto)
done

lemma t-inj: [steps (Suc 0, tp) A stpa = (0, tpl); steps (Suc 0, tp) A stpb = (0,
tp2)]
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= tpl = tp2
proof —
assume hl: steps (Suc 0, tp) A stpa = (0, tpl)
and h2: steps (Suc 0, tp) A stpb = (0, tp2)
thus ?thesis
proof(cases stpa < stpb)
case True thus ?thesis
using h1 h2
apply (drule-tac less-imp-Suc-add, auto)
apply (simp del: add-Suc-right add-Suc add: add-Suc-right] THEN sym| steps-add
steps-0)
done
next
case Fulse thus ?thesis
using hl h2
apply (drule-tac lel)
apply (case-tac stpb = stpa, auto)
apply (subgoal-tac stpb < stpa)
apply (drule-tac less-imp-Suc-add, auto)
apply (simp del: add-Suc-right add-Suc add: add-Suc-right] THEN sym| steps-add
steps-0)
done
qed
qed

type-synonym t-assert = tape = bool

definition t-imply :: t-assert = t-assert = bool (- =—> - [0, 0] 100)
where
t-imply al a2 = (V¥ tp. al tp — a2 tp)

locale turing-merge =

fixes A :: tprog and B :: tprog and P1 :: t-assert

and P2 :: t-assert

and P3 :: t-assert

and P/ :: t-assert

and Q1:: t-assert

and Q2 :: t-assert

assumes

A-wf : t-correct A

and B-wf : t-correct B

and A-halt : P1 tp = 3 stp. let (s, tp’) = steps (Suc 0, tp) A stpins = 0 A
Q1 tp’

and B-halt : P2 tp = 3 stp. let (s, tp’) = steps (Suc 0, tp) B stpins =0 A
Q2 tp’

and A-uhalt : P8 tp = — (3 stp. isS0 (steps (Suc 0, tp) A stp))

and B-uhalt: P4 tp = — (3 stp. isS0 (steps (Suc 0, tp) B stp))
begin
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The following lemma tries to derive the Hoare logic rule for sequentially
combined TMs. It deals with the situtation when both A and B are termi-
nated.

lemma t-merge-halt:
assumes aimpb: Q1 F—> P2
shows P1 F—> X tp. (3 stp tp'. steps (Suc 0, tp) (A |+| B) stp = (0, tp”) A
Q2 tp’)
proof(simp add: t-imply-def, auto)
fix a b
assume h: P1 (a, b)
hence 3 stp. let (s, tp') = steps (Suc 0, a, b) A stpins =0 A QI tp’
using A-halt by simp
from this obtain stp! where let (s, tp’) = steps (Suc 0, a, b) A stpl ins =10
A QI1tp'..
thus 3 stp aa ba. steps (Suc 0, a, b) (A |[+| B) stp = (0, aa, ba) A Q2 (aa, ba)
proof(case-tac steps (Suc 0, a, b) A stpl, simp, erule-tac conjE)
fix aa ba c
assume gI: Q1 (ba, c)
and ¢2: steps (Suc 0, a, b) A stpl = (0, ba, c)
hence P2 (ba, ¢)
using aimpb apply(simp add: t-imply-def)
done
hence 3 stp. let (s, tp) = steps (Suc 0, ba, ¢) B stpins = 0 N Q2 tp’
using B-halt by simp
from this obtain stp2 where let (s, tp) = steps (Suc 0, ba, ¢) B stp2in s =
0N Q2ip'..
thus ?Zthesis
proof(case-tac steps (Suc 0, ba, ¢) B stp2, simp, erule-tac conjE)
fix aa bb ca
assume ¢3: Q2 (bb, ca) steps (Suc 0, ba, ¢) B stp2 = (0, bb, ca)
have 3 stp. steps (Suc 0, a, b) (A |+| B) stp = (Suc (length A div 2), ba ,
)
using g2 A-wf B-wf
by (rule-tac t-merge-pre-halt-same, auto)
moreover have 3 stp. steps (Suc (length A div 2), ba, c¢) (A |+| B) stp =
(0, bb, ca)
using g3 A-wf B-wf
apply (rule-tac t-merge-snd-halt-eq, auto)
done
ultimately show Jstp aa ba. steps (Suc 0, a, b) (A |+| B) stp = (0, aa,
ba) A Q2 (aa, ba)
apply(erule-tac exE, erule-tac exE)
apply(rule-tac x = stp + stpa in exl, simp add: steps-add)
using ¢3 by simp
qed
qed
qed

lemma t-merge-uhalt-tmp:

Xiv



assumes B-uh: V stp. = isS0 (steps (Suc 0, b, ¢) B stp)
and merge-ah: steps (Suc 0, tp) (A |+| B) stpa = (Suc (length A div 2), b, ¢)
shows V stp. = isS0 (steps (Suc 0, tp) (A |+| B) stp)
using B-uh merge-ah
apply (rule-tac alll)
apply (case-tac stp > stpa)
apply (erule-tac x = stp — stpa in allE)
apply(case-tac (steps (Suc 0, b, ¢) B (stp — stpa)), simp)
proof —
fix stp a ba ca
assume hl: - i8S0 (a, ba, ca) stpa < stp
and h2: steps (Suc 0, b, ¢) B (stp — stpa) = (a, ba, ca)
have steps (Suc 0 + length A div 2, b, ¢) (A |[+| B) (stp — stpa) =
(if a = 0 then 0 else a + length A div 2, ba, ca)
using A-wf B-wf h2
by (rule-tac t-merge-snd-eqg-steps, auto)
moreover have a > 0 using h1 by(simp add: isSO-def)
moreover have 3 sipb. stp = stpa + stpb
using hl by(rule-tac x = stp — stpa in exl, simp)
ultimately show — isS0 (steps (Suc 0, tp) (A |+| B) stp)
using merge-ah
by (auto simp: steps-add isSO-def)
next
fix stp
assume h: steps (Suc 0, tp) (A |+| B) stpa = (Suc (length A div 2), b, ¢) =
stpa < stp
hence 3 sipb. stpa = stp + stpb apply(rule-tac x = stpa — stp in exl, auto)
done
thus — isS0 (steps (Suc 0, tp) (A |+| B) stp)
using A
apply (auto)
apply(cases steps (Suc 0, tp) (A |+| B) stp, simp add: steps-add isSO-def
steps-0)
done
qed

The following lemma deals with the situation when TM B can not terminate.

lemma t-merge-uhalt:
assumes aimpb: Q1 F—> P4
shows P1 F—> X tp. = (3 stp. 1sS0 (steps (Suc 0, tp) (A |+| B) stp))
proof(simp only: t-imply-def, rule-tac alll, rule-tac impl)
fix tp
assume init-asst: P1 tp
show — (Jstp. 1sS0 (steps (Suc 0, tp) (A |+| B) stp))
proof —
have 3 stp. let (s, tp’) = steps (Suc 0, tp) A stpins =0 N Q1 tp’
using A-halt[of tp] init-asst
by (simp)
from this obtain stpz where let (s, tp’) = steps (Suc 0, tp) A stpxin s = 0
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A Q1 tp'..
thus ?thesis
proof(cases steps (Suc 0, tp) A stpz, simp, erule-tac conjE)
fix a bc
assume QI (b, ¢)
and h3: steps (Suc 0, tp) A stpx = (0, b, ¢)
hence h2: P4 (b, ¢) using aimpb
by (simp add: t-imply-def)
have 3 stp. steps (Suc 0, tp) (A |+| B) stp = (Suc (length A div 2), b, ¢)
using h3 A-wf B-wf
apply (rule-tac stp = stpz in t-merge-pre-halt-same, auto)
done
from this obtain stpa where h/j:steps (Suc 0, tp) (A |+| B) stpa = (Suc
(length A div 2), b, ¢) ..
have — (3 stp. isS0 (steps (Suc 0, b, ¢) B stp))
using B-uhalt [of (b, ¢)] h2 apply simp
done
from this and b show V stp. = isS0 (steps (Suc 0, tp) (A |+| B) stp)
by (rule-tac t-merge-uhalt-tmp, auto)
qed
qed
qed
end

end

2 Undeciablity of the Halting problem

theory uncomputable
imports Main turing-basic
begin

The Copying TM, which duplicates its input.

definition tcopy :: tprog

where

tcopy = [(WO 0), (R, 2), (R’ 3)’ (R7 2)’
(W1, 9), (L, 4), (L, 4), (L, 5), (R, 11), (R, 6),
(R, 7), (W0, 6), (R, 7), (R, 8), (W1, 9), (R, 8),
(L, 10), (L, 9), (L, 10), (L, 5), (R, 12), (R, 12),
(W1, 15), (L, 14), (R, 12), (R, 12), (L, 15), (W0, 14),
(R, 0), (L, 15)]

wipeLastBs tp removes all blanks at the end of tape tp.

fun wipeLastBs :: block list = block list
where
wipeLastBs bl = rev (dropWhile (Aa. a = Bk) (rev bl))
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fun isBk :: block = bool
where
isBk b = (b = Bk)

The following functions are used to expression invariants of Copying TM.

fun tcopy-FO :: nat = tape = bool
where
teopy-FO z tp = (let (In, rn) = tp in
list-all isBk In & rn = replicate x Oc
@ [Bk] @ replicate x Oc)

fun tcopy-F1 :: nat = tape = bool
where
teopy-F1 z (In, rn) = (In =[] & rn = replicate x Oc)

fun tcopy-F2 :: nat = tape = bool
where
tcopy-F2 0 tp = False |
tcopy-F2 (Suc x) (In, rn) = (length In > 0 &
In @ rn = replicate (Suc ) Oc)

fun tcopy-F3 :: nat = tape = bool
where
tcopy-F3 0 tp = False |
tcopy-F3 (Suc z) (In, ™) =
(In = Bk # replicate (Suc z) Oc & length rn <= 1)

fun tcopy-F4 :: nat = tape = bool
where
tcopy-F4 0 tp = False |
tcopy-F4 (Suc z) (In, ™) =
((In = replicate x Oc & rn = [Oc, Bk, Oc))
| (In = replicate (Suc z) Oc & rn = [Bk, Oc]))

fun tcopy-F5 :: nat = tape = bool
where
tcopy-F5 0 tp = False |
tcopy-F5 (Suc z) (In, ™) =
(if rn =[] then False
else if hd rn = Bk then (In =[] &
rn = Bk # (Oc # replicate (Suc z) Bk
Q@ replicate (Suc ) Oc))
else if hd rm = Oc then
(In. In = replicate (x — n) Oc
& rm = Oc # (Oc # replicate n Bk @ replicate n Oc)
&n>0&n<=zx)
else False)
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fun tcopy-F6 :: nat = tape = bool
where
tcopy-F6 0 tp = False |
tcopy-F6 (Suc z) (In, ™) =
(I n. In = replicate (Suc x —n) Oc
& tl rn = replicate n Bk Q replicate n Oc
&n>0&n<=uz)

fun tcopy-F7 :: nat = tape = bool

where

tcopy-F7 0 tp = False |

tcopy-F7 (Suc z) (In, ™) =
(let Irn = (rev In) @ rn in
(I n. lrn = replicate ((Suc ) — n) Oc @

replicate (Suc n) Bk @ replicate n Oc
&En>0&n<=z&
length rn. >= n & length rn <= 2 % n ))

fun tcopy-F8 :: nat = tape = bool
where
tcopy-F8 0 tp = False |
tcopy-F8 (Suc x) (In, ™) =
(let lrn = (rev In) @ rn in
(3n. Irn = replicate ((Suc ) — n) Oc @
replicate (Suc n) Bk @ replicate n Oc
&n>0&n<=z&length rn < n))

fun tcopy-F9 :: nat = tape = bool
where
tcopy-F9 0 tp = False |
tcopy-F9 (Suc z) (In, ™) =
(let lrn = (rev In) @ rn in
(In. lrn = replicate (Suc (Suc ) — n) Oc
@ replicate n Bk @ replicate n Oc
& n > Suc 0 & n <= Suc x & length ™n > 0
& length rn <= Suc n))

fun tcopy-F10 :: nat = tape = bool
where
tcopy-F10 0 tp = False |
tcopy-F10 (Suc z) (In, ™) =
(let lrn = (rev In) @ rn in
(In. lrn = replicate (Suc (Suc x) — n) Oc
@ replicate n Bk Q replicate n Oc & n > Suc 0
& n <= Suc z & length rn > Suc n &
length rn <= 2xn + 1))

fun tcopy-F11 :: nat = tape = bool
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where
tecopy-F11 0 tp = False |
tcopy-F11 (Suc z) (In, ™) =
(In = [Bk] & ™ = Oc # replicate (Suc ) Bk
Q@ replicate (Suc z) Oc)

fun tcopy-F12 :: nat = tape = bool
where
tcopy-F12 0 tp = False |
tcopy-F12 (Suc z) (In, ™) =
(let lrn = ((rev In) @Q rn) in
(In.n> 0 & n <= Suc (Suc z)
& Irn = Bk # replicate n Oc Q replicate (Suc (Suc ©) — n) Bk
Q replicate (Suc z) Oc
& length In = Suc n))

fun tcopy-F13 :: nat = tape = bool
where
tcopy-F13 0 tp = False |
tcopy-F18 (Suc z) (In, ™) =
(let lrn = ((rev In) @ ) in
(In. n > Suc 0 & n <= Suc (Suc )
& Irn = Bk # replicate n Oc Q replicate (Suc (Suc ©) — n) Bk
Q replicate (Suc z) Oc
& length In = n))

fun tcopy-F14 :: nat = tape = bool
where
teopy-F14 0 tp = False |
tcopy-F14 (Suc z) (In, ™) =
(In = replicate (Suc ) Oc @ [Bk] &
tl rn = replicate (Suc x) Oc)

fun tcopy-F15 :: nat = tape = bool
where
tcopy-F15 0 tp = False |
tcopy-F15 (Suc z) (In, ™) =
(let Irn = ((rev In) @Q rn) in
lrn = Bk # replicate (Suc z) Oc Q [Bk] @
replicate (Suc ) Oc & length In <= (Suc z))

The following inv-tcopy is the invariant of the Copying TM.

fun inv-tcopy :: nat = t-conf = bool
where
inv-tcopy x ¢ = (let (state, tp) = ¢ in
if state = 0 then tcopy-FO x tp
else if state = 1 then tcopy-F1 z tp
else if state = 2 then tcopy-F2 x tp
else if state = 3 then tcopy-F3 x tp
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else if state = 4 then tcopy-F4 x tp
else if state = 5 then tcopy-F5 x tp
else if state = 6 then tcopy-F6 x tp
else if state = 7 then tcopy-F7 x tp
else if state = 8 then tcopy-F8 x tp
else if state = 9 then tcopy-F9 x tp
else if state = 10 then tcopy-F10 z tp
else if state = 11 then tcopy-F11 x tp
else if state = 12 then tcopy-F12 x tp
else if state = 18 then tcopy-F13 z tp
else if state = 14 then tcopy-F14 x tp
else if state = 15 then tcopy-F15 x tp
else False)
declare tcopy-F0.simps [simp del]
tcopy-F1.simps [simp del]
tcopy-F2.simps [simp del]
tcopy-F3.simps [simp del]
tcopy-F4 .simps [simp del]
tcopy-F5.simps [simp del]
tcopy-F6.simps [simp del]
tcopy-F7.simps [simp del]
tcopy-F8.simps [simp del]
tcopy-F9.simps [simp del]
tcopy-F10.simps [simp del]
tcopy-F11.simps [simp del]
tcopy-F12.simps [simp del]
tcopy-F13.simps [simp del]
tcopy-F14 .simps [simp del]
tcopy-F15.simps [simp del]

lemma list-replicate-Bk|[dest]: list-all isBk list =
list = replicate (length list) Bk

apply (induct list)

apply (simp+)

done

lemma [simp]: drop While (A a. a = b) (replicate x b @ ys) =
dropWhile (X a. a = b) ys

apply (induct z)

apply (simp)

apply (simp)

done

lemma [elim]: [tstep (0, a, b) tcopy = (s, I, r); s # 0] = RR

apply(simp add: tstep.simps tcopy-def fetch.simps)
done

lemma [elim]: [tstep (Suc 0, a, b) tcopy = (s, I, r); s # 0; s # 2]
— RR
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apply(simp add: tstep.simps tcopy-def fetch.simps)
apply (simp split: block.splits list.splits)
done

lemma [elim]: [tstep (2, a, b) tcopy = (s, I, r); s # 2; s # 3]
= RR

apply(simp add: tstep.simps tcopy-def fetch.simps)

apply (simp split: block.splits list.splits)

done

lemma [elim]: [tstep (3, a, b) tcopy = (s, I, 7); s # 3; s # 4]
= RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma [elim]: [tstep (4, a, b) tcopy = (s, 1, 7); s # 4; s # 5]
= RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma [elim]: [tstep (5, a, b) tcopy = (s, I, r); s # 6; s # 11]
= RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma [elim]: [tstep (6, a, b) tcopy = (s, I, r); s # 6; s # 7]
= RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma [elim]: [tstep (7, a, b) tcopy = (s, 1, r); s £ 7; s # 8]
= RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma [elim]: [tstep (8, a, b) tcopy = (s, I, r); s # 8; s # 9]
= RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma [elim]: [tstep (9, a, b) tcopy = (s, I, r); s # 9; s # 10]
= RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma [elim]: [tstep (10, a, b) tcopy = (s, I, r); s # 10; s # 5]
— RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)
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lemma [elim]: [tstep (11, a, b) tcopy = (s, I, r); s # 12] = RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma [elim]: [tstep (12, a, b) tcopy = (s, I, r); s # 13; s # 14]
= RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma [elim]: [tstep (13, a, b) tcopy = (s, I, r); s # 12] = RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma [elim]: [tstep (14, a, b) tcopy = (s, 1, r); s # 14; s # 15]
= RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma [elim]: [tstep (15, a, b) tcopy = (s, 1, r); s # 0; s # 15]
= RR
by (simp add: tstep.simps tcopy-def fetch.simps
split: block.splits list.splits)

lemma min-Sucj: min (Suc (Suc z)) x =z
by auto

lemma take While2replicate:
In. takeWhile (Aa. a = b) list = replicate n b
apply (induct list)

apply (rule-tac z = 0 in exl, simp)
apply (auto)

apply (rule-tac x = Suc n in exl, simp)
done

lemma rev-replicate-same: rev (replicate x b) = replicate = b
by (simp)

lemma rev-equal: a = b = reva = revd
by simp

lemma rev-equal-rev: rev a = rev b — a = b
by simp

lemma rep-suc-rev[simp]:replicate n b Q [b] = replicate (Suc n) b
apply (rule rev-equal-rev)

apply (simp only: rev-append rev-replicate-same)

apply (auto)

done
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lemma replicate-Cons-simp: b # replicate n b Q zs =
replicate n b Q b # zxs

apply (simp)

done

lemma [elim]: [tstep (14, b, ¢) tecopy = (15, ab, ba);
tcopy-F14 z (b, ¢)] = tcopy-F15 x (ab, ba)
apply (case-tac )
apply (auto simp: tstep.simps tcopy-def
tcopy-F14.simps tcopy-F15.simps fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
done

lemma drop While-drophd: — p o —
(dropWhile p xs @ (a # as)) = (dropWhile p (zs Q [a]) @ as)
apply (induct zs)

apply (auto)
done

lemma drop While-append3: [- p a;
listall ((dropWhile p xs) @ [a]) isBk] =
listall (dropWhile p (zs @ [a])) isBk
apply(drule-tac p = p and zs = zs and a = a in drop While-drophd, simp)
done

lemma take While-append3: [—p a; (take While p zs) = b]
= takeWhile p (xs Q (a # as)) = b
apply(drule-tac P = p and zs = zs and z = ¢ and | = as in
take While-tail)
apply (simp)
done

lemma listall-append: list-all p (zs Q ys) =
(list-all p xs A list-all p ys)

apply (induct xs)

apply (simp+)

done

lemma [elim]: [tstep (15, b, ¢) tecopy = (15, ab, ba);
tcopy-F15 z (b, ¢)] = tcopy-F15 = (ab, ba)
apply (case-tac z)
apply(auto simp: tstep.simps tcopy-F15.simps
tcopy-def fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
apply (case-tac b, simp+)
done
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lemma [elim]: [tstep (14, b, c) tcopy = (14, ab, ba);
tcopy-F14 z (b, ¢)] = tecopy-F1/ x (ab, ba)
apply (case-tac z)
apply (auto simp: tcopy-F14.simps tcopy-def tstep.simps
tcopy-F14 .simps fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
done

lemma [intro]: list-all isBk (replicate © Bk)
apply (induct z, simp+)
done

lemma [elim]: list-all isBk (drop While (Aa. a = Oc) b)) =
list-all isBk (drop While (Aa. a = Oc) (tl b))

apply (case-tac b, auto split: if-splits)

apply (drule list-replicate-Bk)

apply (case-tac length list, auto)

done

lemma [elim]: list-all (A a. a = Oc¢) list =
list = replicate (length list) Oc

apply (induct list)

apply (simp+)

done

lemma append-length: [as @ bs = cs Q ds; length bs = length ds]
= as = cs & bs = ds

apply(auto)
done

lemma Suc-elim: Suc (Suc m) — n = Suc na = Suc m — n = na

apply (simp)
done

lemma [elim]: [0 < n; n < Suc (Suc na);
rev b Q Oc # list =
Bk # replicate n Oc Q@ replicate (Suc (Suc na) — n) Bk Q
Oc # replicate na Oc;
length b = Suc n; b # []]
= list-all isBk (drop While (Aa. a = Oc) (tl b))
apply (case-tac rev b, auto)
done

lemma b-cons-same: b#bs = replicate x a Q as = a #b — x =0
apply(case-tac x, simp+)

done

lemma tcopy-tmplelim]:
[0 < n; n < Suc (Suc na);
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rev b @ Oc # list =
Bk # replicate n Oc @ replicate (Suc (Suc na) — n) Bk
Q@ Oc # replicate na Oc; length b = Suc n; b # []]
= list = replicate na Oc
apply (case-tac rev b, simp+)
apply (auto)
apply (frule b-cons-same, auto)
done

lemma [elim]: [tstep (12, b, c) tcopy = (14, ab, ba);
tcopy-F12 = (b, ¢)] = tcopy-F14 = (ab, ba)

apply (case-tac z)

apply (auto simp:tcopy-F12.simps tcopy-F1/4.simps
tcopy-def tstep.simps fetch.simps new-tape.simps

split: if-splits list.splits block.splits)

apply (frule tcopy-tmp, simp+)

apply (case-tac n, simp+)

apply (case-tac nata, simp+)

done

lemma replicate-app-Cons: replicate a b Q b # replicate ¢ b
= replicate (Suc (a + ¢)) b

apply (simp)

apply(simp add: replicate-app-Cons-same)

apply (simp only: replicate-add[THEN sym))

done

lemma replicate-same-exE-pref: 3. bs @Q (b # c¢s) = replicate x y
= (I n. bs = replicate n y)

apply (induct bs)

apply (rule-tac z = 0 in exl, simp)

apply (drule impI)

apply (erule impFE)

apply(erule exE, simp+)

apply (case-tac x, auto)

apply(case-tac x, auto)

apply (rule-tac = Suc n in exl, simp+)

done

lemma replicate-same-exE-inf: Jz. bs @ (b # cs) = replicate x y = b =y
apply (induct bs, auto)

apply (case-tac x, auto)

apply (drule impI)

apply (erule impFE)

apply(case-tac x, simp+)

done

lemma replicate-same-exE-suf:
Jz. bs Q (b # ¢s) = replicate z y = In. cs = replicate n y
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apply (induct bs, auto)

apply (case-tac x, simp+)
apply (drule impl, erule impFE)
apply(case-tac x, simp+)
done

lemma replicate-same-exE: Jx. bs Q (b # cs) = replicate = y
= (In. bs = replicate n y) & (b = y) & (Im. c¢s = replicate m y)
apply (rule congI)
apply(drule replicate-same-exE-pref, simp)
apply (rule conjl)
apply (drule replicate-same-exE-inf, simp)
apply (drule replicate-same-exE-suf, simp)
done

lemma replicate-same: bs @ (b # cs) = replicate z y
= (In. bs = replicate n y) & (b = y) & (Im. cs = replicate m y)
apply (rule-tac replicate-same-exE)
apply(rule-tac x = z in exl)
apply (assumption)
done

lemma [elim]: [ 0 < n; n < Suc (Suc na);
(rev ab @ Bk # list) = Bk # replicate n Oc
Q@ replicate (Suc (Suc na) — n) Bk @ Oc # replicate na Oc; ab # [|]
= n < Suc na

apply (rule contrapos-pp, simp+)

apply (case-tac rev ab, simp+)

apply (auto)

apply (simp only: replicate-app-Cons)

apply (drule replicate-same)

apply (auto)

done

lemma [elim]: [0 < n; n < Suc (Suc na);
rev ab Q Bk # list = Bk # replicate n Oc Q
replicate (Suc (Suc na) — n) Bk Q Oc # replicate na Oc;
length ab = Suc n; ab # [|]
= rev ab @Q Oc # list = Bk # Oc # replicate n Oc Q
replicate (Suc na — n) Bk @ Oc # replicate na Oc
apply (case-tac rev ab, simp+)
apply (auto)
apply (simp only: replicate-Cons-simp)
apply(simp)
apply(case-tac Suc (Suc na) — n, simp+)
done

lemma [elim]: [tstep (12, b, c) tcopy = (13, ab, ba);
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tcopy-F12 x (b, ¢)] = tcopy-F13 x (ab, ba)
apply (case-tac z)
apply (simp-all add:tcopy-F12.simps tcopy-F13.simps
tcopy-def tstep.simps fetch.simps new-tape.simps)
apply (simp split: if-splits list.splits block.splits)
apply (auto)
done

lemma [elim]: [tstep (11, b, c) tcopy = (12, ab, ba);
tcopy-F11 z (b, ¢)] = tcopy-F12 = (ab, ba)
apply (case-tac z)
apply (simp-all add:tcopy-F12.simps tcopy-F11.simps
tcopy-def tstep.simps fetch.simps new-tape.simps)
apply (auto)
done

lemma equal-length: a = b = length a = length b
by (simp)

lemma [elim]: [tstep (13, b, c) tcopy = (12, ab, ba);

tcopy-F13 z (b, ¢)] = tcopy-F12 = (ab, ba)
apply (case-tac z)
apply (simp-all add:tcopy-F12.simps tcopy-F13.simps

tcopy-def tstep.simps fetch.simps new-tape.simps)

apply (simp split: if-splits list.splits block.splits)
apply (auto)
apply (drule equal-length, simp)
done

lemma [elim]: [tstep (5, b, ¢) tecopy = (11, ab, ba);
tcopy-F5 © (b, ¢)] = tcopy-F11 = (ab, ba)
apply (case-tac z)
apply (simp-all add:tcopy-F11.simps tcopy-F5.simps tcopy-def
tstep.simps fetch.simps new-tape.simps)
apply (simp split: if-splits list.splits block.splits)
done

lemma less-equal: [length xs <= b; = Suc (length xs) <= b] =
length xs = b

apply (simp)

done

lemma length-cons-same: [xs Q b # ys = as Q bs;
length ys = length bs] = zs Q [b] = as & ys = bs
apply (drule rev-equal)
apply (simp)
apply (auto)
apply (drule rev-equal, simp)
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done

lemma replicate-set-equal: | zs @ [a] = replicate n b; a # b] = RR
apply (drule rev-equal, simp)

apply (case-tac n, simp+)

done

lemma [elim]: [tstep (10, b, c¢) tcopy = (10, ab, ba);
tcopy-F10 z (b, ¢)] = tcopy-F10 x (ab, ba)

apply (case-tac )

apply (auto simp:tcopy-F10.simps tcopy-def tstep.simps fetch.simps
new-tape.s1mps

split: if-splits list.splits block.splits)

apply (rule-tac z = n in ezl, auto)

apply (case-tac b, simp+)

apply (rule contrapos-pp, simp+)

apply (frule less-equal, simp+)

apply (drule length-cons-same, auto)

apply (drule replicate-set-equal, simp+)

done

lemma less-equal2: = (n:nat) <m = Jz.n=z+ m& x> 0
apply(rule-tac x = n — m in exl)

apply (auto)
done

lemma replicate-tail-length[dest):
[rev b @ Bk # list = zs @ replicate n Bk Q replicate n Oc]
= length list >=n
apply (rule contrapos-pp, simp+)
apply (drule less-equal2, auto)
apply (drule rev-equal)
apply(simp add: replicate-add)
apply (auto)
apply(case-tac x, simp+)
done

lemma [elim]: [tstep (9, b, ¢) tcopy = (10, ab, ba);
tcopy-F9 z (b, ¢)] = tcopy-F10 z (ab, ba)
apply(case-tac )
apply (auto simp:tcopy-F10.simps tcopy-F9.simps tcopy-def
tstep.simps fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
apply(rule-tac x = n in exl, auto)
apply(case-tac b, simp+)
done

lemma [elim]: [tstep (9, b, ¢) tcopy = (9, ab, ba);
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tcopy-F9 x (b, ¢)] = tcopy-F9 x (ab, ba)
apply (case-tac z)
apply (simp-all add: tcopy-F9.simps tcopy-def
tstep.simps fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
apply (rule-tac x = n in exl, auto)
apply (case-tac b, simp+)
apply (rule contrapos-pp, simp+)
apply (drule less-equal, simp+)
apply (drule rev-equal, auto)
apply (case-tac length list, simp+)
done

lemma app-cons-app-simp: xs Q a # bs Q ys = (zs Q [a]) Q bs @ ys

apply (simp)
done

lemma [elim]: [tstep (8, b, ¢) tecopy = (9, ab, ba);
tcopy-F8 z (b, ¢)] = tcopy-F9 z (ab, ba)

apply (case-tac )

apply (auto simp:tcopy-F8.simps tcopy-F9.simps tcopy-def
tstep.simps fetch.simps new-tape.simps

split: if-splits list.splits block.splits)

apply(rule-tac x = Suc n in exl, auto)

apply (rule-tac z = n in ezl, auto)

apply (simp only: app-cons-app-simp)

apply (frule replicate-tail-length, simp)

done

o~ —~

lemma [elim]: [tstep (8, b, ¢) tecopy = (8, ab, ba);
tcopy-F8 x (b, ¢)] = tcopy-F8 = (ab, ba)

apply (case-tac z)

apply (simp-all add:tcopy-F8.simps tcopy-def tstep.simps

fetch.simps new-tape.simps)

apply (simp split: if-splits list.splits block.splits)

apply (rule-tac z = n in ezl, auto)

done

lemma ex-less-more: [(z::nat) >=m ; z <= n] =
dy.z=m+y&y<=n-—m
by (rule-tac © = ¢ —m in exl, auto)

lemma replicate-split: © <= n =
(3 y. replicate n b = replicate (y + z) b)
apply(rule-tac x = n — z in exl)
apply (simp)
done

lemma app-app-app-app-simp: as Q bs Q cs Q ds =
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(as @ bs) @ (cs @ ds)
by simp

lemma lengthtailsame-append-elim:

[as @ bs = cs @ ds; length bs = length ds] = bs = ds
apply (simp)
done

lemma rep-suc: replicate (Suc n) x = replicate n z Q [z]
by (induct n, auto)

lemma length-append-diff-cons:
[b @z # ba = zs Q replicate m y @ replicate n z; © # y;
Suc (length ba) < m + n]
= length ba < n
apply (induct n arbitrary: ba, simp)
apply (drule-tac b = y in replicate-split,
stmp add: replicate-add, erule exE, simp del: replicate.simps)
proof —
fix ba ya
assume hl:
bQzx # ba = xs Qy # replicate ya y Q replicate (length ba) y
and h2: z # y
thus Fulse
using append-eq-append-conv|of b @Q [x]
xs @ y # replicate ya y ba replicate (length ba) y]
apply (auto)
apply(case-tac ya, simp,
simp add: rep-suc del: rep-suc-rev replicate.simps)
done
next
fix n ba
assume ind: Aba. [b Q x # ba = xs Q replicate m y Q replicate n x;
z # y; Suc (length ba) < m + n]
= length ba < n
and h1: b Q z # ba = zs Q replicate m y @ replicate (Suc n) x
and h2: ¢ # y and h3: Suc (length ba) < m + Suc n
show length ba < Suc n
proof(cases length ba)
case ( thus ?thesis by simp
next
fix nat
assume length ba = Suc nat
hence 3 ys a. ba = ys Q [d]
apply (rule-tac x = butlast ba in exl)
apply (rule-tac x = last ba in exl)
using append-butlast-last-id[of ba)
apply (case-tac ba, auto)
done
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from this obtain ys where 3 a. ba = ys @ [qa] ..

from this obtain a where ba = ys @ [q] ..

thus ?thesis
using ind[of ys] h1 h2 h3
apply (simp del: rep-suc-rev replicate.simps add: rep-suc)
done

qed
qed

lemma [elim]:
[b @ Oc # ba = zs Q@ Bk # replicate n Bk @ replicate n Oc;
Suc (length ba) < 2 x n]
= length ba < n
apply (rule-tac length-append-diff-cons[of b Oc ba xs Suc n Bk n))
apply (simp, simp, simp)
done

lemma [elim]: [tstep (7, b, ¢) tecopy = (8, ab, ba);

tcopy-F7 z (b, ¢)] = tcopy-F8 x (ab, ba)
apply(case-tac )
apply (simp-all add:tcopy-F8.simps tcopy-F7.simps

tcopy-def tstep.simps fetch.simps new-tape.simps)

apply (simp split: if-splits list.splits block.splits)
apply(rule-tac x = n in exl, auto)
done

lemma [elim]: [tstep (7, b, ¢) tcopy = (7, ab, ba);
teopy-F7 z (b, ¢)] = tcopy-F7 z (ab, ba)

apply (case-tac z)

apply (auto simp:tcopy-F7.simps tcopy-def tstep.simps
fetch.simps new-tape.simps

split: if-splits list.splits block.splits)

apply(rule-tac x = n in exl, auto)

apply (simp only: app-cons-app-simp)

apply (frule replicate-tail-length, simp)

done

lemma Suc-more: n <= m = Suc m — n = Suc (m — n)
by simp

lemma [elim]: [tstep (6, b, ¢) tecopy = (7, ab, ba);
tcopy-F6 © (b, ¢)] = tcopy-F7 x (ab, ba)
apply (case-tac z)
apply (auto simp:tcopy-F7.simps tcopy-F6.simps
tcopy-def tstep.simps fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
done

lemma [elim]: [tstep (6, b, ¢) tcopy = (6, ab, ba);
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tcopy-F6 x (b, ¢)] = tcopy-F6 x (ab, ba)
apply (case-tac z)
apply (auto simp:tcopy-F6.simps tcopy-def tstep.simps
new-tape.simps fetch.simps
split: if-splits list.splits block.splits)
done

lemma [elim]: [tstep (5, b, ¢) tecopy = (6, ab, ba);
tcopy-F5 x (b, ¢)] = tcopy-F6 x (ab, ba)

apply (case-tac )

apply (auto simp:tcopy-F5.simps tcopy-F6.simps tcopy-def
tstep.simps fetch.simps new-tape.simps

split: if-splits list.splits block.splits)

apply (rule-tac z = n in exl, simp)

apply (rule-tac z = n in exl, simp)

apply (drule Suc-more, simp)

done

lemma ez-less-more2: [(ninat) < z ; x <= 2 * n] =
dy. (z=n+y &y<=n)

apply (rule-tac z = x — n in exl)

apply (auto)

done

lemma app-app-app-simp: xs Q ys Q za = (zs Q ys) Q za

apply (simp)
done

lemma [elim]: rev xs = replicate n b = zs = replicate n b
using rev-replicate[of n b]

thm rev-equal

by (drule-tac rev-equal, simp)

lemma app-cons-tail-same|dest]:

[rev b @ Oc # list =

replicate (Suc (Suc na) — n) Oc Q replicate n Bk Q replicate n Oc;
Suc 0 < n; n < Suc na; n < length list; length list < 2 % n; b # [|]
= list = replicate n Bk Q replicate n Oc
& b = replicate (Suc na — n) Oc
using length-append-diff-cons|of rev b Oc list
replicate (Suc (Suc na) — n) Oc n Bk n]
apply (case-tac length list = 2xn, simp)
using append-eq-append-conv]of rev b @ [Oc]| replicate
(Suc (Suc na) — n) Oc list replicate n Bk Q replicate n Oc]
apply(case-tac n, simp, simp add: Suc-more rep-suc
del: rep-suc-rev replicate.simps, auto)

done

lemma hd-replicate-falsel: [replicate z Oc # [];
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hd (replicate x Oc) = Bk] = RR
apply (case-tac x, auto)
done

lemma hd-replicate-false2: [replicate z Oc # [J;

hd (replicate x Oc) # Oc] = RR
apply(case-tac x, auto)
done

lemma Suc-more-less: [n < Suc m; n >=m] = n=m | n = Sucm

apply (auto)
done

lemma replicate-not-Nil: replicate z a # [| = = > 0
apply (case-tac x, simp+)
done

lemma [elim]: [tstep (10, b, c) tcopy = (5, ab, ba);
tcopy-F10 z (b, ¢)] = tcopy-F5 x (ab, ba)

apply(case-tac )

apply (auto simp:tcopy-F5.simps tcopy-F10.simps tcopy-def
tstep.simps fetch.simps new-tape.simps

split: if-splits list.splits block.splits)

apply (frule app-cons-tail-same, simp+)

apply (rule-tac z = n in ezl, auto)

done

lemma [elim]: [tstep (4, b, ¢) tecopy = (5, ab, ba);
tcopy-F4 x (b, ¢)] = tcopy-F5 x (ab, ba)
apply (case-tac )
apply (auto simp:tcopy-F5.simps tcopy-F4 .simps tcopy-def
tstep.simps fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
done

lemma [elim]: [tstep (3, b, ¢) tecopy = (4, ab, ba);
tcopy-F3 x (b, ¢)] = tcopy-F4 = (ab, ba)
apply (case-tac z)
apply (auto simp:tcopy-F3.simps tcopy-F4 .simps
tcopy-def tstep.simps fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
done

lemma [elim]: [tstep (4, b, ¢) tcopy = (4, ab, ba);
tcopy-F4 x (b, ¢)] = tcopy-F4 x (ab, ba)
apply(case-tac )
apply (auto simp:tcopy-F3.simps tcopy-F4 .simps
tcopy-def tstep.simps fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
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done

lemma [elim]: [tstep (3, b, ¢) tecopy = (3, ab, ba);
tcopy-F3 x (b, ¢)] = tcopy-F3 x (ab, ba)
apply (case-tac )
apply (auto simp:tcopy-F3.simps tcopy-F4 .simps
tcopy-def tstep.simps fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
done

lemma replicate-cons-back: y # replicate x y = replicate (Suc x) y

apply (simp)
done

lemma replicate-cons-same: bs Q (b # cs) = y # replicate © y =
(In. bs = replicate n y) & (b = y) & (Im. cs = replicate m y)

apply (simp only: replicate-cons-back)

apply (drule-tac replicate-same)

apply (simp)

done

lemma [elim]: [tstep (2, b, ¢) tcopy = (3, ab, ba);
teopy-F2 z (b, ¢)] = tcopy-F3 = (ab, ba)
apply (case-tac z)
apply (auto simp:tcopy-F3.simps tcopy-F2.simps
tcopy-def tstep.simps fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
apply (drule replicate-cons-same, auto)+
done

lemma [elim]: [tstep (2, b, ¢) tecopy = (2, ab, ba);
tcopy-F2 z (b, ¢)] = tcopy-F2 x (ab, ba)
apply (case-tac z)
apply (auto simp:tcopy-F3.simps tcopy-F2.simps
tcopy-def tstep.simps fetch.simps new-tape.simps
split: if-splits list.splits block.splits)
apply (frule replicate-cons-same, auto)
apply(simp add: replicate-app-Cons-same)
done

lemma [elim]: [tstep (Suc 0, b, ¢) tecopy = (2, ab, ba);
tcopy-F1 z (b, ¢)] = tcopy-F2 z (ab, ba)
apply (case-tac z)
apply (simp-all add:tcopy-F2.simps tcopy-F1.simps
tcopy-def tstep.simps fetch.simps new-tape.simps)
apply (auto)
done

lemma [elim]: [tstep (Suc 0, b, c) tcopy = (0, ab, ba);
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tcopy-F1 x (b, ¢)] = tcopy-FO x (ab, ba)
apply (case-tac z)
apply (simp-all add:tcopy-F0.simps tcopy-F1.simps
tcopy-def tstep.simps fetch.simps new-tape.simps)
done

lemma ex-less: Sucx <=y = Jz.y=ax+2& 2 >0
apply(rule-tac x = y — x in exl, auto)
done

lemma [elim]: [zs @ Bk # ba =
Bk # Oc # replicate n Oc @ Bk # Oc # replicate n Oc;
length zs < Suc n; zs # []] = RR

apply (case-tac zs, auto)

apply (case-tac list, auto)

apply (drule ex-less, auto)

apply(simp add: replicate-add)

apply (auto)

apply (case-tac z, simp+)

done

lemma [elim]: [tstep (15, b, c) tcopy = (0, ab, ba);
teopy-F15 z (b, ¢)] = tecopy-FO x (ab, ba)
apply (case-tac z)
apply (auto simp: tcopy-F15.simps tcopy-FO.simps
tcopy-def tstep.simps new-tape.simps fetch.simps
split: if-splits list.splits block.splits)
done

lemma [elim]: [tstep (0, b, ¢) tecopy = (0, ab, ba);
tcopy-FO x (b, ¢)] = tcopy-FO x (ab, ba)
apply (case-tac z)
apply (simp-all add: tcopy-F0.simps tcopy-def
tstep.simps new-tape.simps fetch.simps)
done

declare tstep.simps[simp del]

Finally establishes the invariant of Copying TM, which is used to dervie the
parital correctness of Copying TM.

lemma inv-tcopy-step:inv-tcopy & ¢ = inv-tcopy = (tstep c tcopy)

apply (induct c)

apply (auto split: if-splits block.splits list.splits taction.splits)

apply (auto simp: tstep.simps tcopy-def fetch.simps new-tape.simps
split: if-splits list.splits block.splits taction.splits)

done

declare inv-tcopy.simps[simp del]
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Invariant under mult-step execution.

lemma inv-tcopy-steps:
inv-tcopy x (steps (Suc 0, [], replicate © Oc) tcopy stp)
apply (induct stp)
apply (simp add: tstep.simps tcopy-def steps.simps
teopy-F'1.simps inv-tcopy.simps)
apply (drule-tac inv-tcopy-step, simp add: tstep-red)
done

The followng lemmas gives the parital correctness of Copying TM.

theorem inv-tcopy-rs:
steps (Suc 0, [], replicate x Oc) teopy stp = (0, 1, r)
= 3 n. | = replicate n Bk N
r = replicate x Oc Q Bk # replicate  Oc
apply (insert inv-tcopy-steps|of x stp))
apply (auto simp: inv-tcopy.simps tcopy-FO0.simps isBk.simps)
done

3 The following definitions are used to construct
the measure function used to show the termna-
tion of Copying TM.

definition lez-pair :: ((nat x nat) X nat x nat) set
where
lex-pair = less-than <xlexx> less-than

definition lex-triple ::

((nat x (nat x nat)) x (nat x (nat x nat))) set
where

lez-triple = less-than <xlexx> lex-pair

definition lex-square ::
((nat x nat x nat x nat) X (nat x nat X nat X nat)) set
where

lez-square = less-than <xlexx> lex-triple

lemma wf-lex-triple: wf lex-triple
by (auto intro:wf-lez-prod simp:lex-triple-def lex-pair-def’)

lemma wf-lex-square: wf lex-square
by (auto intro:wf-lez-prod
simp:lez-triple-def lez-square-def lex-pair-def)

A measurement functions used to show the termination of copying machine:

fun tcopy-phase :: t-conf = nat
where
tcopy-phase ¢ = (let (state, tp) = c in
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if state > 0 & state <= 4 then 5

else if state >=5 & state <= 10 then 4
else if state = 11 then 3

else if state = 12 | state = 13 then 2
else if state = 14 | state = 15 then 1
else 0)

fun tcopy-phase4-stage :: tape = nat
where
tcopy-phase-stage (In, rn) =
(let rn = (rev In) Q
in length (take While (Aa. a = Oc) lrn))

fun tcopy-stage :: t-conf = nat

where

tcopy-stage ¢ = (let (state, In, rn) = ¢ in
if tcopy-phase ¢ = 5 then 0
else if tcopy-phase ¢ = j then

tcopy-phasej-stage (In, ™)

else if tcopy-phase ¢ = 8 then 0
else if tcopy-phase ¢ = 2 then length ™
else if tcopy-phase ¢ = 1 then 0
else 0)

fun tcopy-phase4-state :: t-conf = nat
where
tcopy-phasej-state ¢ = (let (state, In, rn) = c in
if state = 6 & hd rn = Oc then 0
else if state = 5 then 1
else 12 — state)

fun tcopy-state :: t-conf = nat

where

teopy-state ¢ = (let (state, In, rn) = ¢ in
if tcopy-phase ¢ = 5 then / — state
else if tcopy-phase ¢ = 4 then

tcopy-phase4-state c

else if tcopy-phase ¢ = & then 0
else if tcopy-phase ¢ = 2 then 18 — state
else if tcopy-phase ¢ = 1 then 15 — state
else 0)

fun tcopy-step2 :: t-conf = nat
where
tcopy-step2 (s, I, r) = length r

fun tcopy-step3d :: t-conf = nat

where
tcopy-step3 (s, I, ) = (if r =[] | r = [Bk] then Suc 0 else 0)
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fun tcopy-step4 :: t-conf = nat
where
tcopy-step4 (s, 1, r) = length |

fun tcopy-step7 :: t-conf = nat
where
tcopy-step7 (s, 1, r) = length r

fun tcopy-step8 :: t-conf = nat
where
tcopy-step8 (s, I, r) = length r

fun tcopy-step9 :: t-conf = nat
where
tcopy-step9 (s, 1, r) = length |

fun tcopy-step10 :: t-conf = nat
where

tcopy-step10 (s, I, r) = length [

fun tcopy-step14 :: t-conf = nat

where

tcopy-step14 (s, I, r) = (case hd r of
Oc =1 |
Bk = 0)

fun tcopy-step15 :: t-conf = nat
where
tcopy-step1s (s, I, ) = length

fun tcopy-step :: t-conf = nat
where
tcopy-step ¢ = (let (state, In, Tn) = ¢ in
if state = 0 | state = 1 | state = 11 |
state = 5 | state = 6 | state = 12 | state = 13 then 0

else if state = 2 then tcopy-step2 c
else if state = 3 then tcopy-step3 c
else if state = 4 then tcopy-step4 c
else if state = 7 then tcopy-step7 c
else if state = 8 then tcopy-step8 c
else if state = 9 then tcopy-step9 c
else if state = 10 then tcopy-step10 c
else if state = 1/ then tcopy-stepl c
else if state = 15 then tcopy-step15 c
else 0)

The measure function used to show the termination of Copying TM.

fun tcopy-measure :: t-conf = (nat * nat * nat * nat)

xXxxviil



where
tcopy-measure ¢ =
(tcopy-phase ¢, tcopy-stage c, tcopy-state c, tcopy-step c)

definition tcopy-LE :: ((nat x block list x block list) X
(nat x block list x block list)) set
where
tcopy-LE = (inv-tmage lex-square tcopy-measure)

lemma wf-tcopy-le: wf tcopy-LE
by (auto intro:wf-inv-image wf-lex-square simp:tcopy-LE-def)

declare steps.simps[simp del]

declare tcopy-phase.simps[simp del] tcopy-stage.simps|simp del]
tcopy-state.simps|[simp del] tcopy-step.simps|[simp del]
inv-tcopy.simps|[simp del]
declare tcopy-F0.simps [simp]
tcopy-F1.simps [simp]
tcopy-F2.simps [simp
tcopy-F3.simps [simp
tcopy-F4 .simps [simp
tcopy-F5.simps [si
tcopy-F6.simps [si
[
[
[

s3

tcopy-F7.simps [sim,

S

tcopy-F8.simps [sim
tcopy-F9.simps [si

S

S

tcopy-F10.simps [simp
tcopy-F11.simps [simp
tcopy-F12.simps [sim
tcopy-F13.simps [simp
tcopy-F14 .simps [simp
tcopy-F15.simps [simp
fetch.simps[simp]
new-tape.simps|[simp]
lemma [elim]: tcopy-F1 z (b, ¢) =
(tstep (Suc 0, b, ¢) teopy, Suc 0, b, ¢) € tcopy-LE
apply(simp add: tcopy-F1.simps tstep.simps tcopy-def tcopy-LE-def
lex-square-def lex-triple-def lex-pair-def tcopy-phase.simps
tcopy-stage.simps tcopy-state.simps tcopy-step.simps)
apply (simp split: if-splits list.splits block.splits taction.splits)
done

NSINSINSINSINSINSS

lemma [elim]: tcopy-F2 z (b, ¢) =
(tstep (2, b, ¢) tcopy, 2, b, ¢) € tcopy-LE
apply (simp add:tstep.simps tcopy-def tcopy-LE-def lex-square-def
lex-triple-def lex-pair-def tcopy-phase.simps tcopy-stage.simps
tcopy-state.simps tcopy-step.simps)
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apply (simp split: if-splits list.splits block.splits taction.splits)
done

lemma [elim]: tcopy-F3 z (b, ¢) =

(tstep (3, b, c) tcopy, 3, b, ¢) € tcopy-LE
apply(simp add: tstep.simps tcopy-def tcopy-LE-def lex-square-def
lex-triple-def lex-pair-def tcopy-phase.simps tcopy-stage.simps
tcopy-state.simps tcopy-step.simps)
apply (simp split: if-splits list.splits block.splits taction.splits)
apply (auto)
apply(case-tac x, simp+)
done

lemma [elim]: tcopy-F4 © (b, ¢) =
(tstep (4, b, ¢) tecopy, 4, b, ¢) € tcopy-LE
apply (case-tac x, simp)
apply(simp add: tcopy-F/.simps tstep.simps tcopy-def tcopy-LE-def
lex-square-def lex-triple-def lex-pair-def tcopy-phase.simps
tcopy-stage.simps tcopy-state.simps tcopy-step.simps)
apply (simp split: if-splits list.splits block.splits taction.splits)
apply (auto)
done

lemmal(simp]: takeWhile (Aa. a = b) (replicate © b @ ys) =
replicate x b @ (takeWhile (Aa. a = b) ys)

apply (induct x)

apply (simp+)

done

lemma [elim]: tcopy-F5 z (b, ¢) =
(tstep (5, b, ¢) tecopy, 5, b, ¢) € tcopy-LE
apply (case-tac x, simp)
apply(simp add: tstep.simps tcopy-def tcopy-LE-def
lex-square-def lez-triple-def lex-pair-def tcopy-phase.simps)

apply (simp split: if-splits list.splits block.splits taction.splits)
apply (auto)
apply (simp-all add: tcopy-phase.simps

tcopy-stage.simps tcopy-state.simps)
done

lemma [elim]: [replicate n x = [|; n > 0] = RR
apply (case-tac n, simp+)
done

lemma [elim]: tcopy-F6 z (b, ¢) =
(tstep (6, b, c) tcopy, 6, b, c) € tcopy-LE
apply(case-tac x, simp)
apply (simp add: tstep.simps tcopy-def tcopy-LE-def
lex-square-def lex-triple-def lex-pair-def
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tcopy-phase.simps)
apply (simp split: if-splits list.splits block.splits taction.splits)
apply (auto)
apply (simp-all add: tcopy-phase.simps tcopy-stage.simps
tcopy-state.simps tcopy-step.simps)
done

lemma [elim]: tcopy-F7 z (b, ¢) =
(tstep (7, b, ¢) tecopy, 7, b, ¢) € tcopy-LE
apply (case-tac x, simp)
apply(simp add: tstep.simps tcopy-def tcopy-LE-def lex-square-def
lex-triple-def lex-pair-def tcopy-phase.simps)
apply (simp split: if-splits list.splits block.splits taction.splits)
apply (auto)
apply (simp-all add: tcopy-phase.simps tcopy-stage.simps
tcopy-state.simps tcopy-step.simps)
done

lemma [elim]: tcopy-F8 z (b, ¢) =
(tstep (8, b, ¢) tcopy, 8, b, ¢) € tcopy-LE
apply (case-tac x, simp)
apply(simp add: tstep.simps tcopy-def tcopy-LE-def lex-square-def
lex-triple-def lex-pair-def tcopy-phase.simps)
apply (simp split: if-splits list.splits block.splits taction.splits)
apply (auto)
apply (simp-all add: tcopy-phase.simps tcopy-stage.simps
tcopy-state.simps tcopy-step.simps)
apply (simp only: app-cons-app-simp, frule replicate-tail-length, simp)
done

lemma app-app-app-equal: xs Q ys Q zs = (zs Q ys) Q zs
by simp

lemma append-cons-assoc: as @ b # bs = (as Q [b]) @ bs
apply (rule rev-equal-rev)

apply (simp)

done

lemma rev-tl-hd-merge: bs # [| =
rev (tl bs) @Q hd bs # as = rev bs @ as
apply (rule rev-equal-rev)
apply (simp)
done

lemma [elim]: tcopy-F9 z (b, ¢) =
(tstep (9, b, c) tcopy, 9, b, ¢) € tcopy-LE
apply(case-tac x, simp)
apply (simp add: tstep.simps tcopy-def tcopy-LE-def lex-square-def
lex-triple-def lex-pair-def tcopy-phase.simps)
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apply (simp split: if-splits list.splits block.splits taction.splits)

apply (auto)

apply (simp-all add: tcopy-phase.simps tcopy-stage.simps
tcopy-state.simps tcopy-step.simps)

apply (drule-tac bs = b and as = Bk # list in rev-tl-hd-merge)

apply (simp)

apply(drule-tac bs = b and as = Oc # list in rev-tl-hd-merge)

apply (simp)

done

lemma [elim]: tcopy-F10 x (b, ¢) =
(tstep (10, b, c) tcopy, 10, b, ¢) € tcopy-LE
apply (case-tac x, simp)
apply (simp add: tstep.simps tcopy-def tcopy-LE-def lex-square-def
lex-triple-def lex-pair-def tcopy-phase.simps)
apply (simp split: if-splits list.splits block.splits taction.splits)
apply (auto)
apply (simp-all add: tcopy-phase.simps tcopy-stage.simps
tcopy-state.simps tcopy-step.simps)
apply (drule-tac bs = b and as = Bk # list in rev-tl-hd-merge)
apply (simp)
apply(drule-tac bs = b and as = Oc # list in rev-tl-hd-merge)
apply (simp)
done

lemma [elim]: tcopy-F11 x (b, ¢) =
(tstep (11, b, c) tcopy, 11, b, ¢) € tcopy-LE
apply (case-tac x, simp)
apply(simp add: tstep.simps tcopy-def tcopy-LE-def
lex-square-def lex-triple-def lex-pair-def
tcopy-phase.simps)
done

lemma [elim]: tcopy-F12 z (b, ¢) =
(tstep (12, b, c) tcopy, 12, b, ¢) € tcopy-LE
apply(case-tac x, simp)
apply (simp add: tstep.simps tcopy-def tcopy-LE-def lex-square-def
lex-triple-def lex-pair-def tcopy-phase.simps)
apply (simp split: if-splits list.splits block.splits taction.splits)
apply(auto)
apply (simp-all add: tcopy-phase.simps tcopy-stage.simps
tcopy-state.simps tcopy-step.simps)
done

lemma [elim]: tcopy-F13 z (b, ¢) =
(tstep (13, b, c) tcopy, 13, b, ¢) € tcopy-LE
apply(case-tac x, simp)
apply (simp add: tstep.simps tcopy-def tcopy-LE-def lex-square-def
lex-triple-def lex-pair-def tcopy-phase.simps)
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apply (simp split: if-splits list.splits block.splits taction.splits)

apply (auto)

apply (simp-all add: tcopy-phase.simps tcopy-stage.simps
tcopy-state.simps tcopy-step.simps)

apply (drule equal-length, simp)+

done

lemma [elim]: tcopy-F14 z (b, ¢) =
(tstep (14, b, ¢) teopy, 14, b, ¢) € tcopy-LE
apply(case-tac x, simp)
apply(simp add: tstep.simps tcopy-def tcopy-LE-def lex-square-def
lex-triple-def lex-pair-def tcopy-phase.simps)
apply (simp split: if-splits list.splits block.splits taction.splits)
apply (auto)
apply (simp-all add: tcopy-phase.simps tcopy-stage.simps
tcopy-state.simps tcopy-step.simps)
done

lemma [elim]: tcopy-F15 z (b, ¢) =
(tstep (15, b, ¢) teopy, 15, b, ¢) € tcopy-LE
apply (case-tac x, simp)
apply(simp add: tstep.simps tcopy-def tcopy-LE-def lex-square-def
lex-triple-def lex-pair-def tcopy-phase.simps )
apply (simp split: if-splits list.splits block.splits taction.splits)
apply (auto)
apply (simp-all add: tcopy-phase.simps tcopy-stage.simps
tcopy-state.simps tcopy-step.simps)
done

lemma tcopy-wf-step:[a > 0; inv-tcopy = (a, b, ¢)] =
(tstep (a, b, c) teopy, (a, b, ¢)) € tcopy-LE

apply (simp add:inv-tcopy.simps split: if-splits, auto)

apply (auto simp: tstep.simps tcopy-def tcopy-LE-def lex-square-def
lex-triple-def lex-pair-def tcopy-phase.simps
tcopy-stage.simps tcopy-state.simps tcopy-step.simps

split: if-splits list.splits block.splits taction.splits)
done

lemma tcopy-wf:
Vn. let nc = steps (Suc 0, [], replicate z Oc) tcopy n in
let Sucnc = steps (Suc 0, [], replicate z Oc) teopy (Suc n) in
= 1850 nc — ((Sucne, nc) € tecopy-LE)
proof(rule alll, case-tac
steps (Suc 0, [], replicate = Oc) tcopy n, auto simp: tstep-red)
fixnabdc
assume h: = isS0 (a, b, ¢)
steps (Suc 0, [], replicate © Oc) teopy n = (a, b, c)
hence inv-tcopy x (a, b, ¢)
using inv-tcopy-steps|of © n] by (simp)
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thus (tstep (a, b, ¢) tcopy, a, b, ¢) € tcopy-LE
using A
by (rule-tac tcopy-wf-step, auto simp: isS0-def)
qed

The termination of Copying TM:

lemma tcopy-halt:

In. isSO (steps (Suc 0, [], replicate z Oc) tcopy n)
apply (insert halt-lemma

[of tcopy-LE isS0 steps (Suc 0, [], replicate x Oc) tcopy))

apply (insert tcopy-wf [of x])
apply (simp only: Let-def)
apply (insert wf-tcopy-le)
apply(simp)
done

The total correntess of Copying TM:

theorem tcopy-halt-rs: 3 stp m.
steps (Suc 0, [], replicate  Oc) tcopy stp =
(0, replicate m Bk, replicate  Oc @ Bk # replicate x Oc)
using tcopy-halt]of x]
proof (erule-tac exF)
fix n
assume h: isS0 (steps (Suc 0, [], replicate z Oc) tcopy n)
have inv-tcopy x (steps (Suc 0, [], replicate z Oc) tcopy n)
using inv-tcopy-steps|of x n] by simp
thus ?thesis
using A
apply (cases (steps (Suc 0, [], replicate  Oc) tcopy n),
auto simp: isS0-def inv-tcopy.simps)
apply(rule-tac x = n in exl, auto)
done
qged

4 The D:ithering Turing Machine

The Dithering TM, when the input is 1, it will loop forever, otherwise, it
will terminate.

definition dither :: tprog
where
dither = [(W0, 1), (R, 2), (L, 1), (L, 0)]

lemma dither-halt-rs:
3 stp. steps (Suc 0, BE™, [Oc, Oc]) dither stp =
(0, BE™, [Oc, Oc])
apply (rule-tac © = Suc (Suc (Suc 0)) in exl)
apply(simp add: dither-def steps.simps
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tstep.simps fetch.simps new-tape.simps)
done

lemma dither-unhalt-state:
(steps (Suc 0, BE™, [Oc]) dither stp =
(Suc 0, BE™, [Oc])) V
(steps (Suc 0, BE™, [Oc]) dither stp = (2, Oc # BE™, []))
apply (induct stp, simp add: steps.simps)
apply(simp add: tstep-red, auto)
apply (auto simp: tstep.simps fetch.simps dither-def new-tape.simps)
done

lemma dither-unhalt-rs:

- (3 stp. isS0 (steps (Suc 0, BE™, [Oc]) dither stp))
proof(auto)

fix stp

assume hi: isS0 (steps (Suc 0, BE™, [Oc]) dither stp)

have — isS0 ((steps (Suc 0, BE™, [Oc]) dither stp))

using dither-unhalt-state[of m stp]
by (auto simp: isS0-def)

from h! and this show False by (auto)

qged

5 The final diagnal arguments to show the unde-
cidability of Halting problem.

haltP tp x means TM tp terminates on input x and the final configuration
is standard.

definition haltP :: tprog = nat = bool

where
haltP t x = (In a b c. steps (Suc 0, [], Oc®) t n = (0, Bk, Ocb @ BK©))

lemma [simp]: length (A |+| B) = length A + length B
by (auto simp: t-add.simps tshift.simps)

lemma [intro]: [iseven (z::nat); iseven y] = iseven (z + y)
apply (auto simp: iseven-def)

apply(rule-tac x = x + za in exl, simp)

done

lemma t-correct-add|[intro:
[t-correct A; t-correct B] = t-correct (A |+| B)
apply (auto simp: t-correct.simps tshift.simps t-add.simps
change-termi-state.simps list-all-iff )
apply (erule-tac z = (a, b) in ballE, auto)
apply (case-tac ba = 0, auto)
done
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lemma [intro]: t-correct tcopy

apply (simp add: t-correct.simps tcopy-def iseven-def)
apply (rule-tac © = 15 in exl, simp)

done

lemma [intro]: t-correct dither

apply(simp add: t-correct.simps dither-def iseven-def)
apply (rule-tac z = 2 in exl, simp)

done

The following locale specifies that TM H can be used to solve the Halting
Problem and Fualse is going to be derived under this locale. Therefore, the
undecidability of Halting Problem is established.

locale uncomputable =

— The coding function of TM, interestingly, the detailed definition of this funciton
code does not affect the final result.

fixes code :: tprog = nat

— The TM H is the one which is assummed being able to solve the Halting
problem.

and H :: tprog

assumes h-wf [intro]: t-correct H

— The following two assumptions specifies that H does solve the Halting problem.

and h-case:
N M n. [(haltP M n)] =
3 na nb. (steps (Suc 0, BkZ, Occode M @ pi; # Oc™) Hna = (0, Bk”b,
[Oc]))
and nh-case:
A M n. [(= haltP M n)] =
3 na nb. (steps (Suc 0, Bk®, Oc0de M @ pp 4 Oc™) Hna = (0, BE"P,
[Oc, Ocl))
begin

term ¢-correct
declare haltP-def[simp del]
definition tcontra :: tprog = tprog
where
tcontra b = ((tcopy |+| h) |+| dither)
lemma [simp]: a¥ = ||
by (simp add: exponent-def)
lemma haltP-weaking:
haltP (tcontra H) (code (tcontra H)) =
Istp. isS0 (steps (Suc 0, [], Occode (tcontra H))
((tcopy |+| H) |+| dither) stp)
apply(simp add: haltP-def, auto)
apply(rule-tac x = n in exl, simp add: isS0-def tcontra-def)
done
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lemma h-uh: haltP (tcontra H) (code (tcontra H))
= - haltP (tcontra H) (code (tcontra H))
proof —
let cn = code (tcontra H)
let P1 = Xtp. let (I, r)=1tpin (Il=1 A
(r::block list) = Oc(?cn))
let 2Q1 = A (I, r).(3 nb. | = BE™ A
r = 0c?en) @ Bi # 0c(fen))
let ?P2 = ?2Q1
let 2Q2 = A (I, r). (3 nd. | = Bk A r = [Oc])
let 2P3 = X tp. False
assume h: haltP (tcontra H) (code (tcontra H))
hence hi: A z. 3 na nb. steps (Suc 0, Bk®, Occode (teontra H) q py; #
Occode (tcontra H)) H na = (0, Bkﬂb, [Oc])
by (drule-tac x = z in h-case, simp)
have ?P1 F—> X tp. (3 stp tp’. steps (Suc 0, tp) (tcopy |+| H) stp = (0, tp’)
A 2Q2 tp')
proof (rule-tac turing-merge.t-merge-halt|of tcopy H ?P1 ?P2 ?P3
?P3 ?2Q1 ?Q2], auto simp: turing-merge-def)
show Jstp. case steps (Suc 0, [], Oc ?C") tcopy stp of (s, tp') =
s =0 A (case tp’ of (I, ) = (Inb. | = BE™) A r = Oc?“™ @ Bk
# Oc?cn)
using tcopy-halt-rs[of ?cn|
apply (auto)
apply (rule-tac z = stp in exl, auto simp: exponent-def)
done
next
fix nb
show 3 stp. case steps (Suc 0, Bk, Occode (teontra H) q py; # Occode (tcontra H))
H stp of
(s, tp) = s =0 A (case tp’ of (I, r) = (Ind. | = Bk”d) AT =
[Oc])
using h1[of nb]
apply (auto)
apply (rule-tac z = na in exl, auto)
done
next
show A(I, 7). (3nb. 1 = Bknb) A r = Occode (tecontra H) @ B 4 Occode (tcontra H))
F—>
A1, 7). (3nb. 1= Bknb) A r = Occode (tcontra H) q pp. 4 Occode (tcontra H))
apply (simp add: t-imply-def)
done
qed
hence Jstp tp’. steps (Suc 0, [|, Oc?) (tcopy |+| H) stp = (0, tp’) A
(case tp’ of (I, r) = IAnd. | = Bk A r = [Oc])
apply(simp add: t-imply-def)
done
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hence ?P1 F—> X ip. = (3 stp. isS0 (steps (Suc 0, tp) ((tcopy |+| H) |+|
dither) stp))
proof (rule-tac turing-merge.t-merge-uhalt|of tcopy |4+| H dither ?P1 ?P3 ?P3
?Q2 ?Q2 ?2Q2], simp add: turing-merge-def, auto)
fix stp nd
assume steps (Suc 0, [], Occode (teontra H)) (tcopy |+| H) stp = (0, Bk"™,
[Oc])
thus Jstp. case steps (Suc 0, [], Occode (tcontra H)) (tcopy |+| H) stp of (s,
tp”)
= s =0 A (case tp’ of (I, 7) = (3nd. | = BEk") A r = [Oc])
apply (rule-tac x = stp in exl, auto)
done
next
fix stp nd nda stpa
assume isS0 (steps (Suc 0, Bk™® [Oc]) dither stpa)
thus Fulse
using dither-unhalt-rs|of nda]
apply auto
done
next
fix stp nd
show (L, 7). (3nd. | = BE") A r = [Oc]) F—>
A1, ). (3nd. | = BE™) A r = [0c])
by (simp add: t-imply-def)
qed
thus — haltP (tcontra H) (code (tcontra H))
apply(simp add: t-imply-def haltP-def tcontra-def, auto)
apply(erule-tac = n in ollE, simp add: isS0-def)
done
qged

lemma uh-h:
assumes vh: = haltP (tcontra H) (code (tcontra H))
shows haltP (tcontra H) (code (tcontra H))
proof —
let ?cn = code (tcontra H)
have hi: A\ z. 3 na nb. steps (Suc 0, Bk*, Oc fen @ i # Oc?cn)
H na = (0, Bk™, [Oc, Oc])
using uh
by (drule-tac x = z in nh-case, simp)
let ?2P1 = Xip.let (I, r)=tpin (I =1[ A
(r::block list) = Oc(?cn))
let 2Q1 = X (I, r).(3 na. l = BE"® A r = [Oc, Oc])
let ?P2 = ?2Q1
let 7Q2 = 2Q1
let ?P3 = X\ tp. False
have ?P1 F—> X tp. (3 stp tp’. steps (Suc 0, tp) ((tcopy |+| H ) |+| dither)
stp = (0, tp’) N 2Q2 tp)
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proof(rule-tac turing-merge.t-merge-halt|of tcopy |+| H dither ?2P1 P2 ?P3 ¢P3
?Q1 ?Q2], auto simp: turing-merge-def)
show Jstp. case steps (Suc 0, ], Occode (tcontra H)) (tcopy |+| H) stp of (s,
tp’) =

s =0 A (case tp' of (I, r) = (Ina. l = BE"*) A r = [Oc, Oc])

proof —
let ?Q1 = A (I, r).(3 nb. I = BE"™ A r = 0c(7e) @ Bk # 0c(7en)y
let ?P2 = ?Q1

let 2Q2 = X (I, r).(3 na. I = BE™ A r = [Oc, Oc))
have ?P1 F—> X tp. (3 stp tp'. steps (Suc 0, tp) (tcopy |+| H )
stp = (0, tp’) N 2Q2 tp)
proof (rule-tac turing-merge.t-merge-halt|of tcopy H ?P1 ?P2 ?P3 ?P3
?Q1 ?Q2], auto simp: turing-merge-def)
show Jstp. case steps (Suc 0, ], Occode (tcontra H)) tcopy stp of (s, tp”)
=s5s=10
A (case tp’ of (I, 7) = (3nb. | = Bk") A r = Occode (teontra H) @ B 4
Occode (tcontra H))
using tcopy-halt-rs[of ?cn]
apply (auto)
apply(rule-tac x = stp in exl, simp add: exponent-def)
done
next
fix nb
show Jstp. case steps (Suc 0, Bk”b, Occode (tcontra H) @ p # Occode (tcontra H))
H stp of
(s, tp") = s = 0 A (case tp’ of (I, ) = (Ina. | = BE™) A r = [Oc,
Oc])
using h1[of nb]
apply (auto)
apply(rule-tac x = na in exl, auto)
done
next

show A(l, 7). (3nb. | = BE™) A r = Qccode (teontra H) @ pj; 4
Occode (tcontra H)) Fos

A1, 7). ((3nb. | = BE™) A = Qccode (tcontra H) @ By 4
Occode (tcontra H))
by (simp add: t-imply-def)
qed
hence (3 stp tp’. steps (Suc 0, [], Oc?) (tcopy |+| H ) stp = (0, tp’) A
2Q2 tp")
apply (simp add: t-imply-def)
done
thus ?thesis
apply (auto)
apply(rule-tac x = stp in exl, auto)
done
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qed
next
fix na
show T stp. case steps (Suc 0, Bk™ [Oc, Oc]) dither stp of (s, tp”)
= s =0 A (case tp’ of (I, r) = (Ina. !l = BE"*) A r = [Oc, Oc])
using dither-halt-rs[of na)
apply (auto)
apply (rule-tac x = stp in exl, auto)
done
next
show A(I, r). ((3na. I = BE™@) A r = [Oc, Oc]) F—>
(A, 7). 3 na. I = BE™) A r = [Oc, Oc))
by (simp add: t-imply-def)
qed
hence 3 stp tp'. steps (Suc 0, [|, 0c?™) ((tcopy |+| H ) |+ dither)
stp = (0, tp’) N 2Q2 tp’
apply(simp add: t-imply-def)
done
thus haltP (tcontra H) (code (tcontra H))
apply (auto simp: haltP-def tcontra-def)
apply (rule-tac x = stp in exl,
rule-tac x = na in exl,
rule-tac © = Suc (Suc 0) in exl,
rule-tac x = 0 in exl, simp add: exp-ind-def)
done
qed

False is finally derived.

lemma False
using uh-h h-uh
by auto

end

end

6 abacus a kind of register machine

theory abacus
imports Main turing-basic
begin

Abacus instructions:

datatype abc-inst =
— Inc n increments the memory cell (or register) with address n by one.
Inc nat
— Dec n label decrements the memory cell with address n by one. If cell n is



already zero, no decrements happens and the executio jumps to the instruction
labeled by label.
| Dec nat nat
— Goto label unconditionally jumps to the instruction labeled by label.
| Goto nat

Abacus programs are defined as lists of Abacus instructions.

type-synonym abc-prog = abc-inst list

7 Sample Abacus programs

Abacus for addition and clearance.

fun plus-clear :: nat = nat = nat = abc-prog
where
plus-clear m n e = [Dec m e, Inc n, Goto 0]

Abacus for clearing memory untis.

fun clear :: nat = nat = abc-prog
where
clear n e = [Dec n e, Goto 0]

fun plus:: nat = nat = nat = nat = abe-prog
where
plus mn p e = [Dec m 4, Inc n, Inc p,
Goto 0, Dec p e, Inc m, Goto 4]

fun mult :: nat = nat = nat = nat = nat = abc-prog
where
mult m1 m2n p e = [Dec m1 e]@Q plus m1 m2 p 1

fun expo :: nat = nat = nat = nat = nat = abc-prog
where
expo n-ml m2p e = [Inc n, Dec m1 e] Q mult m2n np 2

The state of Abacus machine.

type-synonym abc-state = nat

The memory of Abacus machine is defined as a list of contents, with every
units addressed by index into the list.

type-synonym abc-Im = nat list

Fetching contents out of memory. Units not represented by list elements are
considered as having content 0.

fun abc-lm-v :: abe-lm = nat = nat
where
abe-lm-v Im n = (if (n < length Im) then (Imln) else 0)
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Set the content of memory unit n to value v. am is the Abacus memory
before setting. If address n is outside to scope of am, am is extended so
that » becomes in scope.

fun abe-lm-s :: abe-Im = nat = nat = abe-lm
where
abe-lm-s am n v = (if (n < length am) then (am[n:=v]) else
am@ (replicate (n — length am) 0) Q [v])

The configuration of Abaucs machines consists of its current state and its
current memory:

type-synonym abc-conf-l = abc-state X abc-Im

Fetch instruction out of Abacus program:

fun abc-fetch :: nat = abe-prog = abc-inst option
where
abe-fetch s p = (if (s < length p) then Some (p ! s)
else None)

Single step execution of Abacus machine. If no instruction is feteched, con-
figuration does not change.

fun abc-step-l :: abc-conf-1 = abc-inst option = abe-conf-1
where
abc-step-1 (s, Im) a = (case a of
None = (s, Im) |
Some (Inc n) = (let nv = abe-lm-v Im n in
(s + 1, abc-lm-s Im n (nv + 1))) |
Some (Dec n e) = (let nv = abe-lm-v Im n in
if (nv = 0) then (e, abc-lm-s im n 0)
else (s + 1, abc-lm-s lm n (nv — 1))) |
Some (Goto n) = (n, Im)

Multi-step execution of Abacus machine.

fun abc-steps-1 :: abc-conf-l = abc-prog = nat = abc-conf-1
where
abe-steps-1 (s, Im) p 0 = (s, Im) |
abe-steps-1 (s, Im) p (Suc n) = abe-steps-1 (abe-step-1 (s, lm) (abe-fetch s p)) p n

8 Compiling Abacus machines into Truing machines

8.1 Compiling functions

findnth n returns the TM which locates the represention of memory cell n
on the tape and changes representation of zero on the way.

fun findnth :: nat = tprog
where
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findnth 0 =[] |
findnth (Suc n) = (findnth n @ (W1, 2 x n + 1),
(R, 2xn+ 2),(R,2xn+3),(R,2x*n+ 2)])

tinc-b returns the TM which increments the representation of the memory
cell under rw-head by one and move the representation of cells afterwards
to the right accordingly.
definition tinc-b :: tprog
where
tinc-b = [(W1, 1), (R, 2), (W1, 3), (R, 2), (W1, 3), (R, 4),
(L, 7), (W0, 5), (R, 6), (W0, 5), (W1, 3), (R, 6),
(L, 8), (L, 7), (R, 9), (L, 7), (R, 10), (W0, 9)]

tshift tm off shifts tm by offset off, leaving instructions concerning state 0
unchanged, because state 0 is the end state, which needs not be changed
with shift operation.

fun tshift :: tprog = nat = tprog
where
tshift tp off = (map (X (action, state).
(action, (if state = 0 then 0
else state + off))) tp)

tinc ss n returns the TM which simulates the execution of Abacus instruction
Inc n, assuming that TM is located at location ss in the final TM complied
from the whole Abacus program.

fun tinc :: nat = nat = tprog

where
tinc ss n = tshift (findnth n @ tshift tinc-b (2 * n)) (ss — 1)

tinc-b returns the TM which decrements the representation of the memory
cell under rw-head by one and move the representation of cells afterwards
to the left accordingly.

definition tdec-b :: tprog

where

tdec-b = [(W1, 1), (R, 2), (L, 14), (R, 3), (L, 4), (R, 3),
(7)(W04)( 6), (W0, 5). (L. 7). (L, &),
(L, 11), (W0, 7). (W1, 8), (R, 9), (L. 10). (R, 9),
(R, 5), (W0, 10), (L, 12), (L, 11) (R, 18), (L, 11),
(R, 17), (W0, 13), (L, 15), (L, 14), (R, 16), (L. 14),
(R, 0), (W0, 16)]

sete tp e attaches the termination edges (edges leading to state 0) of TM tp
to the intruction labelled by e.

fun sete :: tprog = nat = tprog
where
sete tp e = map (X (action, state). (action, if state = 0 then e else state)) tp
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tdec ss n label returns the TM which simulates the execution of Abacus
instruction Dec n label, assuming that TM is located at location ss in the
final TM complied from the whole Abacus program.

fun tdec :: nat = nat = nat = tprog

where
tdec ss n e = sete (tshift (findnth n Q tshift tdec-b (2 = n))
(ss — 1)) e

tgoto f(label) returns the TM simulating the execution of Abacus instruction
Goto label, where f(label) is the corresponding location of label in the final
TM compiled from the overall Abacus program.

fun tgoto :: nat = tprog
where
tgoto n = [(Nop, n), (Nop, n)]

The layout of the final TM compiled from an Abacus program is represented
as a list of natural numbers, where the list element at index n represents
the starting state of the TM simulating the execution of n-th instruction in
the Abacus program.

type-synonym layout = nat list

length-of i is the length of the TM simulating the Abacus instruction 1.

fun length-of :: abc-inst = nat
where
length-of i = (case i of
Incn = 2x%xn+ 9|
Decne= 2xn+ 16 |
Goton = 1)

layout-of ap returns the layout of Abacus program ap.

fun layout-of :: abc-prog = layout
where layout-of ap = map length-of ap

start-of layout n looks out the starting state of n-th TM in the finall TM.

fun start-of :: nat list = nat = nat
where
start-of ly 0 = Suc 0 |
start-of ly (Suc as) =
(if as < length ly then start-of ly as + (ly ! as)
else start-of ly as)

ci lo ss i complies Abacus instruction ¢ assuming the TM of ¢ starts from
state ss within the overal layout lo.

fun ci :: layout = nat = abc-inst = tprog
where
ci ly ss 1 = (case i of
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Incn = tinc ssn |
Dec n e = tdec ss n (start-of ly e) |
Goto n = tgoto (start-of ly n))

tpairs-of ap transfroms Abacus program ap pairing every instruction with
its starting state.
fun tpairs-of :: abc-prog = (nat x abc-inst) list
where tpairs-of ap = (zip (map (start-of (layout-of ap))
[0..<(length ap)]) ap)

tms-of ap returns the list of TMs, where every one of them simulates the
corresponding Abacus intruction in ap.
fun tms-of :: abc-prog = tprog list
where tms-of ap = map (A (n, tm). ci (layout-of ap) n tm)
(tpairs-of ap)

tm-of ap returns the final TM machine compiled from Abacus program ap.

fun tm-of :: abc-prog = tprog
where tm-of ap = concat (tms-of ap)

The following two functions specify the well-formedness of complied TM.

fun t-ncorrect :: tprog = bool
where
t-ncorrect tp = (length tp mod 2 = 0)

fun abc2t-correct :: abc-prog = bool
where
abc2t-correct ap = list-all (A (n, tm).
t-ncorrect (ci (layout-of ap) n tm)) (tpairs-of ap)

lemma findnth-length: length (findnth n) div 2 = 2 * n
apply (induct n, simp, simp)
done

lemma ci-length : length (ci ns n ai) div 2 = length-of ai

apply (auto simp: ci.simps tinc-b-def tdec-b-def findnth-length
split: abc-inst.splits)

done

8.2 Representation of Abacus memory by TM tape

consts tape-of :: 'a = block list (<-> 100)

tape-of-nat-list am returns the TM tape representing Abacus memory am.

fun tape-of-nat-list :: nat list = block list
where
tape-of-nat-list [| =[] |
tape-of-nat-list [n] = Oc™+1 |
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tape-of-nat-list (n#ns) = (0c™t1) @ [Bk] @ (tape-of-nat-list ns)

defs (overloaded)
tape-of-nl-abv: <am> = tape-of-nat-list am
tape-of-nat-abv : <(n:nat)> = Oc"t1

crsp-1 acf tcf meams the abacus configuration acf is corretly represented by
the TM configuration tcf.
fun crsp-l :: layout = abc-conf-l = t-conf = block list = bool
where
crsp-l ly (as, Im) (ts, (I, ) inres =
(ts = start-of ly as A (3 rn. r = <lm> Q@ BE'™)
A | = Bk # Bk # inres)

declare crsp-l.simps[simp del]

8.3 A more general definition of TM execution.

t-step tef (tp, ss) returns the result of one step exection of TM ¢p assuming
tp starts from instial state ss.
fun t-step :: t-conf = (tprog x nat) = t-conf
where
t-step ¢ (p, off) =
(let (state, leftn, rightn) = ¢ in
let (action, next-state) = fetch p (state—off)
(case rightn of
) = Bk |
Bk # zs = Bk |
Oc # xs = Oc
)
n

(next-state, new-tape action (leftn, rightn)))

t-steps tcf (tp, ss) n returns the result of n-step exection of TM #p assuming
tp starts from instial state ss.
fun t-steps :: t-conf = (tprog x nat) = nat = t-conf

where

t-steps ¢ (p, off) 0 = ¢ |
t-steps ¢ (p, off) (Suc n) = t-steps

(t_Step ¢ (pa Oﬁt)) (pa Oﬁ) n

lemma stepn: t-steps ¢ (p, off) (Suc n) =

t-step (t-steps ¢ (p, off) n) (p, off)
apply (induct n arbitrary: c, simp add: t-steps.simps)
apply(simp add: t-steps.simps)
done

The type of invarints expressing correspondence between Abacus configura-
tion and TM configuration.
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type-synonym inc-inv-t = abc-conf-l = t-conf = block list = bool

declare tms-of .simps[simp del] tm-of .simps[simp del]
layout-of .simps[simp del] abe-fetch.simps [simp del]
t-step.simps[simp del] t-steps.simps[simp del]
tpairs-of .simps[simp del] start-of .simps[simp del]
fetch.simps [simp del] t-ncorrect.simps[simp del]
new-tape.simps [simp del] ci.simps [simp del] length-of .simps[simp del]
layout-of .simps[simp del] crsp-l.simps[simp del]
abc2t-correct. simps|[simp del]

lemma tct-div2: t-ncorrect tp = (length tp) mod 2 = 0
apply(simp add: t-ncorrect.simps)
done

lemma t-shift-fetch:

[t-ncorrect tp1; t-ncorrect tp;

length tpl div 2 < a A a < length tpl div 2 + length tp div 2]
= fetch tp (a — length tp1 div 2) b =
fetch (tp1 @Q tp Q tp2) a b
apply (subgoal-tac 3 . a = length tpl div 2 + z, erule exE, simp)
apply (case-tac x, simp)
apply (subgoal-tac length tp! div 2 + Suc nat =
Suc (length tpl div 2 + nat))

apply (simp only: fetch.simps nth-of .simps, auto)
apply (case-tac b, simp)
apply (subgoal-tac 2 = (length tpl div 2) = length tpl, simp)
apply (subgoal-tac 2 x nat < length tp, simp add: nth-append, simp)
apply(simp add: t-ncorrect.simps, auto)
apply (subgoal-tac 2 * (length tpl div 2) = length tpl, simp)
apply (subgoal-tac 2 x nat < length tp, simp add: nth-append, auto)
apply (simp add: t-ncorrect.simps, auto)
apply(rule-tac x = a — length tpl div 2 in exl, simp)
done

lemma t-shift-in-step:
[t-step (a, aa, ba) (tp, length tpl div 2) = (s, I, r);
t-ncorrect tpl; t-ncorrect tp;
length tpl div 2 < a A a < length tpl div 2 + length tp div 2]
= t-step (a, aa, ba) (tp1 Q tp Q tp2, 0) = (s, I, r)
apply (simp add: t-step.simps)
apply (subgoal-tac fetch tp (a — length tpl div 2) (case ba of [| =
Bk |z # zs = x)
= fetch (tp1 Q tp Q tp2) a (case ba of [| = Bk | © # xs
= 1))
apply (case-tac fetch tp (a — length tp1 div 2) (case ba of [| = Bk
| z # xs = z))
apply (auto intro: t-shift-fetch)
apply (case-tac ba, simp, simp)
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apply(case-tac aaa, simp, simp)
done

declare add-Suc-right[simp del]
lemma t-step-add: t-steps ¢ (p, off) (m + n) =
t-steps (t-steps ¢ (p, off ) m) (p, off) n
apply (induct m arbitrary: n, simp add: t-steps.simps, simp)
apply (subgoal-tac t-steps c¢ (p, off) (Suc (m + n)) =
t-steps ¢ (p, off) (m + Suc n), simp)
apply (subgoal-tac t-steps (t-steps ¢ (p, off) m) (p, off) (Suc n) =
t-steps (t-step (t-steps ¢ (p, off) m) (p, off))
(p, off) n)
apply(simp, simp add: stepn)
apply (simp only: t-steps.simps)
apply (simp only: add-Suc-right)
done
declare add-Suc-right[simp]

lemma s-out-fetch: [t-ncorrect tp;
= (length tp1 div 2 < a A a < length tpl div 2 +
length tp div 2)]
= fetch tp (a — length tpl div 2) b = (Nop, 0)
apply (auto)
apply(simp add: fetch.simps)
apply (subgoal-tac 3 z. a — length tpl div 2 = length tp div 2 + x)
apply (erule exE, simp)
apply (case-tac x, simp)
apply(auto simp add: fetch.simps)
apply (subgoal-tac 2 x (length tp div 2) = length tp)
apply (auto simp: t-ncorrect.simps split: block.splits)
apply (rule-tac © = a — length tp1 div 2 — length tp div 2 in exl
, simp)
done

lemma conf-keep-step:

[t-ncorrect tp;

= (length tp1 div 2 < a A a < length tpl div 2 +

length tp div 2)]

= t-step (a, aa, ba) (tp, length tp1 div 2) = (0, aa, ba)
apply(simp add: t-step.simps)
apply (subgoal-tac fetch tp (a — length tpl div 2) (case ba of [| =

Bk | Bk # zs = Bk | Oc # xs = Oc) = (Nop, 0))

apply(simp add: new-tape.simps)
apply (rule s-out-fetch, simp, simp)
done

lemma conf-keep:

[t-ncorrect tp;
= (length tpl div 2 < a A
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a < length tpl div 2 + length tp div 2); n > 0]
= t-steps (a, aa, ba) (tp, length tpl div 2) n = (0, aa, ba)
apply (induct n, simp)
apply (case-tac n, simp add: t-steps.simps)
apply (rule-tac conf-keep-step, simp+)
apply (subgoal-tac t-steps (a, aa, ba)
(tp, length tp1 div 2) (Suc (Suc nat))
= t-step (t-steps (a, aa, ba)
(tp, length tp1 div 2) (Suc nat)) (tp, length tpl div 2))
apply (simp)
apply (rule-tac conf-keep-step, simp, simp)
apply(rule stepn)
done

lemma state-bef-inside:
[t-ncorrect tp1; t-ncorrect tp;
t-steps (s0, 10, r0) (tp, length tpl div 2) stp = (s, I, 1);
length tp1 div 2 < sO A
s0 < length tp1 div 2 + length tp div 2;
length tpl div 2 < s N\ s < length tp1 div 2 + length tp div 2;
n < stp; t-steps (s0, 10, r0) (tp, length tp1 div 2) n =
(a, aa, ba)]
= length tpl div 2 < a A
a < length tpl div 2 + length tp div 2
apply (subgoal-tac 3 z. stp = n + z, erule exk)
apply (simp only: t-step-add)
apply (rule classical)
apply (subgoal-tac t-steps (a, aa, ba)
(tp, length tpl div 2) x = (0, aa, ba))
apply (simp)
apply (rule conf-keep, simp, simp, simp)
apply (rule-tac © = stp — n in exl, simp)
done

lemma turing-shift-inside:
[t-steps (s0, 10, r0) (tp, length tp1 div 2) stp = (s, I, 1);
length tpl div 2 < sO A
s0 < length tp1 div 2 + length tp div 2;
t-ncorrect tpl; t-ncorrect tp;
length tpl div 2 < s A
s < length tpl div 2 + length tp div 2]
= t-steps (s0, 10, r0) (tpl Q tp Q tp2, 0) stp = (s, I, 1)
apply (induct stp arbitrary: s 1 r)
apply(simp add: t-steps.simps)
apply (subgoal-tac t-steps (s0, 10, 0)
(tp, length tp1 div 2) (Suc stp)
= t-step (t-steps (s0, 10, r0)
(tp, length tpl div 2) stp) (tp, length tpl div 2))
apply (case-tac t-steps (s0, 10, r0) (tp, length tp1 div 2) stp)
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apply (subgoal-tac length tpl div 2 < a A
a < length tp1 div 2 + length tp div 2)
apply (subgoal-tac t-steps (s0, 10, r0)
(tp1 Q tp Q tp2, 0) stp = (a, b, ¢))
apply (simp only: stepn, simp)
apply (rule-tac t-shift-in-step, simp—+)
defer
apply (rule stepn)
apply (rule-tac n = stp and stp = Suc stp and a = a
and aa = b and ba = c¢ in state-bef-inside, simp+)
done

lemma take-Suc-last[elim]: Suc as < length xs =
take (Suc as) xs = take as xs @ [xs | as]

apply (induct zs arbitrary: as, simp, simp)

apply (case-tac as, simp, simp)

done

lemma concat-suc: Suc as < length xs =

concat (take (Suc as) xs) = concat (take as xs) @ zs! as
apply (subgoal-tac take (Suc as) zs = take as zs Q [zs | as], simp)
by auto

lemma concat-take-suc-iff: Suc n < length tps =

concat (take n tps) @ (tps ! n) = concat (take (Suc n) tps)
apply (drule-tac concat-suc, simp)
done

lemma concat-drop-suc-iff:
Suc n < length tps = concat (drop (Suc n) tps)
tps | Suc n @Q concat (drop (Suc (Suc n)) tps)
apply (induct tps arbitrary: n, simp, simp)
apply (case-tac tps, simp, simp)
apply(case-tac n, simp, simp)
done

declare append-assoc[simp del]

lemma tm-append: [n < length tps; tp = tps ! n] =
3 tpl tp2. concat tps = tpl Q tp Q tp2 A tpl =

concat (take n tps) A tp2 = concat (drop (Suc n) tps)
apply (rule-tac © = concat (take n tps) in exl)
apply (rule-tac x = concat (drop (Suc n) tps) in exl)
apply(auto)
apply (induct n, simp)
apply (case-tac tps, simp, simp, simp)
apply (subgoal-tac concat (take n tps) Q (tps | n) =

concat (take (Suc n) tps))
apply (simp only: append-assoc| THEN sym]|, simp only: append-assoc)
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apply (subgoal-tac concat (drop (Suc n) tps) = tps ! Suc n @
concat (drop (Suc (Suc n)) tps), simp)

apply (rule-tac concat-drop-suc-iff , simp)

apply (rule-tac concat-take-suc-iff, simp)

done

declare append-assoc[simp]

lemma map-of: n < length xs = (map fzs) ! n = f (zs ! n)
by (auto)

lemma [simp]: length (tms-of aprog) = length aprog
apply (auto simp: tms-of .simps tpairs-of .simps)
done

lemma ci-nth: [ly = layout-of aprog; as < length aprog;
abe-fetch as aprog = Some ins]
= ci ly (start-of ly as) ins = tms-of aprog ! as
apply(simp add: tms-of .simps tpairs-of .simps
abe-fetch.simps map-of del: map-append)
done

lemma ¢-split:|
ly = layout-of aprog;
as < length aprog; abe-fetch as aprog = Some ins]
= 3 tpl tp2. concat (tms-of aprog) =
tpl @ (ci ly (start-of ly as) ins) Q tp2
A tpl = concat (take as (tms-of aprog)) A
tp2 = concat (drop (Suc as) (tms-of aprog))
apply (insert tm-append|of as tms-of aprog
ci ly (start-of ly as) ins], simp)
apply (subgoal-tac ci ly (start-of ly as) ins = (tms-of aprog) ! as)
apply (subgoal-tac length (tms-of aprog) = length aprog, simp, simp)
apply (rule-tac ci-nth, auto)
done

lemma math-sub: [z >= Suc 0; 2 — 1 =z] =z +y — SucO0=2z+y
by auto

lemma start-more-one: as # 0 = start-of ly as >= Suc 0
apply (induct as, simp add: start-of .simps)

apply(case-tac as, auto simp: start-of .simps)

done

lemma tm-ct: [abc2t-correct aprog; tp € set (tms-of aprog)] =
t-ncorrect tp

apply (simp add: abc2t-correct.simps tms-of .simps)

apply (auto)

apply(simp add:list-all-iff , auto)
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done

lemma div-apart: [z mod (2:nat) = 0; y mod 2 = 0]
= (z+y dv2=xdv?2+ydv2

apply(drule mod-eqD)+

apply (auto)

done

lemma div-apart-iff: [x mod (2::nat) = 0; y mod 2 = 0] =
(z +y) mod 2 =0

apply (auto)
done

lemma tms-ct: [abc2t-correct aprog; n < length aprog] =
t-ncorrect (concat (take n (tms-of aprog)))
apply (induct n, simp add: t-ncorrect.simps, simp)
apply (subgoal-tac concat (take (Suc n) (tms-of aprog)) =
concat (take n (tms-of aprog)) @Q (tms-of aprog ! n), simp)
apply(simp add: t-ncorrect.simps)
apply (rule-tac div-apart-iff, simp)
apply (subgoal-tac t-ncorrect (tms-of aprog ! n),
simp add: t-ncorrect.simps)
apply (rule-tac tm-ct, simp)
apply (rule-tac nth-mem, simp add: tms-of .simps tpairs-of .simps)
apply (rule-tac concat-suc, simp add: tms-of .simps tpairs-of .simps)
done

lemma tcorrect-div2: [abe2t-correct aprog; Suc as < length aprog]
= (length (concat (take as (tms-of aprog))) + length (tms-of aprog
! as)) div 2 = length (concat (take as (tms-of aprog))) div 2 +

length (tms-of aprog ! as) div 2

apply (subgoal-tac t-ncorrect (tms-of aprog ! as))

apply (subgoal-tac t-ncorrect (concat (take as (tms-of aprog))))

apply (rule-tac div-apart)

apply (rule tct-div2, simp)+

apply (erule-tac tms-ct, simp)

apply (rule-tac tm-ct, simp)

apply (rule-tac nth-mem)

apply(simp add: tms-of .simps tpairs-of .simps)

done

lemma [simp]: length (layout-of aprog) = length aprog
apply (auto simp: layout-of .simps)
done

lemma start-of-ind: [as < length aprog; ly = layout-of aprog] =
start-of ly (Suc as) = start-of ly as +
length ((tms-of aprog) ! as) div 2
apply (simp only: start-of .simps, simp)
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apply (auto simp: start-of .simps tms-of .simps layout-of .simps
tpairs-of .simps)

apply(simp add: ci-length)

done

lemma concat-take-suc: Suc n < length xs —>
concat (take (Suc n) zs) = concat (take n xs) Q (xs ! n)
apply (subgoal-tac take (Suc n) zs =
take n xs Q [xs | n])

apply (auto)
done

lemma ci-length-not0: Suc 0 <= length (ci ly as i) div 2
apply (subgoal-tac length (ci ly as i) div 2 = length-of 7)
apply (simp add: length-of .simps split: abe-inst.splits)
apply(rule ci-length)

done

lemma findnth-length2: length (findnth n) = 4 % n
apply (induct n, simp)

apply (simp)

done

lemma ci-length2: length (cily as i) = 2 * (length-of i)

apply (simp add: ci.simps length-of .simps tinc-b-def tdec-b-def
split: abe-inst.splits, auto)

apply(simp add: findnth-length2)+

done

lemma tm-mod2: as < length aprog —
length (tms-of aprog ! as) mod 2 = 0
apply(simp add: tms-of .simps)
apply (subgoal-tac map (A(z, y). ci (layout-of aprog) x y)
(tpairs-of aprog) ! as
= (Mz, y). ci (layout-of aprog) = y)
((tpairs-of aprog) ! as), simp)
apply (case-tac (tpairs-of aprog | as), simp)
apply (subgoal-tac length (ci (layout-of aprog) a b) =
2 x (length-of b), simp)
apply (rule ci-length?2)
apply (rule map-of, simp add: tms-of .simps tpairs-of .simps)
done

lemma tms-mod2: as < length aprog =
length (concat (take as (tms-of aprog))) mod 2 = 0
apply (induct as, simp, simp)
apply (subgoal-tac concat (take (Suc as) (tms-of aprog))
= concat (take as (tms-of aprog)) @
(tms-of aprog ! as), auto)
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apply (rule div-apart-iff , simp, rule tm-mod2, simp)
apply (rule concat-take-suc, simp add: tms-of .simps tpairs-of .simps)
done

lemma [simp]: [as < length aprog; (abc-fetch as aprog) = Some ins]
= c¢i (layout-of aprog)
(start-of (layout-of aprog) as) (ins) € set (tms-of aprog)
apply (insert ci-nth|[of layout-of aprog aprog as|, simp)
done

lemma startof-not0: start-of ly as > 0
apply (induct as, simp add: start-of .simps)
apply(case-tac as, auto simp: start-of .simps)
done

declare abe-step-l.simps[simp del]
lemma pre-lheq: [tp = concat (take as (tms-of aprog));
abc2t-correct aprog; as < length aprog] =
start-of (layout-of aprog) as — Suc 0 = length tp div 2
apply (induct as arbitrary: tp, simp add: start-of .simps, simp)
proof —
fix as tp
assume hi: Aip. tp = concat (take as (tms-of aprog)) =
start-of (layout-of aprog) as — Suc 0 =
length (concat (take as (tms-of aprog))) div 2
and h2: abc2t-correct aprog Suc as < length aprog
from h2 show start-of (layout-of aprog) (Suc as) — Suc 0 =
length (concat (take (Suc as) (tms-of aprog))) div 2
apply (insert hi1[of concat (take as (tms-of aprog))], simp)
apply (insert start-of-ind|of as aprog layout-of aprog|, simp)
apply (subgoal-tac (take (Suc as) (tms-of aprog)) =
take as (tms-of aprog) Q [(tms-of aprog) | as], simp)
apply (subgoal-tac (length (concat (take as (tms-of aprog))) +
length (tms-of aprog ! as)) div 2
= length (concat (take as (tms-of aprog))) div 2 +
length (tms-of aprog ! as) div 2, simp)
apply (subgoal-tac start-of (layout-of aprog) as =
length (concat (take as (tms-of aprog))) div 2 + Suc 0, simp)
apply (subgoal-tac start-of (layout-of aprog) as > 0, simp,
rule-tac startof-not0)
apply (insert tm-mod2|of as aprog|, simp)
apply (insert tms-mod2|of as aprog|, simp, arith)
apply (rule take-Suc-last, simp)
done
qed

lemma crsp2stateq:

[as < length aprog; abc2t-correct aprog;
crsp-l (layout-of aprog) (as, am) (a, aa, ba) inres] =
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a = length (concat (take as (tms-of aprog))) div 2 + 1
apply(simp add: crsp-l.simps)
apply (insert pre-lheq[of (concat (take as (tms-of aprog))) as aprog]
, simp)
apply (subgoal-tac start-of (layout-of aprog) as > 0,
auto intro: startof-not0)
done

lemma turing-shift-outside:

[t-steps (s0, 10, r0) (tp, length tp1 div 2) stp = (s, I, 1);

s #£ 0; stp > 0;

length tp1 div 2 < sO A

s0 < length tpl div 2 + length tp div 2;

t-ncorrect tpl; t-ncorrect tp;

= (length tp1 div 2 < s A

s < length tpl div 2 + length tp div 2)]

= Jstp’ > 0. t-steps (s0, 10, r0) (tp1 Q tp Q@ tp2, 0) stp’
= (S’ , T)
apply(rule-tac x = stp in exl)
apply (case-tac stp, simp add: t-steps.simps)
apply (simp only: stepn)
apply (case-tac t-steps (s0, 10, r0) (tp, length tpl div 2) nat)
apply (subgoal-tac length tp1 div 2 < a A
a < length tp1 div 2 + length tp div 2)
apply (subgoal-tac t-steps (s0, 10, r0) (tpl @ tp @ ¢p2, 0) nat
= (a, b, ¢), simp)
apply (rule-tac t-shift-in-step, simp—+)
apply (rule-tac turing-shift-inside, simp+)
apply (rule classical)
apply (subgoal-tac t-step (a,b,c)
(tp, length tp1 div 2) = (0, b, ¢), simp)

apply (rule-tac conf-keep-step, simp+)
done

lemma turing-shift:
[t-steps (s0, (10, r0)) (tp, (length tpl div 2)) stp
= (s, (I, r)); s # 0; stp > 0;
(length tpl div 2 < s0 A s0 <= length tpl div 2 + length tp div 2);
t-ncorrect tpl; t-ncorrect tp] =
3 stp’ > 0. t-steps (s0, (10, r0)) (tpl Q tp Q tp2, 0) stp’ =
(s, (1, 7))
apply (case-tac s > length tpl div 2 A
s <= length tpl div 2 + length tp div 2)
apply (subgoal-tac t-steps (s0, 10, r0) (tpl Q tp Q tp2, 0) stp =
(5, 1, 7))
apply (rule-tac z = stp in exl, simp)
apply (rule-tac turing-shift-inside, simp+)
apply (rule-tac turing-shift-outside, simp+)
done
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lemma inc-startof-not0: start-of ly as > Suc 0
apply (induct as, simp add: start-of .simps)
apply (simp add: start-of .simps)

done

lemma s-crsp:
[as < length aprog; abc-fetch as aprog = Some ins;
abc2t-correct aprog;
cersp-l (layout-of aprog) (as, am) (a, aa, ba) inres] =
length (concat (take as (tms-of aprog))) div 2 < a
A a < length (concat (take as (tms-of aprog))) div 2 +
length (ci (layout-of aprog) (start-of (layout-of aprog) as)

ins) div 2
apply (subgoal-tac a = length (concat (take as (tms-of aprog))) div
2 + 1, simp)

apply (rule-tac ci-length-not0)
apply (rule crsp2stateq, simp+)
done

lemma tms-out-ex:
[ly = layout-of aprog; tprog = tm-of aprog;
abc2t-correct aprog;
crsp-l ly (as, am) tc inres; as < length aprog;
abc-fetch as aprog = Some ins;
t-steps te (ci ly (start-of ly as) ins,
(start-of ly as) — 1) n = (s, I, r);
n > 0;
abc-step-1 (as, am) (abe-fetch as aprog) = (as’, am’);
s = start-of ly as’
]
= 3 stp > 0. (t-steps tc (tprog, 0) stp = (s, (I, 1))
apply (simp only: tm-of .simps)
apply (subgoal-tac 3 tpl tp2. concat (tms-of aprog) =
tpl @ (cily (start-of ly as) ins) Q tp2
A tpl = concat (take as (tms-of aprog)) A
tp2 = concat (drop (Suc as) (tms-of aprog)))
apply(erule exE, erule exE, erule conjE, erule conjE,
case-tac tc, simp)
apply (rule turing-shift)
apply (subgoal-tac start-of (layout-of aprog) as — Suc 0
= length tp1 div 2, simp)
apply (rule-tac pre-lheq, simp, simp, simp)
apply(simp add: startof-not0, simp)
apply (rule-tac s-crsp, simp, simp, simp, simp)
apply (rule tms-ct, simp, simp)
apply (rule tm-ct, simp)
apply (subgoal-tac ci (layout-of aprog)
(start-of (layout-of aprog) as) ins
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= (tms-of aprog ! as), simp)
apply(simp add: tms-of .simps tpairs-of .simps)
apply(simp add: tms-of .simps tpairs-of .simps abc-fetch.simps)
apply (erule-tac t-split, auto simp: tm-of .simps)
done

The lemmas in this section lead to the correctness of the compilation of Inc
n instruction.

fun at-begin-fst-bwtn :: inc-inv-t
where
at-begin-fst-bwtn (as, Im) (s, I, r) ires =
(3 Im1 tn rn. Im1 = (Im @ (0'™)) A length Im1 = s A
(if Im1 =[] then | = Bk # Bk # ires
else | = [Bk]Q<rev Im1>QBk# Bk#ires) A r = (Bk™))

fun at-begin-fst-awtn :: inc-inv-t
where
at-begin-fst-awtn (as, Im) (s, I, r) ires =
(3 Im1 tn rn. Im1 = (Im @ (0'™)) A length Im1 = s A
(if Im1 =[] then | = Bk # Bk # ires
else | = [Bk]Q<rev Im1>QBk# Bk#ires) A r = [Oc]QBE™
)

fun at-begin-norm :: inc-inv-t
where
at-begin-norm (as, Im) (s, I, ) ires=
(3 Im1Im2 rn. Im = lm1 Q Im2 A length lm1 = s N\
(if Im1 =[] then | = Bk # Bk # ires
else | = Bk # <rev Im1> Q Bk# Bk # ires ) A r = <Ilm2> Q (Bk™))

fun in-middle :: inc-inv-t
where
in-middle (as, Im) (s, I, r) ires =
(3 tm1 Im2 tn m ml mr rn. Im @ 0 = Im1 Q [m] Q Im2
Alength lml = s Am + 1 =ml + mr A
ml# 0 Nitn=s+ 1 — lengthlm A
(if Im1 =[] then | = Oc™ @ Bk # Bk # ires
else | = (Oc™)@Q[Bk]@<rev Im1>@
Bk # Bk # ires) A (r = (Oc™) @ [Bk] @ <lm2>Q (BEK™) v
(Im2 =[] A r = (0c™)))

fun inv-locate-a :: inc-inv-t
where inv-locate-a (as, Im) (s, I, r) ires =
(at-begin-norm (as, lm) (s, 1, r) ires V
at-begin-fst-bwtn (as, Im) (s, I, r) ires V
at-begin-fst-awtn (as, Im) (s, 1, ) ires

)
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fun inv-locate-b :: inc-inv-t
where inv-locate-b (as, Im) (s, I, r) ires =
(in-middle (as, Im) (s, 1, r)) ires

fun inv-after-write :: inc-inv-t
where inv-after-write (as, Ilm) (s, I, r) ires =
(3 rnm Im1 Im2. Ilm = Im1 @ m # Im2 A
(if Im1 =[] then | = Oc™ @ Bk # Bk # ires
else Oc # 1 = OcSUC ™ @ Bk # <rev lm1> @
Bk # Bk # ires) A r = [Oc] @ <lm2> Q (Bk™))

fun inv-after-move :: inc-inv-t
where inv-after-move (as, Im) (s, I, ) ires =
(3 rmm Im1 Im2. Ilm = Im1 Q@ m # Im2 A
(if lm1 =[] then | = OcSUC ™ @ Bk # Bk # ires
else | = 0cSU¢ M@ B # <rev Im1> @ Bk # Bk # ires) A
r = <lm2> Q (BE™))

fun inv-after-clear :: inc-inv-t
where inv-after-clear (as, Ilm) (s, I, r) ires =
3 rmmimlim2r’ Ilm =1Iml Q@ m # Im2 A
(if Im1 =[] then | = OcSU¢ ™ @ Bk # Bk # ires
else | = OcSUC ™M@ Bk # <rev Im1> @ Bk # Bk # ires) A
r=DBk#r'AOcH#r'=<im2>Q (Bk™))

fun inv-on-right-moving :: inc-inv-t
where inv-on-right-moving (as, Im) (s, I, r) ires =
(3 Im1 Im2 m ml mrrn. Im = lm1 Q [m] Q Im2 A
ml + mr =m A

(if Im1 =[] then | = Oc™ @ Bk # Bk # ires
else | = (0c™) @ [Bk] @ <rev Im1> @ Bk # Bk # ires) A
((r = (0c™") @ [Bk] @ <lm2> @ (Bk™)) v
(r = (0™ A Im2 = [}))

fun inv-on-left-moving-norm :: inc-inv-t
where inv-on-left-moving-norm (as, lm) (s, I, r) ires =
(3 Im1 Im2 m ml mr rn. Im = Im1 Q [m] Q Im2 A

ml + mr = Suc m A mr > 0 A (if lm1 =[] then | = Oc™ @ Bk # Bk

# ires
else | = (Oc™) @ Bk # <rev Im1> @ Bk # Bk

# ires)
A (r=(0c™) @ Bk # <im2> Q (Bk™) v
Im2 =[] A r= 0c™)))

—_

fun inv-on-left-moving-in-middle-B:: inc-inv-t
where inv-on-left-moving-in-middle-B (as, Im) (s, I, r) ires =
(3 Im1 Im2 rn. Im = Im1 Q Im2 A
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(if Im1 =[] then | = Bk # ires
else | = <revIm1> Q Bk # Bk # ires) A
r = Bk # <Ilm2> @ (BEk™))

fun inv-on-left-moving :: inc-inv-t
where inv-on-left-moving (as, Im) (s, I, r) ires =
(inv-on-left-moving-norm (as, Im) (s, I, ) ires V
inv-on-left-moving-in-middle-B (as, Im) (s, I, r) ires)

fun inv-check-left-moving-on-leftmost :: inc-inv-t
where inv-check-left-moving-on-leftmost (as, lm) (s, I, ) ires =

(3 rn. I = ires A r = [Bk, Bk] @ <lm> @ (BE™))

fun inv-check-left-moving-in-middle :: inc-inv-t
where inv-check-left-moving-in-middle (as, Im) (s, I, r) ires =

(3 Im? Im2 ' rn. Im = Im1 Q Im2 A
(Oc # | = <revIml> Q Bk # Bk # ires) Nr = Oc # Bk # r' A
r’ = <Ilm2> @ (BE™))

fun inv-check-left-moving :: inc-inv-t
where inv-check-left-moving (as, lm) (s, I, r) ires =
(inv-check-left-moving-on-leftmost (as, Ilm) (s, I, r) ires V
inv-check-left-moving-in-middle (as, Im) (s, I, r) ires)

fun inv-after-left-moving :: inc-inv-t
where inv-after-left-moving (as, Im) (s, I, r) ires=

(3 rn. 1 = Bk # ires A v = Bk # <Ilm> @ (BEk™))

fun inv-stop :: inc-inv-t
where inv-stop (as, Im) (s, 1, r) ires=
(3 rn. | = Bk # Bk # ires A r = <Ilm> @ (BE™))

fun inc-inv :: layout = nat = inc-inv-t
where
inc-inv ly n (as, Im) (s, I, r) ires =
(let ss = start-of ly as in
let Im' = abc-lm-s Ilm n ((abc-lm-v Im n)+1) in
if s = 0 then False
else if s < ss then False
else if s < ss + 2 * n then
if (s — ss) mod 2 = 0 then
inv-locate-a (as, Im) ((s — ss) div 2, 1, r) ires
else inv-locate-b (as, Im) ((s — ss) div 2, 1, r) ires
else if s = ss + 2 * n then
inv-locate-a (as, Im) (n, 1, r) ires
elseif s = ss + 2 x n + 1 then
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inv-locate-b (as, Im) (n, I, r) ires
else if s = ss + 2 x n + 2 then
inv-after-write (as, Im’) (s — ss, 1, r) ires
else if s = ss + 2 « n + & then
inv-after-move (as, Im’) (s — ss, 1, ) ires
else if s = ss + 2 x n + 4 then
inv-after-clear (as, Im') (s — ss, I, r) ires
else if s = ss + 2 x n + 5 then
inv-on-right-moving (as, Im’) (s — ss, I, r) ires
else if s = ss + 2 * n + 6 then
inv-on-left-moving (as, Im') (s — ss, I, r) ires
else if s = ss + 2 x n + 7 then
inv-check-left-moving (as, Im’) (s — ss, 1, r) ires
else if s = ss + 2 « n + 8 then
inv-after-left-moving (as, Im') (s — ss, I, r) ires
else if s = ss + 2 * n + 9 then
inv-stop (as, Im') (s — ss, I, 1) ires
else False)

lemma fetch-intro:
[Azs.[ba = Oc # xs] = P (fetch prog i Oc);
Nzs.[ba = Bk # xs] = P (fetch prog i Bk);
ba = [| = P (fetch prog i Bk)
] = P (fetch prog i
(case ba of [| = Bk | Bk # xs = Bk | Oc # xs = Oc))
by (auto split:list.splits block.splits)

lemma length-findnth[simp]: length (findnth n) = 4 * n
apply (induct n, simp)

apply (simp)
done

declare tshift.simps[simp del]
declare findnth.simps[simp del]

lemma findnth-nth:
[n>q2<4] =
(findnth n) ! (4 * ¢ + x) = (findnth (Suc q) ! (4 * ¢ + x))
apply (induct n, simp)
apply(case-tac ¢ < n, simp add: findnth.simps, auto)
apply (simp add: nth-append)
apply (subgoal-tac ¢ = n, simp)
apply (arith)
done

lemma Suc-pre[simpl: = a < start-of ly as =

(Suc a — start-of ly as) = Suc (a — start-of ly as)
apply (arith)
done
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lemma fetch-locate-a-o:
Na q zs.
[ a < start-of (layout-of aprog) as;
a < start-of (layout-of aprog) as + 2 x n;
a — start-of (layout-of aprog) as = 2 * ¢;
start-of (layout-of aprog) as > 0]
= (fetch (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Inc n)) (Suc (2 * q)) Oc) = (R, a+1)
apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .stimps tshift.simps nth-append Suc-pre)
apply (subgoal-tac (findnth n ! Suc (4 * q)) =
findnth (Suc q) ! (4 * ¢ + 1))
apply (simp add: findnth.simps nth-append)
apply (subgoal-tac findnth n (4 % ¢ + 1) =
findnth (Suc q) ! (4 * q + 1), simp)
apply (rule-tac findnth-nth, auto)
done

lemma fetch-locate-a-b:
Na q zs.
[abe-fetch as aprog = Some (Inc n);
= a < start-of (layout-of aprog) as;
a < start-of (layout-of aprog) as + 2 * n;
a — start-of (layout-of aprog) as = 2 * g;
start-of (layout-of aprog) as > 0]
= (fetch (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Inc n)) (Suc (2 * q)) Bk)
= (W1, a)
apply (auto simp: ci.simps findnth.simps fetch.simps
tshift.simps nth-append)
apply (subgoal-tac (findnth n'! (4 * q)) =
findnth (Suc q) ! (4 * q))
apply(simp add: findnth.simps nth-append)
apply (subgoal-tac findnth n (4 * ¢ + 0) =
findnth (Suc q) ! (4 * ¢ + 0), simp)
apply (rule-tac findnth-nth, auto)
done

lemma [intro]: £ mod 2 = Suc 0 = 3 q. z = Suc (2 * q)
apply (drule mod-eqD, auto)

done

lemma add3-Suc: © + 3 = Suc (Suc (Suc z))

apply (arith)

done

declare start-of .simps[simp]

Ixxi



lemma [simp]:

[- a < start-of (layout-of aprog) as;

a — start-of (layout-of aprog) as = Suc (2 * q);

abe-fetch as aprog = Some (Inc n);

start-of (layout-of aprog) as > 0]

= Suc (Suc (2 x ¢ + start-of (layout-of aprog) as — Suc 0)) = a
apply (subgoal-tac
Suc (Suc (2 * q + start-of (layout-of aprog) as — Suc 0))

= 2 4 2 x q + start-of (layout-of aprog) as — Suc 0,

simp, simp add: inc-startof-not0)

done

lemma fetch-locate-b-o:
Na zs.
[0 < a; = a < start-of (layout-of aprog) as;
a < start-of (layout-of aprog) as + 2 * n;
(a — start-of (layout-of aprog) as) mod 2 = Suc 0;
start-of (layout-of aprog) as > 0]
= (fetch (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Inc n)) (Suc (a — start-of (layout-of aprog) as)) Oc) = (R, a)
apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append)
apply (subgoal-tac 3 q. (a — start-of (layout-of aprog) as) =
2% q+ 1, auto)
apply (subgoal-tac (findnth n ! Suc (Suc (Suc (4 * q))))
= findnth (Suc q) ! (4 * ¢ + 3))
apply(simp add: findnth.simps nth-append)
apply (subgoal-tac findnth n! (4 *x q + 3) =
findnth (Suc q) ! (4 * ¢ + &), simp add: add3-Suc)
apply (rule-tac findnth-nth, auto)
done

lemma fetch-locate-b-b:
Na ws.
[0 < a; = a < start-of (layout-of aprog) as;
a < start-of (layout-of aprog) as + 2 * n;
(a — start-of (layout-of aprog) as) mod 2 = Suc 0;
start-of (layout-of aprog) as > 0]
= (fetch (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Inc n)) (Suc (a — start-of (layout-of aprog) as)) Bk)
=(R,a+ 1)
apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append)
apply (subgoal-tac 3 q. (a — start-of (layout-of aprog) as) =
2 % q+ 1, auto)
apply (subgoal-tac (findnth n ! Suc ((Suc (4 * q)))) =
findnth (Suc q) ! (4 * ¢ + 2))
apply (simp add: findnth.simps nth-append)
apply (subgoal-tac findnth n'! (4 x ¢ + 2) =
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findnth (Suc q) ! (4 * ¢ + 2), simp)
apply (rule-tac findnth-nth, auto)
done

lemma fetch-locate-n-a-o:

start-of (layout-of aprog) as > 0

= (fetch (ci (layout-of aprog)

(start-of (layout-of aprog) as) (Inc n)) (Suc (2 * n)) Oc) =

(R, start-of (layout-of aprog) as + 2 * n + 1)
apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .stimps tshift.simps nth-append tinc-b-def)

done

lemma fetch-locate-n-a-b:
start-of (layout-of aprog) as > 0
= (fetch (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Inc n)) (Suc (2 * n)) Bk)
= (W1, start-of (layout-of aprog) as + 2 * n)
apply(auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append tinc-b-def)
done

lemma fetch-locate-n-b-o:

start-of (layout-of aprog) as > 0

= (fetch (ci (layout-of aprog) (start-of (layout-of aprog) as)

(Inc n)) (Suc (Suc (2 * n))) Oc) =

(R, start-of (layout-of aprog) as + 2 x n + 1)
apply(auto simp: ci.simps findnth.simps fetch.simps
nth-of .stimps tshift.simps nth-append tinc-b-def)

done

lemma fetch-locate-n-b-b:

start-of (layout-of aprog) as > 0

= (fetch (ci (layout-of aprog) (start-of (layout-of aprog) as)

(Inc n)) (Suc (Suc (2 * n))) Bk) =

(W1, start-of (layout-of aprog) as + 2 * n + 2)
apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .stimps tshift.simps nth-append tinc-b-def)

done

lemma fetch-after-write-o:
start-of (layout-of aprog) as > 0
= (fetch (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Inc n)) (Suc (Suc (Suc (2 % n)))) Oc) =
(R, start-of (layout-of aprog) as + 2xn + 3)
apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append tinc-b-def)
done
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lemma fetch-after-move-o:

start-of (layout-of aprog) as > 0

= (fetch (ci (layout-of aprog)

(start-of (layout-of aprog) as) (Inc n)) (4 + 2 * n) Oc)
= (W0, start-of (layout-of aprog) as + 2 x n + 4)
apply(auto simp: ci.simps findnth.simps tshift.simps
tinc-b-def add3-Suc)

apply (subgoal-tac 4 + 2x«n = Suc (2xn + 3), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma fetch-after-move-b:

start-of (layout-of aprog) as > 0

= (fetch (ci (layout-of aprog)

(start-of (layout-of aprog) as) (Inc n)) (4 + 2 = n) Bk)

= (L, start-of (layout-of aprog) as + 2 x n + 6)

apply(auto simp: ci.simps findnth.simps tshift.simps
tinc-b-def add3-Suc)

apply (subgoal-tac 4 + 2x«n = Suc (2xn + 3), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma fetch-clear-b:

start-of (layout-of aprog) as > 0

= (fetch (ci (layout-of aprog)

(start-of (layout-of aprog) as) (Inc n)) (5 + 2 % n) Bk)

= (R, start-of (layout-of aprog) as + 2 x n + 5)

apply(auto simp: ci.simps findnth.simps
tshift.simps tinc-b-def add3-Suc)

apply (subgoal-tac 5 + 2xn = Suc (2+n + /), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma fetch-right-move-o:
start-of (layout-of aprog) as > 0
= (fetch (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Inc n)) (6 + 2xn) Oc)
= (R, start-of (layout-of aprog) as + 2 x n + 5)
apply(auto simp: ci.simps findnth.simps tshift.simps
tinc-b-def add3-Suc)
apply (subgoal-tac 6 + 2xn = Suc (2xn + &), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma fetch-right-move-b:
start-of (layout-of aprog) as > 0
= (fetch (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Inc m)) (6 + 2xn) Bk)
= (W1, start-of (layout-of aprog) as + 2 x n + 2)
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apply (auto simp: ci.simps findnth.simps
tshift.simps tinc-b-def add3-Suc)
apply (subgoal-tac 6 + 2x«n = Suc (2xn + &), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma fetch-left-move-o:

start-of (layout-of aprog) as > 0

= (fetch (ci (layout-of aprog)

(start-of (layout-of aprog) as) (Inc n)) (7 + 2xn) Oc)

= (L, start-of (layout-of aprog) as + 2 *x n + 6)

apply(auto simp: ci.simps findnth.simps tshift.simps
tinc-b-def add3-Suc)

apply (subgoal-tac 7 + 2xn = Suc (2+n + 6), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma fetch-left-move-b:

start-of (layout-of aprog) as > 0

= (fetch (ci (layout-of aprog)

(start-of (layout-of aprog) as) (Inc m)) (7 + 2xn) Bk)

= (L, start-of (layout-of aprog) as + 2 * n + 7)

apply (auto simp: ci.simps findnth.simps
tshift.simps tinc-b-def add3-Suc)

apply (subgoal-tac 7 + 2xn = Suc (2+n + 6), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma fetch-check-left-move-o:

start-of (layout-of aprog) as > 0

= (fetch (ci (layout-of aprog)

(start-of (layout-of aprog) as) (Inc n)) (8 + 2xn) Oc)

= (L, start-of (layout-of aprog) as + 2 x n + 6)
apply(auto simp: ci.simps findnth.simps tshift.simps tinc-b-def)
apply (subgoal-tac 8 + 2 x n = Suc (2 * n + 7),

simp only: fetch.simps)

apply (auto simp: nth-of .simps nth-append)
done

lemma fetch-check-left-move-b:

start-of (layout-of aprog) as > 0

= (fetch (ci (layout-of aprog)

(start-of (layout-of aprog) as) (Inc n)) (8 + 2xn) Bk)

= (R, start-of (layout-of aprog) as + 2 x n + 8)

apply (auto simp: ci.simps findnth.simps
tshift.simps tinc-b-def add3-Suc)

apply (subgoal-tac 8 + 2xn= Suc (2xn + 7), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done
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lemma fetch-after-left-move:

start-of (layout-of aprog) as > 0

= (fetch (ci (layout-of aprog)

(start-of (layout-of aprog) as) (Inc n)) (9 + 2xn) Bk)

= (R, start-of (layout-of aprog) as + 2 x n + 9)

apply(auto simp: ci.simps findnth.simps fetch.simps
nth-of .stimps tshift.simps nth-append tinc-b-def)

done

lemma fetch-stop:
start-of (layout-of aprog) as > 0
= (fetch (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Inc n)) (10 + 2 *n) b)
= (Nop, 0)
apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append tinc-b-def
split: block.splits)
done

lemma fetch-state0:
(fetch (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Inc n)) 0 b)
= (Nop, 0)
apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append tinc-b-def)
done

lemmas fetch-simps =
fetch-locate-a-o fetch-locate-a-b fetch-locate-b-o fetch-locate-b-b
fetch-locate-n-a-b fetch-locate-n-a-o fetch-locate-n-b-o
fetch-locate-n-b-b fetch-after-write-o fetch-after-move-o
fetch-after-move-b fetch-clear-b fetch-right-move-o
fetch-right-move-b fetch-left-move-o fetch-left-move-b
fetch-after-left-move fetch-check-left-move-o fetch-stop
fetch-state0 fetch-check-left-move-b

declare exponent-def[simp del| tape-of-nat-list.simps[simp del]
at-begin-norm.simps|[simp del| at-begin-fst-bwin.simps[simp del]
at-begin-fst-awtn.simps[simp del] in-middle.simps|[simp del]
abc-lm-s.simps[simp del] abe-lm-v.simps|[simp del]
ci.simps[simp del] t-step.simps[simp del]
inv-after-move.simps|[simp del]
inv-on-left-moving-norm.simps[simp del]
inv-on-left-moving-in-middle-B.simps[simp del]
inv-after-clear.simps[simp del]
inv-after-write.simps[simp del] inv-on-left-moving.simps[simp del]
inv-on-right-moving.simps[simp del]
inv-check-left-moving.simps|simp del]
inv-check-left-moving-in-middle.simps[simp del]
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inv-check-left-moving-on-leftmost.simps|simp del]

inv-after-left-moving.simps[simp del]

inv-stop.simps[simp del] inv-locate-a.simps[simp del]

inv-locate-b.simps|[simp del]

declare tms-of .simps[simp del] tm-of .simps[simp del]

layout-of .simps[simp del] abc-fetch.simps [simp del]
t-step.simps|[simp del] t-steps.simps[simp del]
tpairs-of .simps[simp del] start-of .simps[simp del]
fetch.simps [simp del] new-tape.simps [simp del]
nth-of .simps [simp del] ci.simps [simp del]
length-of .simps[simp del]

lemma [simp]: Suc (2 * q) mod 2 = Suc 0
by arith

lemma [simp]: Suc (2 * q) div 2 = ¢
by arith

lemma [simp]: [ = a < start-of ly as;
a < start-of ly as + 2 x n; a — start-of ly as = 2 % ]
= Suc a < start-of ly as + 2 x n
apply (arith)
done

lemma [simp]: © mod 2 = Suc 0 = (Suc ) mod 2 = 0
by arith

lemma [simp]: £ mod 2 = Suc 0 = (Suc z) div 2 = Suc (z div 2)
by arith

lemma exp-def|[simp): a5 ™ = a # a"

by (simp add: exponent-def)

lemma [intro]: Bk # r = Oc™ Q r' = mr = 0

by (case-tac mr, auto simp: exponent-def)

lemma [intro]: Bk # r = replicate mr Oc = mr = 0
by (case-tac mr, auto)
lemma tape-of-ni-abv-cons[simp]: zs # [| =

<z # 18> = 0cSuc 7@ Bk # <xs>
apply(simp add: tape-of-nl-abv tape-of-nat-list.simps)
apply (case-tac zs, simp, simp add: tape-of-nat-list.simps)
done

lemma [simp]: <[]::nat list> = ||

by (auto simp: tape-of-nl-abv tape-of-nat-list.simps)

lemma [simp]: Oc # r = <(Im:nat list)> Q BE™=— Im # ||
apply(auto simp: tape-of-nl-abv tape-of-nat-list.simps)

apply (case-tac rn, auto simp: exponent-def)

done
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lemma BkCons-nil: Bk # zs = <Im::nat list> @ BE™=— Im = |]
apply (case-tac Im, simp)

apply (case-tac list, auto simp: tape-of-nil-abv tape-of-nat-list.simps)
done

lemma BkCons-nil: Bk # zs = <lm::nat list> @ Bk"— Im = ||
by (auto intro: BkCons-nil)

lemma hd-tl-tape-of-nat-list:
tl (Im:nat list) # [| = <lm> = <hd Im> @ Bk # <tl Im>
apply (frule tape-of-nl-abv-cons[of tl lm hd Im))
apply(simp add: tape-of-nat-abv Bk-def del: tape-of-nl-abuv-cons)
apply (subgoal-tac Im = hd lm # tl Ilm, auto)
apply (case-tac Im, auto)
done
lemma [simp]: Oc # zs = Oc™ @Q Bk # <Ilm2> @Q BE™=— mr > 0
apply (case-tac mr, auto simp: exponent-def )
done

lemma tape-of-nat-list-cons: zs # || = tape-of-nat-list (z # zs) =
replicate (Suc x) Oc @ Bk # tape-of-nat-list xs

apply (drule tape-of-nl-abv-cons|of s 1))

apply (auto simp: tape-of-nl-abv tape-of-nat-abv Oc-def Bk-def exponent-def)

done

lemma rev-eq: rev xs = rev ys = s = ys
by simp

lemma tape-of-nat-list-eq: xs = ys —
tape-of-nat-list xs = tape-of-nat-list ys
by simp

lemma tape-of-ni-nil-eq: <(Im::nat list)> =[] = (Im = [])
apply (simp add: tape-of-nl-abv tape-of-nat-list.simps)
apply (case-tac Im, simp add: tape-of-nat-list.simps)
apply (case-tac list)

apply (auto simp: tape-of-nat-list.simps)

done

lemma rep-ind: replicate (Suc n) a = replicate n a Q [a]
apply (induct n, simp, simp)
done

lemma [simp]: Oc # r = <lm:nat list> Q replicate rn Bk = Suc 0 < length
Im
apply (rule-tac classical, auto)
apply (case-tac lm, simp, case-tac rn, auto)
done
lemma Oc-Bk-Cons: Oc # Bk # list = <Im::nat list> Q Bkl —
Im £ [] A hdlm =0
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apply (case-tac lm, simp, case-tac In, simp add: exponent-def, simp add: exponent-def,
simp)

apply (case-tac lista, auto simp: tape-of-nl-abv tape-of-nat-list.simps)

done

lemma Oc-nil-zero[simp]: [Oc] = <Im::nat list> @ Bk!"
= Im=[0]ANIln=20
apply (case-tac Im, simp)
apply (case-tac In, auto simp: exponent-def)
apply (case-tac [!] list,
auto simp: tape-of-nl-abv tape-of-nat-list.simps)
done

lemma [simp]: Oc # r = <lm2> Q replicate rn Bk —>
(3rn. r = replicate (hd Im2) Oc @ Bk # <tl lm2> @
replicate rn Bk) V
thim2 =[] A r = replicate (hd Im2) Oc
apply (rule-tac disjCI, simp)
apply(case-tac tl Im2 =[], simp)
apply (case-tac Im2, simp add: tape-of-nl-abv tape-of-nat-list.simps)
apply (case-tac rn, simp, simp, simp)
apply(simp add: tape-of-nl-abv tape-of-nat-list.simps exponent-def)
apply (case-tac rn, simp, simp)
apply(rule-tac x = rn in exl)
apply (simp add: hd-tl-tape-of-nat-list)
apply (simp add: tape-of-nat-abv Oc-def exponent-def)
done

lemma [simp]:

inv-locate-a (as, Im) (q, I, Oc # r) ires

= inv-locate-b (as, Im) (q, Oc # 1, r) ires
apply (simp only: inv-locate-a.simps inv-locate-b.simps in-middle.simps

at-begin-norm.simps at-begin-fst-bwin.simps
at-begin-fst-awtn.simps)
apply (erule disjE, erule exzE, erule exE, erule exE)
apply (rule-tac © = Im1 in exl, rule-tac = tl Im2 in exl, simp)
apply(rule-tac x = 0 in exl, rule-tac z = hd Im2 in exl,
auto simp: exponent-def)

apply (rule-tac x = Suc 0 in ezxl, simp add:exponent-def)
apply (rule-tac © = Ilm Q@ replicate tn 0 in exl,

rule-tac x = [] in exl,

rule-tac x = Suc tn in exl, rule-tac z = 0 in exl)
apply(simp only: rep-ind, simp)
apply (rule-tac x = Suc 0 in exl, auto)
apply(case-tac [1—3] rn, simp-all )
apply (rule-tac © = Ilm Q@ replicate tn 0 in exl,

rule-tac x = [] in exl,

rule-tac x = Suc tn in ezl
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rule-tac x = 0 in exl, simp add: rep-ind del: replicate-Suc split:if-splits)
apply (rule-tac x = Suc 0 in exl, auto)
apply(case-tac rn, simp, simp)
apply (rule-tac [!] x = Suc 0 in exl, auto)
apply (case-tac [!] rn, simp-all)
done

lemma locate-a-2-locate-a[simp]: inv-locate-a (as, am) (q, aaa, Bk # xs) ires
= inv-locate-a (as, am) (q, aaa, Oc # xs) ires
apply (simp only: inv-locate-a.simps at-begin-norm.simps
at-begin-fst-bwtn.simps at-begin-fst-awtn.simps)
apply (erule-tac disjE, erule exE, erule exE, erule exE,
rule disjI2, rule disjI2)
defer
apply (erule-tac disjE, erule exE, erule exE,
erule exE, rule disjI2, rule disjI2)
prefer 2
apply (simp)
proof—
fix Im1 tn ™
assume k: Im1 = am @ 0™ A length Im1 = q A (if Im1 =[] then aaa = Bk #
Bk #
ires else aaa = [Bk] @ <rev Im1> @ Bk # Bk # ires) N\ Bk # zs = BE™
thus 3Im1 tn rn. Im1 = am @ 0¥ A length Im1 = q A (if Im1 =[] then
aaa = Bk # Bk # ires else aaa = [Bk] Q@ <rev Im1> @ Bk # Bk # ires) A
Oc # zs = [Oc] @ BE™
(is 3ImlI tn rn. 2P lm1 tn ™)
proof —
from k have ?P im1 tn (rn — 1)
apply (auto simp: Oc-def)
by (case-tac [!] rn:nat, auto simp: exponent-def)
thus ?thesis by blast
qed
next
fix Im1 Im2 ™
assume hl: am = Iml @Q Im2 A length Im1 = g A (if Im1 =[]
then aaa = Bk # Bk # ires else aaa = Bk # <rev Im1> Q Bk # Bk # ires)
N
Bk # zs = <Ilm2> Q BE™
from h! have h2: Im2 = ||
proof(rule-tac s = zs and rn = rn in BkCons-nil, simp)
qed
from Al and h2 show 3Im1 tn rn. Im1 = am @ 0™ A length Im1 = q A
(if Im1 =[] then aaa = Bk # Bk # ires else aaa = [Bk] @ <rev Im1> Q Bk
# Bk # ires) A
Oc # zs = [Oc] @ BE™
(is 3lm1 tn rn. 2P Iml tn rn)
proof —
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from h! and h2 have ?Pimi1 0 (rn — 1)
apply (auto simp: Oc-def exponent-def
tape-of-nl-abv tape-of-nat-list.simps)
by (case-tac rn::nat, simp, simp)
thus ?thesis by blast
qed
qed

lemma [intro]: rn. [a] = o™
by (rule-tac x = Suc 0 in ezxl, simp add: exponent-def)

lemma [intro]: Itn. [| = o'
apply(rule-tac x = 0 in exl, simp add: exponent-def)
done

lemma [intro]: at-begin-norm (as, am) (q, aaq, []) ires

= at-begin-norm (as, am) (q, aaa, [Bk]) ires
apply(simp add: at-begin-norm.simps, erule-tac exE, erule-tac exE)
apply(rule-tac x = Im1 in exl, simp, auto)
done

lemma [intro]: at-begin-fst-bwtn (as, am) (q, aaa, []) ires
= at-begin-fst-bwin (as, am) (q, aaa, [Bk]) ires
apply(simp only: at-begin-fst-bwin.simps, erule-tac exE, erule-tac exE, erule-tac
exk)
apply (rule-tac © = am Q 0™ in exl, auto)
done

lemma [intro]: al-begin-fst-awtn (as, am) (q, aaa, []) ires
= at-begin-fst-awtn (as, am) (q, aaa, [Bk]) ires

apply (auto simp: at-begin-fst-awtn.simps)

done

lemma [intro]: inv-locate-a (as, am) (q, aaa, []) ires
= inv-locate-a (as, am) (q, aaa, [Bk]) ires

apply (simp only: inv-locate-a.simps)

apply (erule disj-forward)

defer

apply (erule disj-forward, auto)

done

lemma [simp]: inv-locate-a (as, am) (q, aaa, []) ires =
inv-locate-a (as, am) (q, aaa, [Oc]) ires

apply (insert locate-a-2-locate-a [of as am q aaa []])

apply (subgoal-tac inv-locate-a (as, am) (q, aaa, [Bk]) ires, auto)

done

lemma [simp]: inv-locate-b (as, am) (q, aaa, Oc # xs) ires
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= inv-locate-b (as, am) (q, Oc # aaa, xs) ires
apply (simp only: inv-locate-b.simps in-middle.simps)
apply (erule ezE)+
apply (rule-tac © = Im1 in exl, rule-tac x = Im2 in exl,
rule-tac x = tn in exl, rule-tac x = m in exl)
apply (rule-tac x = Suc ml in exl, rule-tac x = mr — 1 in ezl
rule-tac x = rn in exl)
apply (case-tac mr, simp-all add: exponent-def, auto)
done
lemma zero-and-nil[intro]: (Bk # BE™ = Oc™ Q Bk # <Im::nat list> Q
BE™ ) v (Im2 = || A Bk # Bk™ = Oc™")
= mr=0AIn=|
apply (rule context-congl)
apply (case-tac mr, auto simp:exponent-def)
apply (insert BkCons-nil|of replicate (n — 1) Bk Im rn))
apply (case-tac n, auto simp: exponent-def Bk-def tape-of-nl-nil-eq)
done

lemma tape-of-nat-def: <|m::nat]> = Oc # Oc™
apply (simp add: tape-of-nl-abv tape-of-nat-list.simps)
done
lemma [simp]: [inv-locate-b (as, am) (q, aaa, Bk # xs) ires; In. xs = Bk"]
= inv-locate-a (as, am) (Suc q, Bk # aaa, xs) ires
apply(simp add: inv-locate-b.simps inv-locate-a.simps)
apply (rule-tac disjI2, rule-tac disjI1)
apply (simp only: in-middle.simps at-begin-fst-bwtn.simps)
apply (erule-tac exE)+
apply(rule-tac x = Im1 @ [m] in exl, rule-tac © = tn in exl, simp)
apply (subgoal-tac mr = 0 A Im2 = [))
defer
apply (rule-tac n = n and mr = mr and Im = Im2
and mm = rn and n = n in zero-and-nil)
apply (auto simp: exponent-def)
apply(case-tac Im1 = [], auto simp: tape-of-nat-def)
done

lemma length-equal: s = ys = length s = length ys
by auto

lemma [simp]: o = ]

by (simp add: exp-zero)

lemma [simp): length (a®) = b
apply(simp add: exponent-def)
done

lemma [simp]: [inv-locate-b (as, am) (q, aaa, Bk # xs) ires;
= (In. s = BE™)]
= inv-locate-a (as, am) (Suc q, Bk # aaa, xs) ires
apply(simp add: inv-locate-b.simps inv-locate-a.simps)
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apply (rule-tac disjI1)

apply(simp only: in-middle.simps at-begin-norm.simps)

apply (erule-tac exE)+

apply (rule-tac z = Im1 Q [m] in exl, rule-tac x = Im2 in exl, simp)
apply (subgoal-tac tn = 0, simp add: exponent-def , auto split: if-splits)
apply (case-tac [!] mr, simp-all add: tape-of-nat-def, auto)
apply(case-tac Im2, simp, erule-tac x = rn in allE, simp)

apply (case-tac am, simp, simp)

apply (case-tac Im2, simp, erule-tac x = rn in allE, simp)

apply (drule-tac length equal, simp)

done

lemma locate-b-2-a[intro|:
inv-locate-b (as, am) (q, aaa, Bk # xs) ires
= inv-locate-a (as, am) (Suc q, Bk # aaa, xs) ires
apply(case-tac 3 n. zs = Bk™, simp, simp)
done

lemma locate-b-2-locate-a[simp]:
[ a < start-of ly as;
a < start-of ly as + 2 * n;
(a — start-of ly as) mod 2 = Suc 0;
inv-locate-b (as, am) ((a — start-of ly as) div 2, aaa, Bk # xs) ires]
= (Suc a < start-of ly as + 2 * n —> inv-locate-a (as, am)
(Suc ((a — start-of ly as) div 2), Bk # aaa, xs) ires) A
(= Suc a < start-of ly as + 2 * n —»
inv-locate-a (as, am) (n, Bk # aaa, zs) ires)

(
apply (subgoal-tac n > 0)
apply (subgoal-tac (a — start-of ly as) div 2 = n — 1)
(
(
(

apply (insert locate-b-2-a [of as am n — 1 aaa xs], simp)
apply (arith)
apply(case-tac n, simp, simp)

done

lemma [simp]: inv-locate-b (as, am) (q, 1, []) ires
= inv-locate-b (as, am) (q, 1, [Bk]) ires
apply (simp only: inv-locate-b.simps in-middle.simps)
apply(erule exE)+
apply (rule-tac x = Im1 in exl, rule-tac z = Im2 in exl,
rule-tac x = tn in exl, rule-tac x = m in ezl
rule-tac x = ml in exl, rule-tac x = mr in exl)
apply (auto)
done

lemma locate-b-2-locate-a-B[simp]:
[ a < start-of ly as;
a < start-of ly as + 2 * n;
(a — start-of ly as) mod 2 = Suc 0;
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inv-locate-b (as, am) ((a — start-of ly as) div 2, aaa, []) ires]
= (Suc a < start-of ly as + 2 x n —
inv-locate-a (as, am)
(Suc ((a — start-of ly as) div 2), Bk # aaa, []) ires)
A (= Suc a < start-of ly as + 2 x n —>
inv-locate-a (as, am) (n, Bk # aaa, []) ires)

apply (insert locate-b-2-locate-a [of a ly as n am aaa []], simp)
done

lemma inv-locate-b-2-after-write[simp):

inv-locate-b (as, am) (n, aaa, Bk # xzs) ires

= inv-after-write (as, abc-lm-s am n (Suc (abc-lm-v am n)))

(Suc (Suc (2 % n)), aaa, Oc # xs) ires
apply (auto simp: in-middle.simps inv-after-write.simps
abc-lm-v.simps abe-lm-s.simps  inv-locate-b.simps)

apply (subgoal-tac [\] mr = 0, auto simp: exponent-def split: if-splits)
apply (subgoal-tac Im2 =[], simp)
apply(rule-tac x = rn in ezxl, rule-tac x = Suc m in exl,

rule-tac © = Im1 in exl, simp, rule-tac x = [| in exl, simp)
apply (case-tac Suc (length Im1) — length am, simp, simp only: rep-ind, simp)
apply (subgoal-tac length Im1 — length am = nat, simp, arith)
apply (drule-tac length-equal, simp)
done

lemma [simp]: inv-locate-b (as, am) (n, aaa, []) ires =
inv-after-write (as, abc-lm-s am n (Suc (abe-lm-v am n)))
(Suc (Suc (2 * n)), aaa, [Oc]) ires
apply (insert inv-locate-b-2-after-write [of as am n aaa []])
by (simp)

lemma [simp]: inv-after-write (as, Im) (Suc (Suc (2 * n)), I, Oc # r) ires

= inv-after-move (as, Im) (2 x n + 8, Oc # 1, r) ires
apply (auto simp:inv-after-move.simps inv-after-write.simps split: if-splits)
done

lemma [simp]: inv-after-write (as, abc-lm-s am n (Suc (abc-lm-v am n)
)) (Suc (Suc (2 % n)), aaa, Bk # xs) ires = False

apply(simp add: inv-after-write.simps )

done

lemma [simp]:

inv-after-write (as, abc-lm-s am n (Suc (abe-lm-v am n)))
(Suc (Suc (2 * n)), aaa, [|) ires = False

apply (simp add: inv-after-write.simps )

done
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lemma [simp]: inv-after-move (as, Im) (s, I, Oc # r) ires

= inv-after-clear (as, Im) (s', I, Bk # r) ires
apply(auto simp: inv-after-move.simps inv-after-clear.simps split: if-splits)
done

lemma inv-after-move-2-inv-on-left-moving[simp):
inv-after-move (as, Im) (s, l, Bk # ) ires
= (=[] —
inv-on-left-moving (as, Im) (s', [|, Bk # Bk # r) ires) A
(G#[—
inv-on-left-moving (as, Im) (s’, tl 1, hd | # Bk # r) ires)
apply(simp only: inv-after-move.simps inv-on-left-moving.simps)
apply (subgoal-tac | # [], rule conjl, simp, rule impl,
rule disjl1, simp only: inv-on-left--moving-norm.simps)
apply (erule exE)+
apply (subgoal-tac Im2 = [])
apply (rule-tac x = Im1 in exl, rule-tac z = Im2 in exl,
rule-tac x = m in exl, rule-tac x = m in ezl
rule-tac x = 1 in exl,
rule-tac ¢ = rn — 1 in exl, simp, case-tac rn)
apply (auto simp: exponent-def intro: BkCons-nil split: if-splits)
done

lemma [elim]: [| = <Im:nat list> = Im = ||
using tape-of-nl-nil-eq[of Im)]
by simp

lemma inv-after-move-2-inv-on-left-moving-B[simp]:
inv-after-move (as, Im) (s, 1, []) ires
= (I =[] — inv-on-left-moving (as, Im) (s’, [], [Bk]) ires) A
(I # [] — inv-on-left-moving (as, Im) (s, tl 1, [hd 1]) ires)
apply (simp only: inv-after-move.simps inv-on-left-moving.simps)
apply (subgoal-tac I # [], rule conjl, simp, rule impl, rule disjI1,
stmp only: inv-on-left-moving-norm.simps)

apply (erule exE)+
apply (subgoal-tac Im2 = [])
apply(rule-tac x = Im1 in exl, rule-tac z = Im2 in exl,

rule-tac x = m in exl, rule-tac x = m in ezl

rule-tac x = 1 in exl, rule-tac x = rn — 1 in exl, simp, case-tac rn)
apply (auto simp: exponent-def tape-of-nl-nil-eq intro: BkCons-nil split: if-splits)
done

lemma [simp]: Oc # r = replicate rn Bk = False
apply (case-tac rn, simp, simp)
done

lemma inv-after-clear-2-inv-on-right-moving[simp]:
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inv-after-clear (as, Im) (2 x n + 4,1, Bk # r) ires

= inv-on-right-moving (as, Im) (2 = n + 5, Bk # 1, r) ires
apply (auto simp: inv-after-clear.simps inv-on-right-moving.simps )
apply (subgoal-tac Im2 # [])
apply (rule-tac © = Im1 Q [m] in ezl, rule-tac x = tl Im2 in exl,

rule-tac x = hd Im2 in exl, simp)
apply(rule-tac x = 0 in exl, rule-tac x = hd Im2 in exl)
apply(simp add: exponent-def, rule conjl)
apply (case-tac [!] Im2::nat list, auto simp: exponent-def)
apply (case-tac rn, auto split: if-splits simp: tape-of-nat-def)
apply (case-tac list,

simp add: tape-of-nl-abv tape-of-nat-list.simps exponent-def)
apply(erule-tac x = rn — 1 in dllE,

case-tac rn, auto simp: exponent-def)
apply (case-tac list,

simp add: tape-of-nl-abv tape-of-nat-list.simps exponent-def)
apply(erule-tac x = rn — 1 in dllE,

case-tac rn, auto simp: exponent-def )
done

lemma [simp]: inv-after-clear (as, Im) (2 x n + 4, 1, []) ires—
inv-after-clear (as, Im) (2 = n + 4, 1, [Bk]) ires
by (auto simp: inv-after-clear.simps)

lemma [simp]: inv-after-clear (as, Im) (2 * n + 4, 1, []) ires
= inv-on-right-moving (as, Im) (2 x n + 5, Bk # 1, []) ires
by (insert
inv-after-clear-2-inv-on-right-moving[of as lm n 1 []], simp)

lemma [simp]: inv-on-right-moving (as, Im) (2 x n + 5, 1, Oc # r) ires
= inv-on-right-moving (as, Im) (2 x n + 5, Oc # 1, r) ires
apply(auto simp: inv-on-right-moving.simps)
apply (rule-tac x = Im1 in exl, rule-tac = Im2 in exl,
rule-tac £ = ml + mr in exl, simp)
apply (rule-tac © = Suc ml in exl,
rule-tac x = mr — 1 in exl, simp)
apply (case-tac mr, auto simp: exponent-def )
apply (rule-tac z = Im1 in ezxl, rule-tac x = [| in ez,
rule-tac x = ml + mr in exl, simp)
apply (rule-tac © = Suc ml in exl,
rule-tac x = mr — 1 in exl, simp)
apply (case-tac mr, auto split: if-splits simp: exponent-def)
done

lemma inv-on-right-moving-2-inv-on-right-moving[simp):

inv-on-right-moving (as, Im) (2 x n + 5, I, Bk # r) ires
= inv-after-write (as, Im) (Suc (Suc (2 x n)), I, Oc # ) ires
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apply (auto simp: inv-on-right-moving.simps inv-after-write.simps )
apply (case-tac mr, auto simp: exponent-def split: if-splits)

apply (case-tac [!] mr, simp-all)

done

lemma [simp]: inv-on-right-moving (as, Im) (2 x n + 5, 1, []) ires=—
inv-on-right-moving (as, Im) (2 « n + 5, 1, [Bk]) ires

apply(auto simp: inv-on-right-moving.simps exponent-def)

apply (rule-tac z = Im1 in exl, rule-tac x = || in exl, simp)

apply (rule-tac x = m in exl, auto split: if-splits simp: exponent-def)

done

lemma [simp]: inv-on-right-moving (as, Im) (2 x n + 5, 1, []) ires

= inv-after-write (as, Im) (Suc (Suc (2 * n)), I, [Oc]) ires
apply (rule-tac inv-on-right-moving-2-inv-on-right-moving, simp)
done

lemma [simp]: inv-on-left-moving-in-middle-B (as, im)
(s, I, Oc # r) ires = False

apply (auto simp: inv-on-left-moving-in-middle-B.simps )

done

lemma [simp]: inv-on-left-moving-norm (as, lm) (s, I, Bk # r) ires
= False

apply (auto simp: inv-on-left-moving-norm.simps)

apply(case-tac [!] mr, auto simp: )

done

lemma [intro]: Irna. Oc # Oc™ @ Bk # <Im> @Q Bk = <m # Ilm> @ BE™?
apply (case-tac Im, simp add: tape-of-ni-abv tape-of-nat-list.simps)

apply (rule-tac x = Suc rn in exl, simp)

apply (case-tac list, simp-all add: tape-of-nl-abv tape-of-nat-list.simps, auto)
done

lemma [simp]:
[inv-on-left-moving-norm (as, Im) (s, I, Oc # r) ires;
hdl =Bkl £[] =
inv-on-left-moving-in-middle-B (as, Im) (s, tl 1, Bk # Oc # r) ires
apply (case-tac 1, simp, simp)
apply (simp only: inv-on-left-moving-norm.simps
inv-on-left-moving-in-middle-B.simps)
apply (erule-tac exE)+
apply (rule-tac z = Im1 in exl, rule-tac x = m # Im2 in exl, auto)
apply (case-tac [!] ml, auto)
apply (rule-tac [!] = 0 in exl, simp-all add: tape-of-nl-abv tape-of-nat-list.simps)
done

Ixxxvii



lemma [simp]: [inv-on-left--moving-norm (as, Im) (s, I, Oc # r) ires;
hd 1l = Oc; 1 £ ]
= inv-on-left-moving-norm (as, lm)
(s, tll, Oc # Oc # 1) ires

apply (simp only: inv-on-left-moving-norm.simps)
apply (erule exE)+
apply (rule-tac x = Im1 in exl, rule-tac z = Im2 in exl,

rule-tac x = m in exl, rule-tac x = ml — 1 in exl,

rule-tac © = Suc mr in exl, rule-tac x = rn in exl, simp)
apply (case-tac ml, auto simp: exponent-def split: if-splits)
done

lemma [simp]: inv-on-left-moving-norm (as, im) (s, [, Oc # r) ires
= inv-on-left-moving-in-middle-B (as, Im) (s, [], Bk # Oc # r) ires
apply (auto simp: inv-on-left-moving-norm.simps
inv-on-left-moving-in-middle-B.simps split: if-splits)
done

lemma [simp]:inv-on-left-moving (as, Im) (s, I, Oc # r) ires

= (I =[] — inv-on-left-moving (as, Im) (s, [|, Bk # Oc # r) ires)
A (I # [] — inv-on-left-moving (as, Im) (s, tL 1, hd I # Oc # r) ires)
apply(simp add: inv-on-left-moving.simps)
apply (case-tac 1 # [], rule conjl, simp, simp)
apply (case-tac hd 1, simp, simp, simp)
done

lemma [simp]: inv-on-left-moving-in-middle-B (as, Im)
(s, Bk # list, Bk # r) ires
= inv-check-left-moving-on-leftmost (as, Im)
(s', list, Bk # Bk # r) ires
apply (auto simp: inv-on-left-moving-in-middle-B.simps
inv-check-left-moving-on-leftmost.simps split: if-splits)
apply (case-tac [!] rev Im1, simp-all)
apply (case-tac [!] lista, simp-all add: tape-of-nl-abv tape-of-nat-list.simps)
done

lemma [simp]:
inv-check-left-moving-in-middle (as, Im) (s, I, Bk # r) ires= False
by (auto simp: inv-check-left-moving-in-middle.simps )

lemma [simp]:
inv-on-left-moving-in-middle-B (as, Im) (s, [|, Bk # r) ires=
inv-check-left-moving-on-leftmost (as, Im) (s', [|, Bk # Bk # ) ires
apply (auto simp: inv-on-left-moving-in-middle-B.simps
inv-check-left-moving-on-leftmost.simps split: if-splits)
done
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lemma [simp]: inv-check-left-moving-on-leftmost (as, Im)
(s, list, Oc # 1) ires= False
by (auto simp: inv-check-left-moving-on-leftmost.simps split: if-splits)

lemma [simp]: inv-on-left-moving-in-middle-B (as, Im)
(s, Oc # list, Bk # r) ires
= inv-check-left-moving-in-middle (as, Im) (s, list, Oc # Bk # r) ires
apply (auto simp: inv-on-left-moving-in-middle-B.simps
inv-check-left-moving-in-middle.simps split: if-splits)
done

lemma inv-on-left-moving-2-check-left-moving[simp):
inv-on-left-moving (as, Im) (s, I, Bk # r) ires
= (I =[] — inv-check-left-moving (as, Im) (s', [|, Bk # Bk # r) ires)
ANIEFE —
inv-check-left-moving (as, Im) (s', tl 1, hd | # Bk # r) ires)
apply (simp add: inv-on-left-moving.simps inv-check-left-moving.simps)
apply (case-tac 1, simp, simp)
apply(case-tac a, simp, simp)
done

lemma [simp]: inv-on-left-moving-norm (as, Im) (s, I, []) ires = False
apply (auto simp: inv-on-left-moving-norm.simps)
by (case-tac [!] mr, auto)

lemma [simp]: inv-on-left-moving (as, Im) (s, I, []) ires—=>
inv-on-left-moving (as, Im) (6 + 2 % n, I, [Bk]) ires

apply(simp add: inv-on-left-moving.simps)

apply (auto simp: inv-on-left-moving-in-middle-B.simps)

done

lemma [simp]: inv-on-left-moving (as, Im) (s, I, []) ires = False
apply(simp add: inv-on-left-moving.simps)

apply(simp add: inv-on-left-moving-in-middle-B.simps)

done

lemma [simp]: inv-on-left-moving (as, Im) (s, I, []) ires

= (I =[] — inv-check-left-moving (as, Im) (s, [|, [Bk]) ires) A
(I £ [] — inv-check-left-moving (as, lm) (s', tl 1, [hd 1]) ires)

by simp

lemma Oc-Bk-Cons-ex[simp]:
Oc # Bk # list = <lm:nat list> @ BE'" —
Jin. list = <tl (Im)> @ Bk
apply (case-tac Im, simp)
apply (case-tac In, simp-all add: exponent-def)
apply (case-tac lista,
auto simp: tape-of-nl-abv tape-of-nat-list.simps exponent-def)
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apply(case-tac [!] a, auto simp: )
apply (case-tac In, simp, rule-tac x = nat in exl, simp)
done

lemma [simp]:
Oc # Bk # list = <rev Im1::nat list> @ BE" —
Irna. Oc # Bk # <Im2> Q BE™ = <hd (rev im1) # Im2> @Q BE™¢
apply (frule Oc-Bk-Cons, simp)
apply (case-tac Im2,
auto simp: tape-of-nl-abv tape-of-nat-list.simps exponent-def )
apply (rule-tac x = Suc rn in exl, simp)
done

lemma [intro]: 3rna. a # o™ = a"*

apply (rule-tac x = Suc rn in exl, simp)
done

lemma
inv-check-left-moving-in-middle-2-on-left-moving-in-middle- B[ simp]:
inv-check-left-moving-in-middle (as, Im) (s, Bk # list, Oc # r) ires
= inv-on-left-moving-in-middle-B (as, Im) (s’, list, Bk # Oc # ) ires
apply(simp only: inv-check-left-moving-in-middle.simps
inv-on-left-moving-in-middle-B.simps)
apply (erule-tac exE)+
apply (rule-tac x = rev (¢l (rev Im1)) in exl,
rule-tac x = [hd (rev Im1)] @Q Im2 in exl, auto)
apply (case-tac [!] rev Im1,simp-all add: tape-of-nl-abv tape-of-nat-list.simps)
apply (case-tac [!] a, simp-all)
apply (case-tac [1] Im2, simp-all add: tape-of-nat-list.simps, auto)
apply (case-tac [3] Im2, simp-all add: tape-of-nat-list.simps, auto)
apply (case-tac [!] lista, simp-all add: tape-of-nat-list.simps)
done

lemma [simp]:

inv-check-left-moving-in-middle (as, Im) (s, [|, Oc # r) ires—
inv-check-left-moving-in-middle (as, Im) (s’, [Bk], Oc # r) ires

apply(auto simp: inv-check-left-moving-in-middle.simps )

done

lemma [simp]:

inv-check-left-moving-in-middle (as, Im) (s, [|, Oc # ) ires
= inv-on-left-moving-in-middle-B (as, Im) (s', [, Bk # Oc # r) ires
apply (insert

inv-check-left-moving-in-middle-2-on-left-moving-in-middle- B[ of
as lm n [] r], simp)
done

lemma [simp]: a = ||
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apply(simp add: exponent-def)
done

lemma [simp]: inv-check-left-moving-in-middle (as, Im)
(s, Oc # list, Oc # r) ires
= inv-on-left-moving-norm (as, Im) (s', list, Oc # Oc # r) ires
apply (auto simp: inv-check-left-moving-in-middle.simps
inv-on-left-moving-norm.simps)
apply (rule-tac © = rev (¢ (rev Im1)) in exl,
rule-tac © = Im2 in exl, rule-tac x = hd (rev Im1) in exl)
apply (rule-tac conjl)
apply (case-tac rev Ilm1, simp, simp)
apply (rule-tac x = hd (rev iml1) — 1 in exl, auto)
apply(rule-tac [!] = Suc (Suc 0) in exl, simp)
apply (case-tac [!] rev Im1, simp-all)
apply (case-tac [!] a, simp-all add: tape-of-nl-abv tape-of-nat-list.simps, auto)
done

lemma [simp]: inv-check-left-moving (as, Im) (s, I, Oc # r) ires
= (I =[] — inv-on-left-moving (as, Im) (s', [|, Bk # Oc # r) ires) A
(I £ [] — inv-on-left-moving (as, Im) (s', t1 1, hd | # Oc # 1) ires)
apply (case-tac 1,
auto simp: inv-check-left-moving.simps inv-on-left-moving.simps)
apply(case-tac a, simp, simp)
done

lemma [simp]: inv-check-left-moving (as, Im) (s, I, Bk # r) ires

= inv-after-left--moving (as, Im) (s’, Bk # 1, r) ires
apply (auto simp: inv-check-left-moving.simps
inv-check-left-moving-on-leftmost.simps inv-after-left-moving.simps)
done

lemma [simp]:inv-check-left-moving (as, Im) (s, 1, []) ires
= inv-after-left-moving (as, Im) (s', Bk # 1, []) ires
by (simp add: inv-check-left-moving.simps
inv-check-left-moving-in-middle. simps
inv-check-left-moving-on-leftmost.simps)

lemma [simp]: inv-after-left-moving (as, Im) (s, I, Bk # r) ires
= inv-stop (as, Im) (s, Bk # 1, r) ires

apply(auto simp: inv-after-left-moving.simps inv-stop.simps)

done

lemma [simp]: inv-after-left-moving (as, Im) (s, 1, []) ires

= inv-stop (as, Im) (s', Bk # 1, []) ires
by (auto simp: inv-after-left--moving.simps)
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lemma [simp]: inv-stop (as, Im) (z, I, r) ires =
inv-stop (as, Im) (y, I, r) ires

apply (simp add: inv-stop.simps)

done

lemma [simp]: inv-after-clear (as, Im) (s, aaa, Oc # xs) ires= False
apply (auto simp: inv-after-clear.simps )
done

lemma [simp]:
inv-after-left-moving (as, Im) (s, aaa, Oc # xs) ires = False
by (auto simp: inv-after-left-moving.simps )

lemma start-of-not0: as # 0 — start-of ly as > 0
apply (rule startof-not0)
done

The single step currectness of the TM complied from Abacus instruction Inc
n. It shows every single step execution of this TM keeps the invariant.

lemma inc-inv-step:
assumes
— Invariant holds on the start
h11: inc-inv ly n (as, am) tc ires
— The layout of Abacus program aprog is ly
and hi12: ly = layout-of aprog
— The instruction at position as is Inc n
and h21: abe-fetch as aprog = Some (Inc n)
— TM not yet reach the final state, where start-of ly as + 2xn + 9 is the state
where the current TM stops and the next TM starts.
and h22: (A (s, I, ). s # start-of ly as + 2xn + 9) tc
shows
— Single step execution of the TM keeps the invaraint, where the TM compiled
from Inc n is (ci ly (start-of ly as) (Inc n)) start-of ly as — Suc 0) is the offset
used to execute this shifted TM.
inc-inv ly n (as, am) (t-step te (ci ly (start-of ly as) (Inc n), start-of ly as — Suc
0)) ires
proof —
from h21 h22 have h3 : start-of (layout-of aprog) as > 0
apply(case-tac as, simp add: start-of .simps abc-fetch.simps)
apply (insert start-of-not0[of as layout-of aprog], simp)
done
from hi1 h12 and h21 h22 and this show ?thesis
apply (case-tac tc, simp)
apply(case-tac a = 0,
auto split:if-splits simp add:t-step.simps,
tactic { ALLGOALS (resolve-tac [Q{thm fetch-intro}]) )))
apply (simp-all add:fetch-simps new-tape.simps)
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done
qed

lemma t-steps-ind: t-steps tc (p, off) (Suc n)
= t-step (t-steps tc (p, off) n) (p, off)
apply (induct n arbitrary: tc)
apply(simp add: t-steps.simps)
apply (simp add: t-steps.simps)
done

definition lez-pair :: ((nat x nat) x (nat X nat)) set
where
lez-pair = less-than <xlexx> less-than

definition lez-triple ::
((nat x (nat x nat)) x (nat x (nat x nat))) set
where lez-triple = less-than <xlexx> lex-pair

definition lez-square ::
((nat x nat x nat x nat) x (nat x nat x nat X nat)) set
where lez-square = less-than <xlexx> lex-triple

fun abc-inc-stagel :: t-conf = nat = nat = nat
where
abc-inc-stagel (s, I, r) ss n =
(if s = 0 then 0
else if s < ss+2xn+1 then 5
else if s< ss+2xn+5 then 4
else if s < ss+2xn+7 then 8
else if s = ss+2xn+8 then 2
else 1)

fun abc-inc-stage2 :: t-conf = nat = nat = nat
where
abc-inc-stage2 (s, I, r) ss n =
(if s < ss + 2«n + 1 then 0
else if s = ss + 2xn + 2 then length r
else if s = ss + 2xn + 3 then length r
else if s = ss + 2x«n + 4 then length r
else if s = ss + 2%n + 5 then
if v # ] then length r
else 1
else if s = ss+2xn+6 then length |
else if s = ss+2xn+7 then length |
else 0)

fun abc-inc-stage3 :: t-conf = nat = nat = block list = nat
where
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abc-inc-stage3 (s, 1, r) ss n ires = (
if s = ss + 2%«n + 3 then 4
else if s = ss + 2%n + 4 then 3
else if s = ss + 2xn + 5 then
if r # [ A hd r = Oc then 2
else 1
else if s = ss + 2%n + 2 then 0
else if s = ss + 2xn + 6 then
if l = Bk # ires N # [| A hd r = Oc then 2
else 1
else if s = ss + 2%n + 7 then
ifr # [ A hd r = Oc then 3
else 0
else ss+2xn+9 — s)

fun abc-inc-stage4 :: t-conf = nat = nat = block list = nat
where
abc-inc-staged (s, 1, ) ss n ires =
(if s < ss+2«n+1 A (s — ss) mod 2 = 0 then
if (r#[]] A hd r = Oc) then 0
else 1
else if (s < ss+2+«n+1 A (s — ss) mod 2 = Suc 0)
then length r
else if s = ss + 2xn + 6 then
if | = Bk # ires N\ hd r = Bk then 0
else Suc (length I)
else 0)

fun abc-inc-measure :: (t-conf X nat x nat x block list) =
(nat x nat X nat X nat)
where
abc-inc-measure (¢, ss, n, ires) =
(abc-inc-stagel ¢ ss m, abc-inc-stage2 ¢ ss n,
abc-inc-stage3 ¢ ss n ires, abc-inc-stages ¢ ss n ires)

definition abc-inc-LE :: (((nat x block list x block list) x nat x
nat x block list) x ((nat x block list x block list) x nat x nat x block list))
set
where abc-inc-LE = (inv-image lex-square abc-inc-measure)

lemma wf-lex-triple: wf lex-triple
by (auto intro:wf-lex-prod simp:lex-triple-def lex-pair-def)

lemma wf-lez-square: wf lex-square
by (auto intro:wf-lez-triple simp:lex-triple-def lez-square-def lex-pair-def)

lemma wf-abe-inc-le[intro]: wf abc-inc-LE
by (auto intro:wf-inv-image wf-lex-square simp:abc-inc-LE-def)
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declare inc-inv.simps|simp del]

lemma halt-lemma2’:
[wf LE; ¥ n. (= P (fn) A Q (fn) —
(Q (f (Sucn)) A (f (Sucn), (fn)) € LE)); Q (f 0)]
=3 n. P (fn)

apply (intro exCI, simp)
apply (subgoal-tac ¥ n. Q (f n), simp)
apply (drule-tac f = f in wf-inv-image)
apply(simp add: inv-image-def)
apply (erule wf-induct, simp)
apply(erule-tac x = = in allE)
apply (erule-tac * = n in allE, erule-tac x = n in allF)
apply (erule-tac x = Suc z in dllE, simp)
apply (rule-tac alll)
apply (induct-tac n, simp)
apply(erule-tac * = na in allE, simp)
done

lemma halt-lemma2'":
[P (Fn); ~ P (f (0:mat))] =
In (P(n)ANNi<n =P (fi))
apply (induct n rule: nat-less-induct, auto)
done

lemma halt-lemma2'"":

Vn. =P (fn) A Q (Fn) — Q (f (Sucn)) A
Q (f0); Vi<na. = P (fi)] = @

apply (induct na, simp, simp)

done

(f (Sucn), fn) € LE;
(f na)

lemma halt-lemma2:
[wf LE;
Vo (<P (F) A Q(Fn) — (Q (f (Sucn)) A (f (Suc m), (fn) € LE))
Q (f0); =P (fo)]
=3 n P(fn)AQ(fn)
apply (insert halt-lemma2’ [of LE P f Q], simp, erule-tac exE)
apply (subgoal-tac 3 n. (P (fn) A (VY i < n. = P (f1))))
apply (erule-tac exE)+
apply (rule-tac = na in exl, auto)
apply (rule halt-lemma2’"’; simp, simp, simp)
apply (erule-tac halt-lemma2’’; simp)
done

lemma [simp]:
[ly = layout-of aprog; abe-fetch as aprog = Some (Inc n)]
= start-of ly (Suc as) = start-of ly as + 2xn +9
apply(case-tac as, auto simp: abc-fetch.simps start-of .simps
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layout-of .simps length-of .simps split: if-splits)
done

lemma inc-inv-init:
[abe-fetch as aprog = Some (Inc n);
ersp-l ly (as, am) (start-of ly as, 1, r) ires; ly = layout-of aprog]
= inc-inv ly n (as, am) (start-of ly as, 1, r) ires
apply(auto simp: crsp-l.simps inc-inv.simps
inv-locate-a.stmps at-begin-fst-bwin.simps
at-begin-fst-awtn.simps at-begin-norm.simps )
apply (auto intro: startof-not0)
done

lemma inc-inv-stop-pre[simp):
[ly = layout-of aprog; inc-inv ly n (as, am) (s, I, 1) ires;
s = start-of ly as; abe-fetch as aprog = Some (Inc n)]
= (Vna. -~ (A ((s, I, ), ss, n', ires’). s = start-of ly (Suc as))
(t-steps (s, 1, r) (ci ly (start-of ly as)
(Inc n), start-of ly as — Suc 0) na, s, n, ires) A
(AM((s, 1, ), s, n', ires’). inc-inv ly n (as, am) (s, I, r) ires’)
(t-steps (s, 1, ) (cz' ly (start-of ly as)
(Inc n), start of ly as — Suc 0) na, s, n, ires) —
(M(s, 1, r), ss, n', ires’). inc-inv ly n (as, am) (s, I, r) ires’)
(t-steps (s, I, r) (ci ly (start-of ly as)
(Inc n), start-of ly as — Suc 0) (Suc na), s, n, ires) A
((t-steps (s, 1, ) (ci ly (start-of ly as) (Inc n),
start-of ly as — Suc 0) (Suc na), s, n, ires),
t-steps (s, 1, ) (ci ly (start-of ly as)
(Inc n), start-of ly as — Suc 0) na, s, n, ires) € abc-inc-LE)
apply (rule alll, rule impl, simp add: t-steps-ind,
rule congl, erule-tac conjE)
apply (rule-tac inc-inv-step, simp, simp, simp)
apply (case-tac t-steps (start-of (layout-of aprog) as, I, v) (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Inc n), start-of (layout-of aprog) as — Suc 0)
na, simp)
proof —
fix na
assume hl: abc-fetch as aprog = Some (Inc n)
= (A(s, I, ) (ss, n', ires’). s = start-of (layout-of aprog) as + 2 x n + 9)
(t-steps (start-of (layout-of aprog) as, I, r) (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Inc n), start-of (layout-of aprog) as — Suc 0)
na)
(start-of (layout-of aprog) as, n, ires) A
inc-inv (layout-of aprog) n (as, am) (t-steps (start-of (layout-of aprog) as, l,
)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Inc n), start-of (layout-of
aprog) as — Suc 0) na) ires
from h1 have h2: start-of (layout-of aprog) as > 0
apply (rule-tac startof-not0)
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done
from h! and h2 show ((t-step (t-steps (start-of (layout-of aprog) as, I, ) (ci
(layout-of aprog)
(start-of (layout-of aprog) as) (Inc n), start-of (layout-of aprog) as — Suc 0)
na)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Inc n), start-of (layout-of
aprog) as — Suc 0),
start-of (layout-of aprog) as, n, ires),
t-steps (start-of (layout-of aprog) as, I, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Inc n), start-of (layout-of
aprog) as — Suc 0) na,
start-of (layout-of aprog) as, n, ires)
€ abc-inc-LE
apply (case-tac (t-steps (start-of (layout-of aprog) as, I, r)
(ci (layout-of aprog)
(start-of (layout-of aprog) as) (Inc n),
start-of (layout-of aprog) as — Suc 0) na), simp)
apply(case-tac a = 0,
auto split:if-splits simp add:t-step.simps inc-inv.simps,
tactic {{ ALLGOALS (resolve-tac [Q{thm fetch-intro}]) ))
apply (simp-all add:fetch-simps new-tape.simps)
apply(auto simp add: abc-inc-LE-def
lex-square-def lex-triple-def lex-pair-def
imv-after-write.simps inv-after-move.simps inv-after-clear.simps
inv-on-left-moving.simps inv-on-left-moving-norm.simps split: if-splits)
done
qged

lemma inc-inv-stop-prel :
[
ly = layout-of aprog;
abe-fetch as aprog = Some (Inc n);
s = start-of ly as;
inc-inv ly n (as, am) (s, I, r) ires
| =
(3 stp > 0. (X (s, U, 7).
s' = start-of ly (Suc as) A
inc-inv ly n (as, am) (s, I/, r') ires)
(t-steps (s, 1, r) (ci ly (start-of ly as) (Inc n),
start-of ly as — Suc 0) stp))
apply (insert halt-lemma2[of abc-inc-LE
A ((s, 1, 1), 88, n', ires’). s = start-of ly (Suc as)
(X stp. (t-steps (s, I, 1)
(ci ly (start-of ly as) (Inc n),
start-of ly as — Suc 0) stp, s, n, ires))
A ((s, 1, r), 88, n'). inc-inv ly n (as, am) (s, I, 1) ires])
apply (insert wf-abe-inc-le)
apply (insert inc-inv-stop-pre[of ly aprog n as am sl r ires], simp)
apply (simp only: t-steps.simps, auto)
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apply(rule-tac x = na in exl)
apply (case-tac (t-steps (start-of (layout-of aprog) as, , r)
(ci (layout-of aprog) (start-of (layout-of aprog) as)
(Inc n), start-of (layout-of aprog) as — Suc 0) na), simp)
apply (case-tac na, simp add: t-steps.simps, simp)
done

lemma inc-inv-stop:

assumes program-and-layout:

— There is an Abacus program aprog and its layout is ly:

ly = layout-of aprog

and an-instruction:

— There is an instruction Inc n at postion as of aprog

abc-fetch as aprog = Some (Inc n)

and the-start-state:

— According to ly and as, the start state of the TM compiled from this Inc n
instruction should be s:

s = start-of ly as

and inv:

— Invariant holds on configuration (s, I, r)

inc-inv ly n (as, am) (s, I, ) ires

shows — After stp steps of execution, the compiled TM reaches the start state
of next compiled TM and the invariant still holds.

(3 stp > 0. (X (s, U, ).
s’ = start-of ly (Suc as) A
inc-inv ly n (as, am) (s', ', r') ires)
(t-steps (s, 1, r) (ci ly (start-of ly as) (Inc n),
start-of ly as — Suc 0) stp))

proof —

from inc-inv-stop-prel [OF program-and-layout an-instruction the-start-state
inv]

show ?thesis .
qed

lemma inc-inv-stop-cond:
[ly = layout-of aprog;

s' = start-of ly (as + 1);

inc-inv ly n (as, Im) (s', (I, r')) ires;

abe-fetch as aprog = Some (Inc n)] =

ersp-l ly (Suc as, abe-lm-s Im n (Suc (abe-lm-v Im n)))

(s, U, r') ires

apply (subgoal-tac s’ = start-of ly as + 2+n + 9, simp)
apply (auto simp: inc-inv.simps inv-stop.simps crsp-l.simps )
done

lemma inc-crsp-ez-pre:
[ly = layout-of aprog;
crsp-l ly (as, am) tc ires;
abe-fetch as aprog = Some (Inc n)]

xcviil



= Jstp > 0. crsp-l ly (abe-step-1 (as, am) (Some (Inc n)))
(t-steps te (ci ly (start-of ly as) (Inc n),
start-of ly as — Suc 0) stp) ires
proof(case-tac tc, simp add: abe-step-l.simps)
fix abec
assume hl: ly = layout-of aprog
crsp-l (layout-of aprog) (as, am) (a, b, c) ires
abc-fetch as aprog = Some (Inc n)
hence h2: a = start-of ly as
by (auto simp: crsp-l.simps)
from h1 and h2 have h3:
inc-inv ly n (as, am) (start-of ly as, b, c) ires
by (rule-tac inc-inv-init, simp, simp, simp)
from h1 and h2 and hS have h4:
(Fstp>0. (A, U, r)). s =
start-of ly (Suc as) A inc-inv ly n (as, am) (s, I/, r') ires)
(t-steps (a, b, ¢) (ci ly (start-of ly as)
(Inc n), start-of ly as — Suc 0) stp))
apply (rule-tac inc-inv-stop, auto)
done
from k1 and h2 and h3 and hj show
Istp > 0. crsp-l (layout-of aprog)
(Suc as, abc-lm-s am n (Suc (abe-lm-v am n)))
(t-steps (a, b, ¢) (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Inc n),
start-of (layout-of aprog) as — Suc 0) stp) ires
apply(erule-tac exE)
apply(rule-tac z = stp in exl)
apply (case-tac (t-steps (a, b, ¢) (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Inc n),
start-of (layout-of aprog) as — Suc 0) stp), simp)
apply (rule-tac inc-inv-stop-cond, auto)
done
qed

The total correctness of the compilaton of Inc n instruction.

lemma inc-crsp-ex:

assumes layout:

— For any Abacus program aprog, assuming its layout is ly

ly = layout-of aprog

and corresponds:

— Abacus configuration (as, am) is in correspondence with TM configuration tc

crsp-l ly (as, am) tc ires

and inc:

— There is an instruction Inc n at postion as of aprog

abe-fetch as aprog = Some (Inc n)

shows

— After stp steps of execution, the TM compiled from this Inc n stops with
a configuration which corresponds to the Abacus configuration obtained from the
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execution of this Inc n instruction.
Istp > 0. crsp-l ly (abe-step-1 (as, am) (Some (Inc n)))
(t-steps te (ci ly (start-of ly as) (Inc n),
start-of ly as — Suc 0) stp) ires
proof —
from inc-crsp-ez-pre [OF layout corresponds inc] show ?2thesis .
qed

The lemmas in this section lead to the correctness of the compilation of Dec
n e instruction using the same techniques as Inc n.

type-synonym dec-inv-t = (nat * nat list) = t-conf = block list = bool

fun dec-first-on-right-moving :: nat = dec-inv-t

where

dec-first-on-right-moving n (as, Im) (s, [, r) ires =

(3 Im1 Im2 m ml mrrn. Im = Im1 Q [m] Q Im2 A
ml + mr = Suc m A length lm1 =n Aml>0Am>0A
(if Im1 =[] then | = Oc™ @ Bk # Bk # ires
else 1 = (0c™) @ [Bk] @ <rev Im1> @ Bk # Bk # ires) A
((r = (0c™") @ [Bk] @ <lm2> @ (BE"™)) V (r = (0Oc™) A lm2 = [])))

fun dec-on-right-moving :: dec-inv-t
where
dec-on-right-moving (as, Im) (s, I, ) ires =
(3 Im1 Im2 m ml mr rn. Im = Im1 Q [m] @ Im2 A
ml + mr = Suc (Suc m) A
(if Im1 =[] then | = Oc™ @ Bk # Bk # ires
else 1= (0c™) @ [Bk] @ <rev Im1> @ Bk # Bk # ires) A
((r = (0Oc™) @ [BE] @ <Im2> Q (BE™)) vV (r = (0c™) A Im2 = [])))

fun dec-after-clear :: dec-inv-t
where
dec-after-clear (as, Im) (s, I, r) ires =
(3 Im1 Im2 m mimrrn. Ilm = Im1 Q [m] Q Im2 A
ml+ mr =Sucm Aml=SuemAr#£[Ar#][ A
(if Im1 =[] then | = Oc™ @ Bk # Bk # ires
else | = (0c™ ) @ [Bk] @ <rev Im1> @ Bk # Bk # ires) A
(tlr =Bk # <lm2>Q (BE™) vilr =[] Alm2 =)

fun dec-after-write :: dec-inv-t
where
dec-after-write (as, Im) (s, I, ) ires =
(3 Im1 Im2 m mlmrrn. Im = Im1 Q [m] @ Im2 A
ml + mr = Suc m A ml = Suc m A lm2 #£[] A
(if Im1 =[] then | = Bk # Oc™ @ Bk # Bk # ires
else | = Bk # (Oc™ ) @ [Bk] @ <rev Im1> @ Bk # Bk # ires)

tlr = <lm2> Q (Bk™))



fun dec-right-move :: dec-inv-t
where
dec-right-move (as, Im) (s, I, r) ires =
(3 Im1 Im2 m ml mr rn. Im = Im1 Q [m] Q Im2
A ml = Suc m A mr = (0::nat) A
(if Im1 =[] then | = Bk # Oc™ @ Bk # Bk # ires
else | = Bk # Oc™@ [Bk] @ <rev lm1> @ Bk # Bk # ires)
A (r =Bk # <lm2>Q BE™V r =[] Alm2 =)

fun dec-check-right-move :: dec-inv-t
where
dec-check-right-move (as, Im) (s, I, r) ires =
(3 Im1 Im2 m ml mrrn. Im = Im1 Q [m] Q Im2 A
ml = Suc m A mr = (0:nat) A
(if Im1 =[] then | = Bk # Bk # Oc™ @ Bk # Bk # ires
else | = Bk # Bk # Oc™ @ [Bk] @ <rev Im1> @ Bk # Bk #
ires) A
r = <Ilm2> Q Bk™)

fun dec-left-move :: dec-inv-t
where
dec-left-move (as, Im) (s, I, r) ires =
(3 Im1 m rn. (Im::nat list) = Im1 Q [m:nat] A
m > 0 A
(if Im1 =[] then | = Bk # OcS% ™ @ Bk # Bk # ires
else | = Bk # 0cSuc m @ pi; # <revIml> Q Bk # Bk # ires) A r = BE™)

declare
dec-on-right-moving.simps[simp del] dec-after-clear.simps[simp del]
dec-after-write.simps[simp del] dec-left-move.simps|simp del]
dec-check-right-move.simps[simp del] dec-right-move.simps[simp del]
dec-first-on-right-moving.simps[simp del]

fun inv-locate-n-b :: inc-inv-t
where
inv-locate-n-b (as, Im) (s, I, r) ires=
(3 Im1 Im2 tn m ml mr rn. Im @ 0™ = Im1 @ [m] @ Im2 A
length Im1 = s Am+ 1 =ml+ mr A
ml=1ANtn=s+ 1 — lengthlm A
(if Im1 =[] then | = Oc™ @ Bk # Bk # ires
else | = Oc™QBk#<rev Im1>QBk# Bk#ires) A
(r = (0c™") @ [Bk] @ <Ilm2>Q (BE™) VvV (Im2 =[] A r = (0c™)))
)

fun dec-inv-1 :: layout = nat = nat = dec-inv-t
where
dec-inv-1 ly n e (as, am) (s, I, ) ires =
(let ss = start-of ly as in
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let am’ = abe-lm-s am n (abe-lm-v am n — Suc 0) in
let am’ = abc-lm-s am n (abc-lm-v am n) in
if s = start-of ly e then inv-stop (as, am’) (s, I, r) ires
else if s = ss then False
else if ss < s N s < ss + 2xn then
if (s — ss) mod 2 = 0 then
inv-locate-a (as, am) ((s — ss) div 2, 1, r) ires
V inv-locate-a (as, am’") ((s — ss) div 2, 1, r) ires
else
inv-locate-b (as, am) ((s — ss) div 2, 1, r) ires
V inv-locate-b (as, am’’) ((s — ss) div 2, 1, r) ires
else if s = ss + 2 % n then
inv-locate-a (as, am) (n, I, r) ires
V inv-locate-a (as, am’) (n, 1, r) ires
else if s = ss + 2 * n + 1 then
inv-locate-b (as, am) (n, I, r) ires
else if s = ss + 2 x n + 13 then
inv-on-left-moving (as, am’) (s, I, r) ires
else if s = ss + 2 x n + 1/ then
inv-check-left-moving (as, am”’) (s, 1, r) ires
else if s = ss + 2 x n + 15 then
inv-after-left-moving (as, am’’) (s, I, r) ires
else False)

fun dec-inv-2 :: layout = nat = nat = dec-inv-t
where
dec-inv-2 ly n e (as, am) (s, I, ) ires =
(let ss = start-of ly as in
let am’ = abe-lm-s am n (abe-lm-v am n — Suc 0) in
let am’ = abe-lm-s am n (abc-lm-v am n) in
if s = 0 then Fualse
else if s = ss then False
else if ss < s A s < ss + 2xn then
if (s — ss) mod 2 = 0 then
inv-locate-a (as, am) ((s — ss) div 2, 1, r) ires
else inv-locate-b (as, am) ((s — ss) div 2, I, r) ires
else if s = ss + 2 % n then
inv-locate-a (as, am) (n, l, 1) ires
else if s = ss + 2 * n + 1 then
inv-locate-n-b (as, am) (n, I, r) ires
else if s = ss + 2 * n + 2 then
dec-first-on-right-moving n (as, am'’) (s, I, r) ires
else if s = ss + 2 * n + & then
dec-after-clear (as, am’) (s, I, r) ires
else if s = ss + 2 x n + 4 then
dec-right-move (as, am’) (s, I, r) ires
else if s = ss + 2 * n + 5 then
dec-check-right-move (as, am’) (s, I, ) ires
else if s = ss + 2 = n + 6 then
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dec-left-move (as, am’) (s, I, r) ires
else if s = ss + 2 x n + 7 then
dec-after-write (as, am’) (s, l, r) ires
else if s = ss + 2 * n + 8 then
dec-on-right-moving (as, am’) (s, I, r) ires
else if s = ss + 2 * n + 9 then
dec-after-clear (as, am’) (s, I, r) ires
else if s = ss + 2 x n + 10 then
inv-on-left-moving (as, am’) (s, I, r) ires
else if s = ss + 2 x n + 11 then
inv-check-left-moving (as, am’) (s, I, r) ires
else if s = ss + 2 x n + 12 then
inv-after-left-moving (as, am’) (s, I, r) ires
else if s = ss + 2 x n + 16 then
inv-stop (as, am’) (s, I, r) ires
else False)

lemma dec-fetch-locate-a-o:
[start-of ly as < a;
a < start-of ly as + 2 * n; start-of ly as > 0;
a — start-of ly as = 2 * q|
= fetch (ci (layout-of aprog)
(start-of ly as) (Dec n €)) (Suc (2 *x q)) Oc = (R, a+ 1)
apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .stimps tshift.simps nth-append Suc-pre)
apply (subgoal-tac (findnth n ! Suc (4 * q)) =
findnth (Suc q) ! (4 * ¢ + 1))
apply (simp add: findnth.simps nth-append)
apply (subgoal-tac findnth n (4 * ¢ + 1) =
findnth (Suc q) ! (4 * ¢ + 1), simp)
apply (rule-tac findnth-nth, auto)
done

lemma dec-fetch-locate-a-b:
[start-of ly as < a;
a < start-of ly as + 2 * n;
start-of ly as > 0;
a — start-of ly as = 2 * q]
= fetch (ci (layout-of aprog) (start-of ly as) (Dec n e))
(Suc (2 % q)) Bk = (W1, a)
apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append)
apply (subgoal-tac (findnth n! (4 * q)) =
findnth (Suc q) ! (4 * q))
apply (simp add: findnth.simps nth-append)
apply (subgoal-tac findnth n (4 % ¢ + 0) =
findnth (Suc q) ! (4 * ¢ + 0), simp)
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apply (rule-tac findnth-nth, auto)
done

lemma dec-fetch-locate-b-o:
[start-of ly as < a;
a < start-of ly as + 2 * n;
(a — start-of ly as) mod 2 = Suc 0;
start-of ly as> 0]
= fetch (ci (layout-of aprog) (start-of ly as) (Dec n e))
(Suc (a — start-of ly as)) Oc = (R, a)
apply(auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append)
apply (subgoal-tac 3 q. (a — start-of ly as) = 2 * ¢ +
apply (subgoal-tac (findnth n ! Suc (Suc (Suc (4 * q)))
findnth (Suc q) ! (4 * ¢ + 3)
apply(simp add: findnth.simps nth-append)
apply (subgoal-tac findnth n! (4 *x q + 3) =
findnth (Suc q) ! (4 * ¢ + &), simp add: add3-Suc)
apply (rule-tac findnth-nth, auto)
done

, auto)

1
) =
)

lemma dec-fetch-locate-b-b:
[- a < start-of ly as;
a < start-of ly as + 2 * n;
(a — start-of ly as) mod 2 = Suc 0;
start-of ly as > 0]
= fetch (ci (layout-of aprog) (start-of ly as) (Dec n e))
(Suc (a — start-of ly as)) Bk = (R, a + 1)
apply(auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append)
apply (subgoal-tac 3 q. (a — start-of ly as) = 2 x ¢ + 1, auto)
apply (subgoal-tac (findnth n ! Suc ((Suc (4 * q)))) =
findnth (Suc q) ! (4 * ¢ + 2))
apply(simp add: findnth.simps nth-append)
apply (subgoal-tac findnth n'! (4 * ¢ + 2) =
findnth (Suc q) ! (4 * ¢ + 2), simp)
apply (rule-tac findnth-nth, auto)
done

lemma dec-fetch-locate-n-a-o:
start-of ly as > 0 = fetch (ci (layout-of aprog)
(start-of ly as) (Dec n e)) (Suc (2 * n)) Oc
= (R, start-of ly as + 2xn + 1)
apply(auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append tdec-b-def)
done

lemma dec-fetch-locate-n-a-b:
start-of ly as > 0 = fetch (ci (layout-of aprog)
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(start-of ly as) (Dec n €)) (Suc (2 * n)) Bk
= (W1, start-of ly as + 2xn)
apply(auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append tdec-b-def )
done

lemma dec-fetch-locate-n-b-o:

start-of ly as > 0 =

feteh (ci (layout-of aprog)
(start-of ly as) (Dec n e)) (Suc (Suc (2 * n))) Oc

= (R, start-of ly as + 2xn + 2)

apply(auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append tdec-b-def)

done

lemma dec-fetch-locate-n-b-b:
start-of ly as > 0 =
fetch (ct (layout-of aprog)
(start-of ly as) (Dec n e)) (Suc (Suc (2 * n))) Bk
= (L, start-of ly as + 2xn + 13)
apply(auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append tdec-b-def)
done

lemma dec-fetch-first-on-right-move-o:

start-of ly as > 0 =

fetch (ci (layout-of aprog)

(start-of ly as) (Dec n €)) (Suc (Suc (Suc (2 = n)))) Oc

= (R, start-of ly as + 2xn + 2)

apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append tdec-b-def)

done

lemma dec-fetch-first-on-right-move-b:

start-of ly as > 0 =

fetch (ci (layout-of aprog) (start-of ly as) (Dec n e))

(Suc (Suc (Suc (2 * n)))) Bk

= (L, start-of ly as + 2xn + &)

apply(auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append tdec-b-def )

done
lemma [simp]: fetch z (a + 2 x n) b = fetchz (2 xn + a) b
thm arg-cong
apply(rule-tac z = a + 2%n and y = 2%n + a in arg-cong, simp)

done

lemma dec-fetch-first-after-clear-o:
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start-of ly as > 0 = fetch (ci (layout-of aprog)
(start-of ly as) (Dec ne)) (2 x n + 4) Oc

= (W0, start-of ly as + 2xn + 3)

apply (auto simp: ci.simps findnth.simps tshift.simps
tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 4 = Suc (2xn + 3), simp only: fetch.simps)
apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-first-after-clear-b:

start-of ly as > 0 =

fetch (ci (layout-of aprog)

(start-of ly as) (Dec n e)) (2 x n + 4) Bk

= (R, start-of ly as + 2xn + 4)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 4= Suc (2xn + 3), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-right-move-b:

start-of ly as > 0 = fetch (ci (layout-of aprog)

(start-of ly as) (Dec n€)) (2 * n + 5) Bk

= (R, start-of ly as + 2xn + 5)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 5= Suc (2xn + 4), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-check-right-move-b:
start-of ly as > 0 =
fetch (ci (layout-of aprog)
(start-of ly as) (Dec n €)) (2 * n + 6) Bk
= (L, start-of ly as + 2%n + 6)
apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)
apply (subgoal-tac 2xn + 6 = Suc (2xn + &), simp only: fetch.simps)
apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-check-right-move-o:
start-of ly as > 0 =
fetch (ci (layout-of aprog) (start-of ly as)
(Decne)) (2xn+ 6) Oc
= (L, start-of ly as + 2xn + 7)
apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)
apply (subgoal-tac 2xn + 6 = Suc (2xn + &), simp only: fetch.simps)
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apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-left-move-b:

start-of ly as > 0 =

fetch (ci (layout-of aprog)

(start-of ly as) (Dec n€)) (2 * n + 7) Bk

= (L, start-of ly as + 2xn + 10)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 7 = Suc (2xn + 6), simp only: fetch.simps)
apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-after-write-b:

start-of ly as > 0 =

fetch (ci (layout-of aprog)

(start-of ly as) (Dec n€)) (2 * n + 8) Bk

= (W1, start-of ly as + 2xn + 7)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 8 = Suc (2xn + 7), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-after-write-o:

start-of ly as > 0 =

fetch (ci (layout-of aprog)

(start-of ly as) (Dec ne)) (2 * n + 8) Oc

= (R, start-of ly as + 2xn + 8)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 8 = Suc (2xn + 7), simp only: fetch.simps)
apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-on-right-move-b:

start-of ly as > 0 =

fetch (ci (layout-of aprog)

(start-of ly as) (Dec ne)) (2 * n + 9) Bk

= (L, start-of ly as + 2xn + 9)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 9 = Suc (2xn + 8), simp only: fetch.simps)
apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-on-right-move-o:
start-of ly as > 0 =

cvil



fetch (ci (layout-of aprog)
(start-of ly as) (Dec ne)) (2 * n+ 9) Oc

= (R, start-of ly as + 2xn + 8)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 9 = Suc (2xn + 8), simp only: fetch.simps)
apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-after-clear-b:

start-of ly as > 0 =

fetch (ci (layout-of aprog)

(start-of ly as) (Dec n e)) (2 x n + 10) Bk

= (R, start-of ly as + 2xn + 4)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 10 = Suc (2xn + 9), simp only: fetch.simps)
apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-after-clear-o:

start-of ly as > 0 =

fetch (ci (layout-of aprog)

(start-of ly as) (Dec ne)) (2 * n + 10) Oc

= (W0, start-of ly as + 2xn + 9)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 10= Suc (2xn + 9), simp only: fetch.simps)
apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-on-left-movel-o:
start-of ly as > 0 =
fetch (ci (layout-of aprog)
(start-of ly as) (Dec ne)) (2 * n + 11) Oc

= (L, start-of ly as + 2xn + 10)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 11= Suc (2xn + 10), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-on-left-movel-b:
start-of ly as > 0 =
fetch (ci (layout-of aprog)
(start-of ly as) (Dec ne)) (2 * n + 11) Bk
= (L, start-of ly as + 2xn + 11)
apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)
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apply (subgoal-tac 2xn + 11 = Suc (2xn + 10),
simp only: fetch.simps)

apply(auto simp: nth-of .simps nth-append)

done

lemma dec-fetch-check-left-movel-o:

start-of ly as > 0 =

fetch (ci (layout-of aprog)
(start-of ly as) (Dec ne)) (2 * n + 12) Oc

= (L, start-of ly as + 2xn + 10)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)

apply (subgoal-tac 2xn + 12= Suc (2xn + 11), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-check-left-movel-b:
start-of ly as > 0 =
fetch (ci (layout-of aprog)
(start-of ly as) (Dec n €)) (2 x n + 12) Bk
= (R, start-of ly as + 2xn + 12)
apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)
apply (subgoal-tac 2xn + 12 = Suc (2xn + 11),
simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-after-left-movel-b:
start-of ly as > 0 =
fetch (ci (layout-of aprog)
(start-of ly as) (Dec n e)) (2 x n + 18) Bk
= (R, start-of ly as + 2%n + 16)
apply(auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)
apply (subgoal-tac 2xn + 18 = Suc (2xn + 12),
simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-on-left-move2-o:

start-of ly as > 0 =

fetch (ci (layout-of aprog)

(start-of ly as) (Dec ne)) (2 * n + 14) Oc

= (L, start-of ly as + 2xn + 13)

apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)
apply (subgoal-tac 2xn + 14 = Suc (2%n + 13),
simp only: fetch.simps)
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apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-on-left-move2-b:

start-of ly as > 0 =

fetch (ci (layout-of aprog)

(start-of ly as) (Dec ne)) (2 x n + 14) Bk
= (L, start-of ly as + 2xn + 14)
apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)
apply (subgoal-tac 2xn + 14 = Suc (2xn + 13),
simp only: fetch.simps)

apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-check-left-move2-o:
start-of ly as > 0 =
fetch (ci (layout-of aprog)
(start-of ly as) (Dec ne)) (2 * n+ 15) Oc
= (L, start-of ly as + 2xn + 13)
apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)
apply (subgoal-tac 2xn + 15 = Suc (2xn + 14),
simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-check-left-move2-b:
start-of ly as > 0 =
fetch (ci (layout-of aprog)
(start-of ly as) (Dec n e)) (2 x n + 15) Bk
= (R, start-of ly as + 2xn + 15)
apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)
apply (subgoal-tac 2xn + 15= Suc (2xn + 14), simp only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-after-left-move2-b:
[ly = layout-of aprog;
abc-fetch as aprog = Some (Dec n e);
start-of ly as > 0] =
fetch (ci (layout-of aprog) (start-of ly as)
(Decne)) (2 xn + 16) Bk
= (R, start-of ly e)
apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)
apply (subgoal-tac 2xn + 16 = Suc (2+n + 15),
simp only: fetch.simps)
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apply(auto simp: nth-of .simps nth-append)
done

lemma dec-fetch-next-state:
start-of ly as > 0 =
fetch (ci (layout-of aprog)
(start-of ly as) (Dec ne)) (2xn + 17) b
= (Nop, 0)
apply(case-tac b)
apply (auto simp: ci.simps findnth.simps
tshift.simps tdec-b-def add3-Suc)
apply (subgoal-tac [!] 2«n + 17 = Suc (2*xn + 16),
stmp-all only: fetch.simps)
apply (auto simp: nth-of .simps nth-append)
done

lemmas dec-fetch-simps =

dec-fetch-locate-a-o dec-fetch-locate-a-b dec-fetch-locate-b-o
dec-fetch-locate-b-b dec-fetch-locate-n-a-o
dec-fetch-locate-n-a-b dec-fetch-locate-n-b-o
dec-fetch-locate-n-b-b dec-fetch-first-on-right-move-o
dec-fetch-first-on-right-move-b dec-fetch-first-after-clear-b
dec-fetch-first-after-clear-o dec-fetch-right-move-b
dec-fetch-on-right-move-b dec-fetch-on-right-move-o
dec-fetch-after-clear-b dec-fetch-after-clear-o
dec-fetch-check-right-move-b dec-fetch-check-right-move-o
dec-fetch-left-move-b dec-fetch-on-left-movel-b
dec-fetch-on-left-movel-o dec-fetch-check-left-movel-b
dec-fetch-check-left-movel-o dec-fetch-after-left-movel-b
dec-fetch-on-left-move2-b dec-fetch-on-left-move2-o
dec-fetch-check-left-move2-0 dec-fetch-check-left-move2-b
dec-fetch-after-left-move2-b dec-fetch-after-write-b
dec-fetch-after-write-o dec-fetch-next-state

lemma [simp]:
[start-of ly as < a;
a < start-of ly as + 2 * n;
(a — start-of ly as) mod 2 = Suc 0;
inv-locate-b (as, am) ((a — start-of ly as) div 2, aaa, Bk # xs) ires]
= - Suc a < start-of ly as + 2 x n —»
inv-locate-a (as, am) (n, Bk # aaa, xs) ires
apply (insert locate-b-2-locate-alof a ly as n am aaa xs], simp)
done

lemma [simp]:
[start-of ly as < a;
a < start-of ly as + 2 * n;
(a — start-of ly as) mod 2 = Suc 0;
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inv-locate-b (as, am) ((a — start-of ly as) div 2, aaa, []) ires]
= = Suc a < start-of ly as + 2 * n —
inv-locate-a (as, am) (n, Bk # aaa, []) ires
apply (insert locate-b-2-locate-a-B[of a ly as n am aaal, simp)
done

lemma exp-ind: a°%¢ 0 = 40 @ [q]
apply (simp only: exponent-def rep-ind)
done

lemma [simp]:
inv-locate-b (as, am) (n, I, Oc # ) ires
= dec-first-on-right-moving n (as, abc-lm-s am n (abc-lm-v am n))
(Suc (Suc (start-of ly as + 2 * n)), Oc # 1, r) ires
apply (simp only: inv-locate-b.simps
dec-first-on-right-moving.simps in-middle.simps
abc-lm-s.simps abe-lm-v.simps)
apply (erule-tac exE)+
apply (erule conjE)+
apply(case-tac n < length am, simp)
apply(rule-tac x = Im1 in exl, rule-tac z = Im2 in exl,
rule-tac x = m in exl, simp)
apply (rule-tac © = Suc ml in exl, rule-tac conjl, rule-tac [1—2] impl)
prefer 3
apply (rule-tac x = Im1 in exl, rule-tac z = Im2 in exl,
rule-tac x = m in exl, simp)
apply (subgoal-tac Suc n — length am = Suc (n — length am),
simp only:exponent-def rep-ind, simp)
apply (rule-tac © = Suc ml in exl, simp-all)
apply(rule-tac || © = mr — 1 in ez, simp-all)
apply (case-tac [!] mr, auto)
done

lemma [simp]:
[inv-locate-b (as, am) (n, I, r) ires; | # []] =
= inv-on-left-moving-in-middle-B (as, abc-lm-s am n (abc-lm-v am n))
(s, t11, hd 1 # 1) ires
apply(auto simp: inv-locate-b.simps
inv-on-left-moving-in-middle-B.simps in-middle.simps)
apply (case-tac [!] ml, auto split: if-splits)
done

lemma [simp]: inv-locate-b (as, am) (n, I, r) ires = 1 # |
apply (auto simp: inv-locate-b.simps in-middle.simps split: if-splits)

done

lemma [simp]: [inv-locate-b (as, am) (n, I, Bk # r) ires; n < length am]
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= inv-on-left-moving-norm (as, am) (s, tl 1, hd | # Bk # r) ires
apply(simp only: inv-locate-b.simps inv-on-left-moving-norm.simps
in-middle.simps)
apply (erule-tac exE)+
apply (erule-tac conjE)+
apply(rule-tac x = Im1 in exl, rule-tac z = Im2 in exl,
rule-tac x = m in exl, simp)
apply (rule-tac x = ml — 1 in ezl, auto)
apply (rule-tac [!] x = Suc mr in exl)
apply (case-tac [!] mr, auto)
done

lemma [simp]: [inv-locate-b (as, am) (n, I, Bk # 1) ires; = n < length am]
= inv-on-left-moving-norm (as, am Q@
replicate (n — length am) 0 @ [0]) (s, tl 1, hd | # Bk # r) ires
apply (simp only: inv-locate-b.simps inv-on-left-moving-norm.simps
in-middle.simps)
apply (erule-tac exE)+
apply (erule-tac conjE)+
apply (rule-tac £ = Im1 in exl, rule-tac x = Im2 in exl,
rule-tac x = m in exl, simp)
apply (subgoal-tac Suc n — length am = Suc (n — length am), simp only: rep-ind
exponent-def , simp-all)
apply (rule-tac x = Suc mr in exl, auto)
done

lemma inv-locate-b-2-on-left-moving[simp):
[inv-locate-b (as, am) (n, I, Bk # r) ires]
= (I =[] — inv-on-left-moving (as,
abc-lm-s am n (abe-lm-v am n)) (s, [|, Bk # Bk # r) ires) A
(I # []| — inv-on-left-moving (as,
abc-lm-s am n (abe-lm-v am n)) (s, tl 1, hd | # Bk # ) ires)
apply (subgoal-tac 1#£]])
apply (subgoal-tac — inv-on-left-moving-in-middle-B
(as, abc-lm-s am n (abe-lm-v am n)) (s, tl 1, hd | # Bk # r) ires)
apply (simp add:inv-on-left-moving.simps
abc-lm-s.simps abe-lm-v.simps split: if-splits, auto)
done

lemma [simp]:
inv-locate-b (as, am) (n, 1, []) ires =
inv-locate-b (as, am) (n, 1, [Bk]) ires
apply (auto simp: inv-locate-b.simps in-middle.simps)
apply(rule-tac x = Im1 in exl, rule-tac z = [] in exl,
rule-tac x = Suc (length lm1) — length am in ezl
rule-tac x = m in exl, simp)
apply (rule-tac = ml in exl, rule-tac © = mr in exl)
apply (auto)
done
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lemma nil-2-nil: <lm:nat list> = [| = Im = |
apply (auto simp: tape-of-nl-abv)

apply (case-tac Im, simp)

apply (case-tac list, auto simp: tape-of-nat-list.simps)
done

lemma inv-locate-b-2-on-left-moving-b[simp]:
inv-locate-b (as, am) (n, 1, []) ires
= (I =[] — inv-on-left-moving (as,
abc-lm-s am n (abe-lm-v am n)) (s, [], [Bk]) ires) A
(I #[] — inv-on-left-moving (as, abc-lm-s am n
(abe-lm-v am n)) (s, tl 1, [hd 1]) ires)
apply (insert inv-locate-b-2-on-left-moving[of as am n 1 [] ires s])
apply (simp only: inv-on-left-moving.simps, simp)
apply (subgoal-tac — inv-on-left-moving-in-middle-B
(as, abe-lm-s am n (abe-lm-v am n)) (s, tl 1, [hd 1]) ires, simp)
apply (simp only: inv-on-left-moving-norm.simps)
apply (erule-tac exE)+
apply (erule-tac conjE)+
apply (rule-tac © = Im1 in exl, rule-tac * = Im2 in exl,
rule-tac x = m in exl, rule-tac x = ml in exl,
rule-tac x = mr in exl, simp)
apply(case-tac mr, simp, simp, case-tac nat, auto intro: nil-2-nil)
done

lemma [simp]:
[dec-first-on-right-moving n (as, am) (s, aaa, Oc # xs) ires]
= dec-first-on-right-moving n (as, am) (s’, Oc # aaa, xs) ires

apply (simp only: dec-first-on-right-moving.simps)

apply (erule exE)+

apply(rule-tac x = Im1 in exl, rule-tac z = Im2 in exl,
rule-tac x = m in exl, simp)

apply (rule-tac x = Suc ml in exl,
rule-tac x = mr — 1 in ezl, auto)

apply (case-tac [!] mr, auto)

done

lemma [simp]:

dec-first-on-right-moving n (as, am) (s, l, Bk # xs) ires = 1| # |]
apply (auto simp: dec-first-on-right-moving.simps split: if-splits)
done

lemma [elim]:
[= length Im1 < length am;
am Q replicate (length Im1 — length am) 0 Q [0::nat] =
Im1 Q@ m # Im2;
0 < m]
= RR
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apply (subgoal-tac Im2 =[], simp)
apply (drule-tac length-equal, simp)
done

lemma [simp]:
[dec-first-on-right-moving n (as,
abc-lm-s am n (abe-lm-v am n)) (s, I, Bk # xs) ires]
= dec-after-clear (as, abc-lm-s am n
(abe-lm-v am n — Suc 0)) (s’, tL 1, hd | # Bk # xs) ires
apply (simp only: dec-first-on-right-moving.simps
dec-after-clear.simps abe-lm-s.simps abc-lm-v.simps)
apply (erule-tac exE)+
apply(case-tac n < length am)
apply (rule-tac © = Im1 in exl, rule-tac x = Im2 in exl,
rule-tac x = m — 1 in exl, auto simp: )
apply (case-tac [!] mr, auto)
done

lemma [simp]:
[dec-first-on-right-moving n (as,
abc-lm-s am n (abe-lm-v am n)) (s, I, []) ires]
= (I =[] — dec-after-clear (as,
abc-lm-s am n (abc-Im-v am n — Suc 0)) (s', [], [Bk]) ires) A
(I £ [] — dec-after-clear (as, abc-lm-s am n
(abc-lm-v am n — Suc 0)) (s, tl 1, [hd 1]) ires)
apply (subgoal-tac | # ],
simp only: dec-first-on-right-moving.simps

dec-after-clear.simps abe-lm-s.simps abc-lm-v.simps)
apply (erule-tac exE)+
apply (case-tac n < length am, simp)
apply (rule-tac © = Im1 in exl, rule-tac x = m — 1 in exl, auto)
apply (case-tac [1—2] mr, auto)
apply (case-tac [1—2] m, auto simp: dec-first-on-right-moving.simps split: if-splits)
done

lemma [simp]: [dec-after-clear (as, am) (s, I, Oc # r) ires]
= dec-after-clear (as, am) (s', I, Bk # r) ires

apply (auto simp: dec-after-clear.simps)

done

lemma [simp]|: [dec-after-clear (as, am) (s, I, Bk # ) ires]

= dec-right-move (as, am) (s’, Bk # 1, r) ires
apply (auto simp: dec-after-clear.simps dec-right-move.simps split: if-splits)
done

lemma [simp]: [dec-after-clear (as, am) (s, I, []) ires]

= dec-right-move (as, am) (s’, Bk # 1, []) ires
apply (auto simp: dec-after-clear.simps dec-right-move.simps )
done
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lemma [simp]: Irn. a:block™ = ||
apply (rule-tac x = 0 in ez, simp)
done

lemma [simp]: [dec-after-clear (as, am) (s, I, []) ires]

= dec-right-move (as, am) (s', Bk # 1, [Bk]) ires
apply (auto simp: dec-after-clear.simps dec-right-move.simps split: if-splits)
done

lemma [simp]:dec-right-move (as, am) (s, I, Oc # r) ires = False
apply (auto simp: dec-right-move.simps)
done

lemma dec-right-move-2-check-right-move[simp]:

[dec-right-move (as, am) (s, I, Bk # r) ires]

= dec-check-right-move (as, am) (s, Bk # 1, r) ires
apply (auto simp: dec-right-move.simps dec-check-right-move.simps split: if-splits)
done

lemma [simp]:

dec-right-move (as, am) (s, 1, []) ires=
dec-right-move (as, am) (s, 1, [Bk]) ires

apply(simp add: dec-right-move.simps)

apply (rule-tac iffT)

apply (erule-tac [!] exE)+

apply (erule-tac [2] exE)

apply(rule-tac [!] £ = Im1 in exl, rule-tac x = || in ezl

rule-tac [!] £ = m in exl, auto)
apply (auto intro: nil-2-nil)
done

lemma [simp]: [dec-right-move (as, am) (s, I, []) ires]
= dec-check-right-move (as, am) (s, Bk # 1, []) ires
apply (insert dec-right-move-2-check-right-move|[of as am s 1 [] s],
simp)
done

lemma [simp]: dec-check-right-move (as, am) (s, I, ) ires=> 1 # ||
apply (auto simp: dec-check-right-move.simps split: if-splits)
done

lemma [simp]: [dec-check-right-move (as, am) (s, I, Oc # r) ires]
= dec-after-write (as, am) (s’, tl 1, hd | # Oc # r) ires
apply (auto simp: dec-check-right-move.simps dec-after-write.simps)
apply (rule-tac © = Im1 in exl, rule-tac x = Im2 in exl,
rule-tac x = m in exl, auto)
done
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lemma [simp]: [dec-check-right-move (as, am) (s, I, Bk # ) ires]
= dec-left-move (as, am) (s', t1 1, hd | # Bk # r) ires

apply (auto simp: dec-check-right-move.simps
dec-left-move.simps inv-after-move.simps)

apply (rule-tac © = Im1 in exl, rule-tac x = m in exl, auto)

apply (auto intro: BkCons-nil nil-2-nil dest: BkCons-nil)

apply (rule-tac x = Suc rn in exl)

apply (auto intro: BkCons-nil nil-2-nil dest: BkCons-nil)

done

lemma [simp]: [dec-check-right-move (as, am) (s, I, []) ires]
= dec-left-move (as, am) (s', tl 1, [hd l]) ires
apply (auto simp: dec-check-right-move.simps
dec-left-move.simps inv-after-move.simps)
apply (rule-tac & = Im1 in exl, rule-tac x = m in exl, auto)
apply (auto intro: BkCons-nil nil-2-nil dest: BkCons-nil)
done

lemma [simp]: dec-left-move (as, am) (s, aaa, Oc # zs) ires = False
apply (auto simp: dec-left-move.simps inv-after-move.simps)

apply (case-tac ['] rn, auto)

done

lemma [simp]: dec-left-move (as, am) (s, I, r) ires
= 1#

apply (auto simp: dec-left-move.simps split: if-splits)

done

lemma tape-of-nl-abv-cons-ex|simp]:
Jilna. Oc # Oc™ @ Bk # <revIml> Q BkI" = <m # reviml> Q@ Bklna
apply (case-tac Im1=]], auto simp: tape-of-nl-abv
tape-of-nat-list.simps)
apply(rule-tac x = In in exl, simp)
apply (simp add: tape-of-nat-list-cons exponent-def)
done

lemma [simp]: inv-on-left-moving-in-middle-B (as, [m])
(s, Oc # Oc™ @ Bk # Bk # ires, Bk # Bk"™) ires
apply (simp add: inv-on-left-moving-in-middle-B.simps)
apply (rule-tac z = [m] in exl, simp, auto simp: tape-of-nat-def)
done

lemma [simp]: inv-on-left-moving-in-middle-B (as, [m)])
(s, Oc # Oc™ @ Bk # Bk # ires, |Bk]) ires
apply (simp add: inv-on-left-moving-in-middle-B.simps)
apply (rule-tac z = [m] in exl, simp, auto simp: tape-of-nat-def)
done
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lemma [simp]: Im1 # [| =
inv-on-left-moving-in-middle-B (as, Im1 Q [m]) (s’,
Oc # Oc™ Q Bk # <revlml> Q Bk # Bk # ires, Bk # Bk™) ires

apply (simp only: inv-on-left-moving-in-middle-B.simps)

apply (rule-tac © = Im1 Q [m | in exl, rule-tac x = [| in exl, simp, auto)

done

lemma [simp]: Im1 # [| =
inv-on-left-moving-in-middle-B (as, Im1 @ [m]) (s’,
Oc # Oc™ Q Bk # <revIml> Q Bk # Bk # ires, |Bk]) ires
apply (simp only: inv-on-left-moving-in-middle-B.simps)
apply(rule-tac x = Ilm1 Q [m | in exl, rule-tac x = || in exl, simp, auto)
done

lemma [simp]: dec-left-move (as, am) (s, I, Bk # r) ires

= inv-on-left-moving (as, am) (s’, tl 1, hd | # Bk # r) ires
apply (auto simp: dec-left-move.simps inv-on-left-moving.simps split: if-splits)
done

lemma [simp]: dec-left-move (as, am) (s, 1, []) ires

= inv-on-left-moving (as, am) (s’, tl 1, [hd l]) ires
apply (auto simp: dec-left-move.simps inv-on-left-moving.simps split: if-splits)
done

lemma [simp]: dec-after-write (as, am) (s, I, Oc # ) ires
= dec-on-right-moving (as, am) (s', Oc # 1, r) ires
apply(auto simp: dec-after-write.simps dec-on-right-moving.simps)
apply(rule-tac x = Im1 Q [m] in exl, rule-tac x = ¢l Im2 in exl,
rule-tac © = hd Im2 in exl, simp)
apply (rule-tac x = Suc 0 in ezl rule-tac x = Suc (hd Im2) in exl)
apply (case-tac Im2, simp, simp)
apply (case-tac list = ||,
auto simp: tape-of-nl-abv tape-of-nat-list.simps split: if-splits )
apply (case-tac rn, auto)
apply (case-tac rev Im1, simp, simp add: tape-of-nat-list.simps)
apply (case-tac rn, auto)
apply (case-tac list, simp-all add: tape-of-nat-list.simps, auto)
apply(case-tac rev Im1, simp, simp add: tape-of-nat-list.simps)
apply (case-tac list, simp-all add: tape-of-nat-list.simps, auto)
done

lemma [simp]: dec-after-write (as, am) (s, I, Bk # r) ires
= dec-after-write (as, am) (s', I, Oc # r) ires
apply (auto simp: dec-after-write.simps)

done

lemma [simp]: dec-after-write (as, am) (s, aaa, []) ires
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= dec-after-write (as, am) (s’, aaa, [Oc]) ires
apply (auto simp: dec-after-write.simps)
done

lemma [simp]: dec-on-right-moving (as, am) (s, I, Oc # ) ires
= dec-on-right-moving (as, am) (s', Oc # 1, r) ires

apply (simp only: dec-on-right-moving.simps)

apply (erule-tac exE)+

apply (erule conjE)+

apply (rule-tac © = Im1 in exl, rule-tac x = Im2 in exl,
rule-tac x = m in exl, rule-tac x = Suc ml in exl,
rule-tac x = mr — 1 in exl, simp)

apply (case-tac mr, auto)

done

lemma [simp]: dec-on-right-moving (as, am) (s, I, r) ires= 1 # ||
apply (auto simp: dec-on-right-moving.simps split: if-splits)
done

lemma [simp]: dec-on-right-moving (as, am) (s, |, Bk # r) ires
= dec-after-clear (as, am) (s’, tl'l, hd | # Bk # r) ires

apply (auto simp: dec-on-right-moving.simps dec-after-clear.simps)

apply (case-tac [!] mr, auto split: if-splits)

done

lemma [simp]: dec-on-right-moving (as, am) (s, 1, []) ires
= dec-after-clear (as, am) (s', tl 1, [hd 1]) ires
apply (auto simp: dec-on-right-moving.simps dec-after-clear.simps)
apply (case-tac mr, simp-all split: if-splits)
apply (rule-tac © = Im1 in exl, simp)
done

lemma start-of-le: a < b = start-of ly a < start-of ly b
proof(induct b arbitrary: a, simp, case-tac a = b, simp)
fix ba
show start-of ly b < start-of ly (Suc b)
apply (case-tac b::nat,
simp add: start-of .simps, simp add: start-of .simps)
done
next
fix ba
assume h1: Na. a < b = start-of ly a < start-of ly b
a < Sucba#b
hence a < b
by (simp)
from hi1 and this have h2: start-of ly a < start-of ly b
by (drule-tac hi, simp)
from h2 show start-of ly a < start-of ly (Suc b)
proof —
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have start-of ly b < start-of ly (Suc b)

apply (case-tac b::nat,
stmp add: start-of .simps, simp add: start-of .simps)

done

from h2 and this show start-of ly a < start-of ly (Suc b)
by simp

qed
qed

lemma start-of-dec-length[simp]:
[abe-fetch a aprog = Some (Dec n e)] =
start-of (layout-of aprog) (Suc a)
= start-of (layout-of aprog) a + 2xn + 16
apply (case-tac a, auto simp: abc-fetch.simps start-of .simps
layout-of .simps length-of .simps

split: if-splits)

done

lemma start-of-ge:
[abe-fetch a aprog = Some (Dec n e); a < e] =
start-of (layout-of aprog) e >

start-of (layout-of aprog) a + 2xn + 15

apply(case-tac e = Suc a,
simp add: start-of .simps abc-fetch.simps layout-of .simps
length-of .simps split: if-splits)

apply (subgoal-tac Suc a < e, drule-tac a = Suc a

and ly = layout-of aprog in start-of-le)
apply (subgoal-tac start-of (layout-of aprog) (Suc a)

= start-of (layout-of aprog) a + 2%xn + 16, simp)

apply (rule-tac start-of-dec-length, simp)
apply (arith)
done

lemma starte-not-equal[simp]:
[abe-fetch as aprog = Some (Dec n e); ly = layout-of aprog]
= (start-of ly e # Suc (Suc (start-of ly as + 2 * n)) A

start-of ly e # start-of ly as + 2 *x n + 3 A
start-of ly e # start-of ly as + 2 x n + 4 A
start-of ly e # start-of ly as + 2 xn + 5 A
start-of ly e # start-of ly as + 2 x n + 6 A
start-of ly e # start-of ly as + 2 x n + 7 A
start-of ly e # start-of ly as + 2 *x n + 8 A
start-of ly e # start-of ly as + 2 * n + 9 A
start-of ly e # start-of ly as + 2 x n + 10 A
start-of ly e # start-of ly as + 2 x n + 11 A
start-of ly e # start-of ly as + 2 x n + 12 A
start-of ly e # start-of ly as + 2 * n + 13 A
start-of ly e # start-of ly as + 2 * n + 14 A
start-of ly e # start-of ly as + 2 * n + 15)
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apply(case-tac e = as, simp)

apply(case-tac e < as)

apply(drule-tac a = e and b = as and ly = ly in start-of-le, simp)
apply(drule-tac a = as and e = e in start-of-ge, simp, simp)
done

lemma [simp]: [abe-fetch as aprog = Some (Dec n e); ly = layout-of aprog]
= (Suc (Suc (start-of ly as + 2 x n)) # start-of ly e A

start-of ly as + 2 x n + 8 # start-of ly e A
start-of ly as + 2 x n + 4 # start-of ly e A
start-of ly as + 2 x n + 5 #start-of ly e A
start-of ly as + 2 x n + 6 # start-of ly e A
start-of ly as + 2 x n + 7 # start-of ly e A
start-of ly as + 2 x n + 8 # start-of ly e A
start-of ly as + 2 x n + 9 # start-of ly e A
start-of ly as + 2 x n + 10 # start-of ly e A
start-of ly as + 2 x n + 11 # start-of ly e A
start-of ly as + 2 x n + 12 # start-of ly e A
start-of ly as + 2 x n + 18 # start-of ly e A
start-of ly as + 2 x n + 14 # start-of ly e A
start-of ly as + 2 * n + 15 # start-of ly e)

apply (insert starte-not-equal[of as aprog n e ly],

simp del: starte-not-equal)

apply (erule-tac conjE)+

apply (rule-tac conjl, simp del: starte-not-equal)+

apply (rule not-sym, simp)

done

lemma [simp]: start-of (layout-of aprog) as > 0 =
fetch (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n as)) (Suc 0) Oc =
(R, Suc (start-of (layout-of aprog) as))

apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append
Suc-pre tdec-b-def)

apply (insert findnth-nth[of 0 n Suc 0], simp)

apply(simp add: findnth.simps)

done

lemma start-of-inj[simp]:

[abe-fetch as aprog = Some (Dec n e); e # as; ly = layout-of aprog]

= start-of ly as # start-of ly e
apply(case-tac e < as)
apply (case-tac as, simp, simp)
apply(case-tac e = nat, simp add: start-of .simps

layout-of .simps length-of .simps)
apply (subgoal-tac e < length aprog, simp add: length-of .simps
split: abc-inst.splits)
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apply(simp add: abe-fetch.simps split: if-splits)
apply (subgoal-tac e < nat, drule-tac a = e and b = nat
and ly =ly in start-of-le, simp)

apply (subgoal-tac start-of ly nat < start-of ly (Suc nat),
simp, simp add: start-of .simps layout-of .simps)

apply (subgoal-tac nat < length aprog, simp)

apply(case-tac aprog | nat, auto simp: length-of .simps)

apply(simp add: abe-fetch.simps split: if-splits)

apply (subgoal-tac e > as, drule-tac start-of-ge, auto)

done

lemma [simp]: [abc-fetch as aprog = Some (Dec n e); e < as]
= Suc (start-of (layout-of aprog) e) —
start-of (layout-of aprog) as = 0

apply (frule-tac ly = layout-of aprog in start-of-le, simp)
apply (subgoal-tac start-of (layout-of aprog) as #

start-of (layout-of aprog) e, arith)
apply (rule start-of-inj, auto)
done

lemma [simp]:
[abe-fetch as aprog = Some (Dec n e);
0 < start-of (layout-of aprog) as]
= (fetch (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e)) (Suc (start-of (layout-of aprog) €) —
start-of (layout-of aprog) as) Oc)
= (if e = as then (R, start-of (layout-of aprog) as + 1)
else (Nop, 0))
apply (auto split: if-splits)
apply(case-tac e < as, simp add: fetch.simps)
apply (subgoal-tac e > as)
apply (drule start-of-ge, simp,
auto simp: fetch.simps ci-length nth-of .simps)
apply (subgoal-tac
length (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e)) div 2= length-of (Dec n e))
defer
apply(simp add: ci-length)
apply (subgoal-tac
length (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e)) mod 2 = 0, auto simp: length-of .simps)
done

lemma [simp]:
start-of (layout-of aprog) as > 0 =
fetch (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n as)) (Suc 0) Bk
= (W1, start-of (layout-of aprog) as)
apply(auto simp: ci.simps findnth.simps fetch.simps nth-of .simps
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tshift.simps nth-append Suc-pre tdec-b-def)
apply (insert findnth-nth[of 0 n 0], simp)
apply(simp add: findnth.simps)
done

lemma [simp]:
[abc-fetch as aprog = Some (Dec n e);
0 < start-of (layout-of aprog) as]
= (fetch (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e)) (Suc (start-of (layout-of aprog) e) —
start-of (layout-of aprog) as) Bk)
= (if e = as then (W1, start-of (layout-of aprog) as)
else (Nop, 0))
apply (auto split: if-splits)
apply(case-tac e < as, simp add: fetch.simps)
apply (subgoal-tac e > as)
apply (drule start-of-ge, simp, auto simp: fetch.simps
ci-length nth-of .simps)
apply (subgoal-tac
length (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e)) div 2= length-of (Dec n e))
defer
apply(simp add: ci-length)
apply (subgoal-tac
length (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e)) mod 2 = 0, auto simp: length-of .simps)
apply (simp add: ci.simps tshift.simps tdec-b-def)
done

lemma [simp]:

inv-stop (as, abc-lm-s am n (abc-lm-v am n)) (s, I, r) ires = 1 # []
apply (auto simp: inv-stop.simps)

done

lemma [simp]:
[abe-fetch as aprog = Some (Dec n e); e # as; ly = layout-of aprog]
= (= (start-of ly as < start-of ly e N
start-of ly e < start-of ly as + 2 * n))
A start-of ly e # start-of ly as + 2xn A

start-of ly e # Suc (start-of ly as + 2%n)
apply (case-tac e < as)
apply (drule-tac ly = ly in start-of-le, simp)
apply (case-tac n, simp, drule start-of-inj, simp, simp, simp, simp)
apply (drule-tac start-of-ge, simp, simp)
done

lemma [simp]:

[abe-fetch as aprog = Some (Dec n e); start-of ly as < s;
s < start-of ly as + 2 * n; ly = layout-of aprog]
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= Suc s # start-of ly e
apply(case-tac e = as, simp)
apply(case-tac e < as)
apply(drule-tac a = e and b = as and ly = ly in start-of-le, simp)
apply (drule-tac start-of-ge, auto)
done

lemma [simp]: [abe-fetch as aprog = Some (Dec n e);
ly = layout-of aprog]

= Suc (start-of ly as + 2 x n) # start-of ly e
apply(case-tac e = as, simp)
apply(case-tac e < as)
apply(drule-tac a = e and b = as and ly = ly in start-of-le, simp)
apply (drule-tac start-of-ge, auto)
done

lemma dec-false-1[simp]:
[abe-lm-v am n = 0; inv-locate-b (as, am) (n, aaa, Oc # xs) ires]
= Fulse
apply (auto simp: inv-locate-b.simps in-middle.simps exponent-def)
apply (case-tac length Im1 > length am, auto)
apply (subgoal-tac Im2 = ||, simp, subgoal-tac m = 0, simp)
apply(case-tac mr, auto simp: )
apply (subgoal-tac Suc (length Im1) — length am =
Suc (length Im1 — length am),

simp add: rep-ind del: replicate.simps, simp)

apply (drule-tac xs = am @ replicate (Suc (length Im1) — length am) 0
and ys = Im1 Q@ m # Im2 in length-equal, simp)
apply(case-tac mr, auto simp: abe-lm-v.simps)
apply (case-tac mr = 0, simp-all add: exponent-def split: if-splits)
apply (subgoal-tac Suc (length Im1) — length am =
Suc (length Im1 — length am),

stmp add: rep-ind del: replicate.simps, simp)

done

lemma [simp]:
[inv-locate-b (as, am) (n, aaa, Bk # xs) ires;
abe-lm-v am n = 0]
= inv-on-left-moving (as, abc-lm-s am n 0)
(s, tl aaa, hd aaa # Bk # xs) ires
apply (insert inv-locate-b-2-on-left-moving[of as am n aaa s ires s], simp)
done

lemma [simp]:
[abe-lm-v am n = 0; inv-locate-b (as, am) (n, aaa, []) ires]

= inv-on-left-moving (as, abc-Im-s am n 0) (s, tl aaa, [hd aaa)]) ires
apply (insert inv-locate-b-2-on-left-moving-blof as am n aaa ires s, simp)
done
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lemma [simp]: [am ! n = (0:nat); n < length am] = am[n = 0] = am
apply(simp add: list-update-same-conv)
done

lemma [simp]: [abc-Im-v am n = 0;
inv-locate-b (as, abe-lm-s am n 0) (n, Oc # aaa, xs) ires]
= inv-locate-b (as, am) (n, Oc # aaa, xs) ires
apply (simp only: inv-locate-b.simps in-middle.simps abc-lm-s.simps
abc-lm-v.simps)
apply (erule-tac exE)+
apply (rule-tac x = Im1 in exl, rule-tac z = Im2 in exl, simp)
apply(case-tac n < length am, simp-all)
apply (erule-tac conjE)+
apply (rule-tac z = tn in exl, rule-tac £ = m in exl, simp)
apply (rule-tac © = ml in exl, rule-tac x = mr in exl, simp)
defer
apply (rule-tac x = Suc n — length am in exl, rule-tac x = m in exl)
apply (subgoal-tac Suc n — length am = Suc (n — length am))
apply(simp add: exponent-def rep-ind del: replicate.simps, auto)
done

lemma [intro]: [abc-Im-v (a # list) 0 = 0] = a =0
apply(simp add: abe-lm-v.simps split: if-splits)
done

lemma [simp]:

inv-stop (as, abc-lm-s am n 0)

(start-of (layout-of aprog) e, aaa, Oc # xs) ires

= inv-locate-a (as, abc-lm-s am n 0) (0, aaa, Oc # xs) ires
apply (simp add: inv-locate-a.simps)
apply (rule disjI1)
apply (auto simp: inv-stop.simps at-begin-norm.simps)
done

lemma [simp]:
[abe-lm-v am 0 = 0;
inv-stop (as, abc-lm-s am 0 0)
(start-of (layout-of aprog) e, aaa, Oc # xs) ires] =
inv-locate-b (as, am) (0, Oc # aaa, xs) ires
apply(auto simp: inv-stop.simps inv-locate-b.simps
in-middle.simps abc-lm-s.simps)
apply(case-tac am =[], simp)
apply (rule-tac z =[] in exl, rule-tac x = Suc 0 in exl,
rule-tac x = 0 in exl, simp)
apply(rule-tac x = Suc 0 in exl, rule-tac x = 0 in exl,
simp add: tape-of-nl-abv tape-of-nat-list.simps, auto)
apply (case-tac rn, auto)
apply (rule-tac © = tl am in exl, rule-tac x = 0 in exl,
rule-tac x = hd am in exl, simp)
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apply (rule-tac x = Suc 0 in exl, rule-tac x = hd am in exl, simp)
apply(case-tac am, simp, simp)
apply (subgoal-tac a = 0, case-tac list,
auto simp: tape-of-nat-list.simps tape-of-nl-abv)
apply (case-tac rn, auto)
done

lemma [simp]:
[inv-stop (as, abc-lm-s am n 0)
(start-of (layout-of aprog) e, aaa, Oc # xs) ires]
= inv-locate-b (as, am) (0, Oc # aaa, xs) ires V
inv-locate-b (as, abe-lm-s am n 0) (0, Oc # aaa, zs) ires
apply (simp)
done

lemma [simp]:
[abe-lm-v am n = 0;
inv-stop (as, abc-lm-s am n 0)
(start-of (layout-of aprog) e, aaa, Oc # xs) ires]
== - Suc 0 <2%xn—e=as —
inv-locate-b (as, am) (n, Oc # aaa, xs) ires
apply (case-tac n, simp, simp)
done

lemma dec-false2:

inv-stop (as, abc-lm-s am n 0)

(start-of (layout-of aprog) e, aaa, Bk # xs) ires = False
apply (auto simp: inv-stop.simps abc-lm-s.simps)
apply(case-tac am, simp, case-tac n, simp add: tape-of-nl-abv)
apply (case-tac list, simp add: tape-of-nat-list.simps )
apply (simp add: tape-of-nat-list.simps , simp)
apply (case-tac list[nat = 0],

stmp add: tape-of-nat-list.simps tape-of-nl-abv)
apply(simp add: tape-of-nat-list.simps )
apply(case-tac am @ replicate (n — length am) 0 @ [0], simp)
apply (case-tac list, auto simp: tape-of-nl-abv
tape-of-nat-list.simps )
done

lemma dec-false3:
inv-stop (as, abc-lm-s am n 0)

(start-of (layout-of aprog) e, aaa, []) ires = False
apply (auto simp: inv-stop.simps abc-lm-s.simps)
apply(case-tac am, case-tac n, auto)
apply(case-tac n, auto simp: tape-of-nl-abv)
apply (case-tac list::nat list,

simp add: tape-of-nat-list.simps tape-of-nat-list.simps)
apply (simp add: tape-of-nat-list.simps)
apply (case-tac list[nat := 0],
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simp add: tape-of-nat-list.simps tape-of-nat-list.simps)
apply(simp add: tape-of-nat-list.simps)
apply(case-tac (am Q replicate (n — length am) 0 @ [0]), simp)
apply (case-tac list, auto simp: tape-of-nat-list.simps)
done

lemma [simp]:
fetch (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Dec n e)) 0 b = (Nop, 0)
by (simp add: fetch.simps)

declare dec-inv-1.simps[simp del]
declare inv-locate-n-b.simps [simp del]

lemma [simp]:
[0 < abc-lm-v am n; 0 < n;
at-begin-norm (as, am) (n, aaa, Oc # xs) ires]
= inv-locate-n-b (as, am) (n, Oc # aaa, z5) ires
apply (simp only: at-begin-norm.simps inv-locate-n-b.simps)
apply (erule-tac exE)+
apply (rule-tac x = Im1 in exl, simp)
apply (case-tac length Im2, simp)
apply (case-tac rn, simp, simp)
apply (rule-tac z = ¢l Im2 in exl, rule-tac x = hd Im2 in exl, simp)
apply (rule congI)
apply (case-tac Im2, simp, simp)
apply (case-tac Im2, auto simp: tape-of-nl-abv tape-of-nat-list.simps)
apply (case-tac [!] list, auto simp: tape-of-nl-abv tape-of-nat-list.simps)
apply (case-tac rn, auto)

done

lemma [simp]: (3rn. Oc # xs = Bk™) = Fulse
apply (auto)

apply(case-tac rn, auto simp: )

done

lemma [simp]:
[0 < abc-lm-v am n; 0 < n;
at-begin-fst-bwtn (as, am) (n, aaa, Oc # xs) ires]
= inv-locate-n-b (as, am) (n, Oc # aaa, xs) ires
apply (simp add: at-begin-fst-bwin.simps inv-locate-n-b.simps )
done

lemma Suc-minus:length am + tn = n
= Suc tn = Suc n — length am

apply (arith)

done

lemma [simp]:
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[0 < abc-lm-v am n; 0 < n;
at-begin-fst-awtn (as, am) (n, aaa, Oc # xs) ires]
= inv-locate-n-b (as, am) (n, Oc # aaa, xs) ires
apply (simp only: at-begin-fst-awtn.simps inv-locate-n-b.simps )
apply (erule exE)+
apply (erule conjE)+
apply (rule-tac x = Im1 in exl, rule-tac z = [] in exl,
rule-tac © = Suc tn in exl, rule-tac © = 0 in exl)
apply (simp add: exponent-def rep-ind del: replicate.simps)

apply (rule conjl)+

apply (auto)

apply (case-tac [!] rn, auto)
done

lemma [simp]:

[0 < abe-lm-v am n; 0 < n; inv-locate-a (as, am) (n, aaa, Oc # xs) ires]
= inv-locate-n-b (as, am) (n, Oc#aaa, 1) ires

apply (auto simp: inv-locate-a.simps)

done

lemma [simp]:
[inv-locate-n-b (as, am) (n, aaa, Oc # xs) ires]
= dec-first-on-right-moving n (as, abc-Im-s am n (abe-lm-v am n))
(s, Oc # aaa, zs) ires
apply (auto simp: inv-locate-n-b.simps dec-first-on-right-moving.simps
abc-lm-s.simps abe-lm-v.simps)
apply(rule-tac x = Im1 in exl, rule-tac z = Im2 in exl,
rule-tac x = m in exl, simp)
apply (rule-tac x = Suc (Suc 0) in ezl
rule-tac x = m — 1 in exl, simp)
apply (case-tac m, auto simp: exponent-def)
apply(rule-tac x = Im1 in exl, rule-tac z = Im2 in exl,
rule-tac x = m in exl,
stmp add: Suc-diff-le rep-ind del: replicate.simps)
apply (rule-tac & = Suc (Suc 0) in ezl
rule-tac £ = m — 1 in exl, simp)
apply (case-tac m, auto simp: exponent-def)
apply (rule-tac © = Im1 in exl, rule-tac x = [| in exl,
rule-tac x = m in exl, simp)
apply (rule-tac x = Suc (Suc 0) in ezl
rule-tac x = m — 1 in exl, simp)
apply (case-tac m, auto)
apply (rule-tac x = Im1 in exl, rule-tac z = Im2 in exl,
rule-tac x = m in exl,
stmp add: Suc-diff-le rep-ind del: replicate.simps, simp)
done

lemma dec-false-2:
[0 < abc-lm-v am n; inv-locate-n-b (as, am) (n, aaa, Bk # xs) ires]
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— Fulse

apply (auto simp: inv-locate-n-b.simps abe-lm-v.simps split: if-splits)
apply (case-tac [!] m, auto)

done

lemma dec-false-2-b:
[0 < abc-lm-v am n; inv-locate-n-b (as, am)
(n, aaa, []) ires] = False
apply (auto simp: inv-locate-n-b.simps abe-lm-v.simps split: if-splits)
apply (case-tac [!] m, auto simp: )
done

thm abc-inc-stagel .simps
fun abc-dec-1-stagel:: t-conf = nat = nat = nat
where
abc-dec-1-stagel (s, I, r) ssn =
(if s > ss AN s < ss+ 2xn + 1 then 4
elseif s=ss 4+ 2*«n+ 13V s=ss+ 2xn + 14 then 3
else if s = ss + 2x«n + 15 then 2
else 0)

fun abc-dec-1-stage2:: t-conf = nat = nat = nat
where
abe-dec-1-stage2 (s, 1, r) ssn =
(if s <ss+ 2xn-+ 1then (ss+ 2 xn + 16 — s)
else if s = ss + 2xn + 13 then length |
else if s = ss + 2xn + 14 then length |
else 0)

fun abc-dec-1-stage8 :: t-conf = nat = nat = block list = nat
where
abc-dec-1-stage3 (s, I, r) ss n ires =
(if s < ss + 2+«n + 1 then
if (s — ss) mod 2 = 0 then
if r #[] A hd r = Oc then 0 else 1
else length
else if s = ss + 2 « n + 13 then
if l = Bk # ires A #[] A hd r = Oc then 2
else 1
else if s = ss + 2 « n + 1 then
if r # [ A hd r = Oc then 3 else 0
else 0)

fun abc-dec-1-measure :: (t-conf x nat x nat x block list) = (nat X nat x nat)
where
abc-dec-1-measure (c, ss, n, ires) = (abc-dec-1-stagel ¢ ss n,
abc-dec-1-stage2 ¢ ss n, abe-dec-1-stage3 ¢ ss n ires)
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definition abc-dec-1-LE :
(((nat x block list x block list) x nat x
nat x block list) x ((nat x block list x block list) x nat x nat X block list)) set
where abc-dec-1-LE = (inv-image lez-triple abe-dec-1-measure)

lemma wf-dec-le: wf abc-dec-1-LE
by (auto intro:wf-inv-image wf-lex-triple simp:abc-dec-1-LE-def)

declare dec-inv-1.simps[simp del] dec-inv-2.simps[simp del]

lemma [elim]:
[abe-fetch as aprog = Some (Dec n e);
start-of (layout-of aprog) as < start-of (layout-of aprog) e;
start-of (layout-of aprog) e <
Suc (start-of (layout-of aprog) as + 2 x n)] = False
apply(case-tac e = as, simp)
apply(case-tac e < as)
apply(drule-tac a = e and b = as and ly = layout-of aprog in
start-of-le, simp)
apply (drule-tac start-of-ge, auto)
done

lemma [elim]: [abe-fetch as aprog = Some (Dec n e);
start-of (layout-of aprog) e
= start-of (layout-of aprog) as + 2 x n + 13]
= Fulse
apply (insert starte-not-equal[of as aprog n e layout-of aprog],
sitmp)
done

lemma [elim]: [abc-fetch as aprog = Some (Dec n e);
start-of (layout-of aprog) e =
start-of (layout-of aprog) as + 2 * n + 1/]
= Fulse
apply (insert starte-not-equal[of as aprog n e layout-of aprog),
simp)
done

lemma [elim]:
[abe-fetch as aprog = Some (Dec n e);
start-of (layout-of aprog) as < start-of (layout-of aprog) e;
start-of (layout-of aprog) e <
Suc (start-of (layout-of aprog) as + 2 x n)]
= Fulse
apply(case-tac e = as, simp)
apply (case-tac e < as)
apply(drule-tac a = e and b = as and ly = layout-of aprog in
start-of-le, simp)
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apply (drule-tac start-of-ge, auto)
done

lemma [elim]:
[abe-fetch as aprog = Some (Dec n e);

start-of (layout-of aprog) e =

start-of (layout-of aprog) as + 2 x n + 13]

= Fulse

apply (insert starte-not-equal[of as aprog n e layout-of aprog),
simp)

done

lemma [simp]:
abc-fetch as aprog = Some (Dec n e) =

Suc (start-of (layout-of aprog) as) # start-of (layout-of aprog) e
apply(case-tac e = as, simp)
apply (case-tac e < as)
apply(drule-tac a = e and b = as and ly = (layout-of aprog) in

start-of-le, simp)

apply(drule-tac a = as and e = e in start-of-ge, simp, simp)
done

lemma [simp]: inv-on-left-moving (as, am) (s, [], r) ires
= Fulse
apply (simp add: inv-on-left-moving.simps inv-on-lef--moving-norm.simps
inv-on-left-moving-in-middle-B.simps)
done

lemma [simp]:
inv-check-left-moving (as, abe-lm-s am n 0)
(start-of (layout-of aprog) as + 2 = n + 14, [], Oc # xs) ires
= Fualse
apply (simp add: inv-check-left-moving.simps inv-check-left-moving-in-middle. simps)
done

lemma dec-inv-stop1-pre:
[abe-fetch as aprog = Some (Dec n e); abc-lm-v am n = 0;
start-of (layout-of aprog) as > 0]
= Vna. = (A(s, I, ) (ss, n', ires’). s = start-of (layout-of aprog) e)
(t-steps (Suc (start-of (layout-of aprog) as), l, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) na)
(start-of (layout-of aprog) as, n, ires) A
dec-inv-1 (layout-of aprog) n e (as, am)
(t-steps (Suc (start-of (layout-of aprog) as), I, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) na) ires
— dec-inv-1 (layout-of aprog) n e (as, am)
(t-steps (Suc (start-of (layout-of aprog) as), I, r)
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(ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0)
(Suc na)) ires A

((t-steps (Suc (start-of (layout-of aprog) as), I, r)

(ci (layout-of aprog) (start-of (layout-of aprog) as)

(Dec n e), start-of (layout-of aprog) as — Suc 0) (Suc na),

start-of (layout-of aprog) as, n, ires),
t-steps (Suc (start-of (layout-of aprog) as), I, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) na,

start-of (layout-of aprog) as, n, ires)

€ abc-dec-1-LE
apply (rule alll, rule impl, simp add: t-steps-ind)
apply (case-tac (t-steps (Suc (start-of (layout-of aprog) as), I, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) na), simp)
apply (auto split:if-splits simp add:t-step.simps dec-inv-1.simps,

tactic { ALLGOALS (resolve-tac [Q{thm fetch-intro}]) )))
apply (simp-all add:dec-fetch-simps new-tape.simps dec-inv-1.simps)
apply (auto simp add: abc-dec-1-LE-def lex-square-def
lex-triple-def lex-pair-def
split: if-splits)

apply (rule dec-false-1, simp, simp)
done

lemma dec-inv-stop1:
[ly = layout-of aprog;
dec-inv-1 ly n e (as, am) (start-of ly as + 1, 1, r) ires;
abe-fetch as aprog = Some (Dec n e); abc-lm-v am n = 0] =
(3 stp. (A (s, 1/, ). s’ = start-of ly e A
dec-inv-1 ly n e (as, am) (s’, 1", r') ires)
(t-steps (start-of ly as + 1,1, 1)
(ci ly (start-of ly as) (Dec n e), start-of ly as — Suc 0) stp))
apply (insert halt-lemma2|of abc-dec-1-LE
A ((s, 1, 1), 88, n', ires’). s = start-of ly e
(X stp. (t-steps (start-of ly as + 1,1, 1)
(ci ly (start-of ly as) (Dec n e), start-of ly as — Suc 0)
stp, start-of ly as, n, ires))
A ((s, 1, 1), ss, m, ires’). dec-inv-1 ly n e (as, am) (s, I, ) ires’],
simp)
apply (insert wf-dec-le, simp)
apply (insert dec-inv-stop1-prelof as aprog n e am I r], simp)
apply (subgoal-tac start-of (layout-of aprog) as > 0,
simp add: t-steps.simps)
apply (erule-tac exE, rule-tac x = na in exl)
apply (case-tac
(t-steps (Suc (start-of (layout-of aprog) as), I, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) na),
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case-tac b, auto)
apply (rule startof-not0)
done

lemma [simp]:
[abe-fetch as aprog = Some (Dec n e);
ly = layout-of aprog] =
start-of ly (Suc as) = start-of ly as + 2xn + 16
by simp

fun abc-dec-2-stagel :: t-conf = nat = nat = nat
where
abe-dec-2-stagel (s, 1, r) ssn =
(if s < ss + 2«n + 1 then 7
else if s = ss + 2xn + 2 then 6

else if s = ss + 2xn + 3 then 5
else if s > ss + 2xn + 4 N s < ss + 2«n + 9 then J
else if s = ss + 2xn + 6 then 8

else if s = ss + 2xn + 10 V s = ss + 2xn + 11 then 2
else if s = ss + 2xn + 12 then 1
else 0)

thm new-tape.simps

fun abc-dec-2-stage2 :: t-conf = nat = nat = nat
where
abc-dec-2-stage2 (s, I, r) ssn =
(if s <ss+ 2x%n+ 1then (ss+ 2 *xn + 16 — s)
else if s = ss + 2xn + 10 then length |
else if s = ss + 2xn + 11 then length |
else if s = ss + 2xn + 4 then length r — 1
else if s = ss + 2xn + 5 then length r
else if s = ss + 2xn + 7 then length r — 1
else if s = ss + 2xn + 8 then
length r + length (takeWhile (A a. a = Oc) 1) — 1
else if s = ss + 2xn + 9 then
length r + length (take While (A a. a = Oc) 1) — 1
else 0)

fun abc-dec-2-staged :: t-conf = nat = nat = block list = nat
where
abc-dec-2-stage3 (s, I, 1) ss n ires =
(if s < ss + 2xn + 1 then
if (s — ss)mod2 = 0thenifr#] A
hd r = Oc then 0 else 1
else length r
else if s = ss + 2 x n + 10 then
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if l = Bk # ires A # [] A hd r = Oc then 2
else 1
elseif s = ss + 2 x n + 11 then
if r # [ A hd r = Oc then 3
else 0
else (ss + 2 +xn+ 16 — s))

fun abc-dec-2-stage :: t-conf = nat = nat = nat
where
abc-dec-2-staged (s, 1, r) ssn =
(if s = ss + 2«n + 2 then length r
else if s = ss + 2«n + 8 then length r
else if s = ss + 2xn + 3 then
if r £ [] AN hd r = Oc then 1
else 0
else if s = ss + 2xn + 7 then
if r £ [] AN hdr = Oc then 0
else 1
else if s = ss + 2xn + 9 then
if r £ [] AN hd r = Oc then 1
else 0
else 0)

fun abc-dec-2-measure :: (t-conf x nat x nat x block list) =
(nat x nat x nat x nat)
where
abc-dec-2-measure (c, ss, n, ires) =
(abc-dec-2-stagel ¢ ss n, abe-dec-2-stage2 ¢ ss n,
abc-dec-2-staged ¢ ss n ires, abc-dec-2-staged ¢ ss n)

definition abc-dec-2-LE ::
(((nat x block list x block list) x mat X nat x block list) x
((nat x block list x block list) x nat x nat x block list)) set
where abc-dec-2-LE = (inv-image lex-square abc-dec-2-measure)

lemma wf-dec-2-le: wf abc-dec-2-LE
by (auto intro:wf-inv-image wf-lex-triple wf-lex-square
simp:abe-dec-2-LE-def)

lemma [simp|: dec-after-write (as, am) (s, aa, 1) ires
= takeWhile (Aa. a = Oc) aa = []
apply (simp only : dec-after-write.simps)
apply (erule exE)+
apply (erule-tac conjE)+
apply (case-tac aa, simp)
apply (case-tac a, simp only: take While.simps , simp, simp split: if-splits)
done

lemma [simp]:
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[dec-on-right-moving (as, Im) (s, aa, []) ires;
length (takeWhile (Aa. a = Oc) (tl aa))
# length (takeWhile (Aa. a = Oc) aa) — Suc 0]
= length (takeWhile (Aa. a = Oc) (tl aa)) <
length (takeWhile (Aa. a = Oc) aa) — Suc 0

apply(simp only: dec-on-right-moving.simps)
apply (erule-tac exE)+
apply (erule-tac conjE)+
apply (case-tac mr, auto split: if-splits)
done

lemma [simp]:
dec-after-clear (as, abc-lm-s am n (abc-lm-v am n — Suc 0))
(start-of (layout-of aprog) as + 2 * n + 9, aa, Bk # xs) ires
= length s — Suc 0 < length xs +
length (takeWhile (Aa. a = Oc) aa)
apply(simp only: dec-after-clear.simps)
apply (erule-tac exE)+
apply (erule conjE)+
apply (simp split: if-splits )
done

lemma [simp]:
[dec-after-clear (as, abe-lm-s am n (abe-lm-v am n — Suc 0))
(start-of (layout-of aprog) as + 2 * n + 9, aa, []) ires]
= Suc 0 < length (takeWhile (Aa. a = Oc) aa)
apply(simp add: dec-after-clear.simps split: if-splits)
done

lemma [simp]:
[dec-on-right-moving (as, am) (s, aa, Bk # xs) ires;
Suc (length (takeWhile (Aa. a = Oc) (#l aa)))
# length (takeWhile (Aa. a = Oc) aa)]
= Suc (length (take While (Aa. a = Oc) (tl aa)))
< length (take While (Aa. a = Oc) aa)
apply (simp only: dec-on-right-moving.simps)
apply (erule exE)+
apply (erule conjE)+
apply (case-tac ml, auto split: if-splits )
done

lemma [simp]: inv-check-left-moving (as, abc-lm-s am n (abc-lm-v am n — Suc
0))

(start-of (layout-of aprog) as + 2 * n + 11, [], Oc # xs) ires = False
apply (simp add: inv-check-left-moving.simps inv-check-left-moving-in-middle. simps)
done
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lemma dec-inv-stop2-pre:
[abe-fetch as aprog = Some (Dec n e); abe-lm-v am n > 0] =
Vna. = (A(s, I, 7) (ss, n', ires’).
s = start-of (layout-of aprog) as + 2 * n + 16)
(t-steps (Suc (start-of (layout-of aprog) as), I, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) na)
(start-of (layout-of aprog) as, n, ires) A
dec-inv-2 (layout-of aprog) n e (as, am)
(t-steps (Suc (start-of (layout-of aprog) as), I, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) na) ires
_)
dec-inv-2 (layout-of aprog) n e (as, am)
(t-steps (Suc (start-of (layout-of aprog) as), I, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) (Suc na)) ires A
((t-steps (Suc (start-of (layout-of aprog) as), 1, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) (Suc na),
start-of (layout-of aprog) as, n, ires),
t-steps (Suc (start-of (layout-of aprog) as), I, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) na,
start-of (layout-of aprog) as, n, ires)
€ abe-dec-2-LE
apply (subgoal-tac start-of (layout-of aprog) as > 0)
apply (rule alll, rule impl, simp add: t-steps-ind)
apply (case-tac (t-steps (Suc (start-of (layout-of aprog) as), 1, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) na), simp)
apply (auto split:if-splits simp add:t-step.simps dec-inv-2.simps,
tactic { ALLGOALS (resolve-tac [Q{thm fetch-intro}]) ))
apply (simp-all add:dec-fetch-simps new-tape.simps dec-inv-2.simps)
apply (auto simp add: abc-dec-2-LE-def lex-square-def lez-triple-def
lez-pair-def split: if-splits)
apply (auto intro: dec-false-2-b dec-false-2)
apply (rule startof-not0)
done

lemma dec-stop2:
lly = layout-of aprog;
dec-inv-2 ly n e (as, am) (start-of ly as + 1, 1, r) ires;
abe-fetch as aprog = Some (Dec n e);
abe-lm-v am n > 0] =
(3 stp. (A (s, U, r'). s’ = start-of ly (Suc as) N
dec-inv-2 ly n e (as, am) (s', I, v’} ires)
(t-steps (start-of ly as+1, 1, r) (ci ly (start-of ly as)
(Dec n e), start-of ly as — Suc 0) stp))
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apply (insert halt-lemma2|of abc-dec-2-LE
A ((s, 1, 1), 88, n', ires’). s = start-of ly (Suc as)
(X stp. (t-steps (start-of ly as + 1,1, 1)
(ci ly (start-of ly as) (Dec n e), start-of ly as — Suc 0) stp,
start-of ly as, n, ires))
(N ((s, I, 1), ss, n, ires’). dec-inv-2 ly n e (as, am) (s, I, r) ires’)])
apply (insert wf-dec-2-le, simp)
apply (insert dec-inv-stop2-prelof as aprog n e am 1l r],
simp add: t-steps.simps)
apply (erule-tac exE)
apply(rule-tac x = na in exl)
apply (case-tac (t-steps (Suc (start-of (layout-of aprog) as), 1, r)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) na),
case-tac b, auto)
done

lemma dec-inv-stop-cond1:
[ly = layout-of aprog;
dec-inv-1 ly n e (as, Im) (s, (I, 1)) ires; s = start-of ly e;
abe-fetch as aprog = Some (Dec n e); abe-lm-v Ilm n = 0]
= crsp-l ly (e, abe-lm-s lm n 0) (s, I, r) ires
apply(simp add: dec-inv-1.simps split: if-splits)
apply (auto simp: crsp-l.simps inv-stop.simps )
done

lemma dec-inv-stop-cond2:
[ly = layout-of aprog; s = start-of ly (Suc as);
dec-inv-2 ly n e (as, Im) (s, (I, r)) ires;
abc-fetch as aprog = Some (Dec n e);
abe-lm-v Im n > 0]
= crsp-l ly (Suc as,
abc-lm-s Im n (abc-lm-v Im n — Suc 0)) (s, I, r) ires
apply(simp add: dec-inv-2.simps split: if-splits)
apply (auto simp: crsp-l.simps inv-stop.simps )
done

lemma [simp]: (case BK™ of [| = Bk |

Bk # xs = Bk | Oc # zs = Oc) = Bk
apply(case-tac rn, auto)
done

lemma [simp]: t-steps tc (p,off) (m + n) =
t-steps (t-steps te (p, off) m) (p, off) n
apply (induct m arbitrary: n)
apply (simp add: t-steps.simps)
proof —
fix mn
assume hi: An. t-steps tc (p, off) (m + n) =
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t-steps (t-steps te (p, off) m) (p, off) n
hence h2: t-steps tc (p, off) (Suc m + n) =
t-steps te (p, off ) (m + Suc n)
by simp
from h1 and this show
t-steps te (p, off) (Suc m + n) =
t-steps (t-steps tc (p, off) (Suc m)) (p, off) n
proof(simp only: h2, simp add: t-steps.simps)
have h3: (t-step (t-steps tc (p, off) m) (p, off)) =
(t-steps (t-step te (p, off)) (p, off) m)
apply (simp add: t-steps.simps[ THEN sym)] t-steps-ind[ THEN sym))

done
from h3 show
t-steps (t-step (t-steps te (p, off) m) (p, off)) (p, off) n = t-steps
(t-steps (t-step te (p, off)) (p, off) m) (p, off) n
by simp
qed
qed

lemma [simp]: abe-fetch as aprog = Some (Dec n e) =
Suc (start-of (layout-of aprog) as) #
start-of (layout-of aprog) e
apply(case-tac e = as, simp)
apply(case-tac e < as)
apply(drule-tac a = e and b = as and ly = layout-of aprog
in start-of-le, simp)
apply (drule-tac start-of-ge, auto)
done

lemma [simp): inv-locate-b (as, [|) (0, Oc # Bk # Bk # ires, BE™ — ¢ 0y jreg
apply (auto simp: inv-locate-b.simps in-middle.simps)
apply (rule-tac z =[] in exl, rule-tac x = Suc 0 in exl,
rule-tac x = 0 in exl, simp)
apply (rule-tac x = Suc 0 in ezl, rule-tac x = 0 in exl, auto)
apply(case-tac rn, simp, case-tac nat, auto)
done

lemma [simp]:
inv-locate-n-b (as, [|) (0, Oc # Bk # Bk # ires, BE™ ~ Suc 0) ires
apply (auto simp: inv-locate-n-b.simps in-middle.simps)
apply (case-tac rn, simp, case-tac nat, auto)
done

lemma [simp]:
abe-fetch as aprog = Some (Dec n e) =

dec-inv-1 (layout-of aprog) n e (as, [])

(Suc (start-of (layout-of aprog) as), Oc # Bk # Bk # ires, Bk™ — Suc 0 jreg
A

dec-inv-2 (layout-of aprog) n e (as, [])
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(Suc (start-of (layout-of aprog) as), Oc # Bk # Bk # ires, BEk™™ ~ Suc 0y ires
apply(simp add: dec-inv-1.simps dec-inv-2.simps)
apply (case-tac n, auto)
done

lemma [simp]:
[am # []; <am> = Oc # r/;

abe-fetch as aprog = Some (Dec n e)]
= inv-locate-b (as, am) (0, Oc # Bk # Bk # ires, r’ Q@ Bk™™) ires
apply (auto simp: inv-locate-b.simps in-middle.simps)
apply (rule-tac x = tl am in exl, rule-tac x = 0 in ezl

rule-tac x = hd am in exl, simp)

apply (rule-tac x = Suc 0 in exl)
apply (rule-tac z = hd am in exl, simp)
apply (case-tac am, simp, case-tac list, auto simp: tape-of-nl-abv tape-of-nat-list.simps)
apply (case-tac ™, auto)
done

lemma [simp]:
[<am> = Oc # r'; abe-fetch as aprog = Some (Dec n e)] =
inv-locate-n-b (as, am) (0, Oc # Bk # Bk # ires, v’ @ Bk™) ires
apply (auto simp: inv-locate-n-b.simps)
apply (rule-tac x = tl am in exl, rule-tac x = hd am in exl, auto)
apply(case-tac [!] am, auto simp: tape-of-nl-abv tape-of-nat-list.simps )
apply (case-tac [!list, auto simp: tape-of-nl-abv tape-of-nat-list.simps)
apply (case-tac rn, simp, simp)
apply (erule-tac x = nat in allE, simp)
done

lemma [simp]:

[am # [I;

<am> = Oc # r/;

abe-fetch as aprog = Some (Dec n e)] =
dec-inv-1 (layout-of aprog) n e (as, am)

(Suc (start-of (layout-of aprog) as),

Oc # Bk # Bk # ires, r' Q@ BE™™) ires A

dec-inv-2 (layout-of aprog) n e (as, am)

(Suc (start-of (layout-of aprog) as),

Oc # Bk # Bk # ires, v’ Q Bk™™) ires
apply(simp add: dec-inv-1.simps dec-inv-2.simps)
apply (case-tac n, auto)
done

lemma [simp]: am # [| = 3r’. <am:unat list> = Oc # r'
apply (case-tac am, simp, case-tac list)
apply (auto simp: tape-of-nl-abv tape-of-nat-list.simps )

done

lemma [simp]: start-of (layout-of aprog) as > 0 =
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(fetch (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Dec n €)) (Suc 0) Bk)

= (W1, start-of (layout-of aprog) as)

apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append Suc-pre tdec-b-def)

thm findnth-nth
apply (insert findnth-nth[of 0 n 0], simp)
apply(simp add: findnth.simps)
done

lemma [simp]:
start-of (layout-of aprog) as > 0
= (t-step (start-of (layout-of aprog) as, Bk # Bk # ires, BE™)
(¢i (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0))
= (start-of (layout-of aprog) as, Bk # Bk # ires, Oc # BE"™~ Suc 0y
apply (simp add: t-step.simps)
apply (case-tac start-of (layout-of aprog) as,
auto simp: new-tape.simps)
apply(case-tac rn, auto)
done

lemma [simp]: start-of (layout-of aprog) as > 0 =
(fetch (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e)) (Suc 0) Oc)
= (R, Suc (start-of (layout-of aprog) as))

apply (auto simp: ci.simps findnth.simps fetch.simps
nth-of .simps tshift.simps nth-append
Suc-pre tdec-b-def)

apply (insert findnth-nth[of 0 n Suc 0], simp)

apply (simp add: findnth.simps)

done

lemma [simp]: start-of (layout-of aprog) as > 0 =
(t-step (start-of (layout-of aprog) as, Bk # Bk # ires, Oc # Bk™ — Suc 0y
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0)) =
(Suc (start-of (layout-of aprog) as), Oc # Bk # Bk # ires, Bjrn—suc 0y
apply(simp add: t-step.simps)
apply (case-tac start-of (layout-of aprog) as,
auto simp: new-tape.simps)
done

lemma [simp]: start-of (layout-of aprog) as > 0 =
t-step (start-of (layout-of aprog) as, Bk # Bk # ires, Oc # r’ @Q Bk™)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) =
(Suc (start-of (layout-of aprog) as), Oc # Bk # Bk # ires, r’ Q Bk™)
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apply(simp add: t-step.simps)

apply (case-tac start-of (layout-of aprog) as,
auto simp: new-tape.simps)

done

lemma crsp-next-state:
[ersp-l (layout-of aprog) (as, am) tc ires;
abe-fetch as aprog = Some (Dec n e)]
= F stp’ > 0. (A (s, I, 7).
(s = Suc (start-of (layout-of aprog) as)
A (dec-inv-1 (layout-of aprog) n e (as, am) (s, I, r) ires)
A (dec-inv-2 (layout-of aprog) n e (as, am) (s, I, 1)) ires))
(t-steps te (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) stp”)
apply (subgoal-tac start-of (layout-of aprog) as > 0)
apply (case-tac tc, case-tac b, auto simp: crsp-l.simps)
(
(

apply (case-tac am =[], simp)
apply (rule-tac x = Suc (Suc 0) in exl, simp add: t-steps.simps)
proof—

fix

assume hi: am # [| abe-fetch as aprog = Some (Dec n e)
start-of (layout-of aprog) as > 0
hence h2: 3 r’. <am> = Oc # r’
by simp
from hi and h2 show
Istp’>0. case t-steps (start-of (layout-of aprog) as, Bk # Bk # ires, <am> @
Bkrn)
(ci (layout-of aprog) (start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) stp’ of
(s, ab) = s = Suc (start-of (layout-of aprog) as) A
dec-inv-1 (layout-of aprog) n e (as, am) (s, ab) ires A
dec-inv-2 (layout-of aprog) n e (as, am) (s, ab) ires
proof(erule-tac exE, simp, rule-tac x = Suc 0 in ezl
simp add: t-steps.simps)
qed
next
assume abe-fetch as aprog = Some (Dec n e)
thus 0 < start-of (layout-of aprog) as
apply (insert startof-not0|of layout-of aprog as], simp)
done
qed

lemma dec-crsp-exl:
[ersp-l (layout-of aprog) (as, am) tc ires;
abe-fetch as aprog = Some (Dec n e);
abe-lm-v am n = 0]
= Fstp > 0. crsp-l (layout-of aprog) (e, abc-lm-s am n 0)
(t-steps te (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) stp) ires
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proof —
assume hl: crsp-l (layout-of aprog) (as, am) tc ires
abe-fetch as aprog = Some (Dec n e) abc-lm-v am n = 0
hence h2: 3 stp’ > 0. (A (s, I, 7).
(s = Suc (start-of (layout-of aprog) as) A
(dec-inv-1 (layout-of aprog) n e (as, am) (s, I, r)) ires))
(t-steps te (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) stp”)
apply (insert crsp-next-state[of aprog as am tc ires n €], auto)
done
from h1 and h2 show
Istp > 0. crsp-l (layout-of aprog) (e, abc-lm-s am n 0)
(t-steps te (ci (layout-of aprog) (start-of
(layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) stp) ires
proof(erule-tac exE, case-tac (t-steps te (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Dec n e), start-of
(layout-of aprog) as — Suc 0) stp’), simp)
fix stp’ abc
assume h3: stp’ > 0 A a = Suc (start-of (layout-of aprog) as) A
dec-inv-1 (layout-of aprog) n e (as, am) (a, b, c) ires
abe-fetch as aprog = Some (Dec n e) abc-lm-v am n = 0
t-steps te (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) stp’
= (Suc (start-of (layout-of aprog) as), b, c)
thus Jstp > 0. crsp-l (layout-of aprog) (e, abe-lm-s am n 0)
(t-steps te (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) stp) ires
proof (erule-tac conjE, simp)
assume dec-inv-1 (layout-of aprog) n e (as, am)
(Suc (start-of (layout-of aprog) as), b, c) ires
abe-fetch as aprog = Some (Dec n e)
abc-lm-v am n = 0
t-steps te (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) stp’
= (Suc (start-of (layout-of aprog) as), b, c)
hence h4: Istp. (A(s’, U/, r'). s’ =
start-of (layout-of aprog) e A
dec-inv-1 (layout-of aprog) n e (as, am) (s, I, r’) ires)
(t-steps (start-of (layout-of aprog) as + 1, b, ¢)
(ci (layout-of aprog)
(start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) stp)
apply (rule-tac dec-inv-stop1, auto)
done
from A8 and h/ show ?thesis
apply (erule-tac exE)
apply(rule-tac x = stp’ + stp in exl, simp)

cxlii



apply (case-tac (t-steps (Suc (start-of (layout-of aprog) as),
b, ¢) (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) stp),

simp)
apply (rule-tac dec-inv-stop-condl, auto)
done
qed
qed
ged

lemma dec-crsp-ex2:
[ersp-1 (layout-of aprog) (as, am) tc ires;
abc-fetch as aprog = Some (Dec n e);
0 < abe-lm-v am n]
= Jstp > 0. crsp-l (layout-of aprog)
(Suc as, abc-lm-s am n (abe-lm-v am n — Suc 0))
(t-steps te (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) stp) ires
proof —
assume hl:
crsp-l (layout-of aprog) (as, am) tc ires
abe-fetch as aprog = Some (Dec n e)
abc-lm-v am n > 0
hence h2:
3 stp’ > 0. (A (s, 1, 7). (s = Suc (start-of (layout-of aprog) as)
A (dec-inv-2 (layout-of aprog) n e (as, am) (s, I, r)) ires))
(t-steps te (ci (layout-of aprog) (start-of (layout-of aprog) as)

(Dec n e), start-of (layout-of aprog) as — Suc 0) stp’)
apply (insert crsp-next-state[of aprog as am tc ires n €], auto)
done

from hi and h2 show
Istp >0. crsp-l (layout-of aprog)
(Suc as, abc-lm-s am n (abc-lm-v am n — Suc 0))
(t-steps tc (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) stp) ires
proof(erule-tac exE,
case-tac
(t-steps te (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) stp’), simp)
fix stp’ abc
assume h3: 0 < stp’ A a = Suc (start-of (layout-of aprog) as) A
dec-inv-2 (layout-of aprog) n e (as, am) (a, b, ¢) ires

abe-fetch as aprog = Some (Dec n e)

abc-lm-v am n > 0

t-steps te (ci (layout-of aprog)

(start-of (layout-of aprog) as) (Dec n e),
start-of (layout-of aprog) as — Suc 0) stp
= (Suc (start-of (layout-of aprog) as), b, c)

/
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thus ?thesis
proof (erule-tac conjE, simp)
assume
dec-inv-2 (layout-of aprog) n e (as, am)
(Suc (start-of (layout-of aprog) as), b, c) ires
abe-fetch as aprog = Some (Dec n e) abe-lm-v am n > 0
t-steps te (ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) stp’
= (Suc (start-of (layout-of aprog) as), b, c)
hence hj:
Istp. (A(s’, U, ). s’ = start-of (layout-of aprog) (Suc as) N
dec-inv-2 (layout-of aprog) n e (as, am) (s, I, r') ires)
(t-steps (start-of (layout-of aprog) as + 1, b, ¢)
(ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) stp)
apply (rule-tac dec-stop2, auto)
done
from A3 and hj show ?thesis
apply (erule-tac exE)
apply (rule-tac © = stp’ + stp in exl, simp)
apply (case-tac
(t-steps (Suc (start-of (layout-of aprog) as), b, c)
(ci (layout-of aprog) (start-of (layout-of aprog) as)
(Dec n e), start-of (layout-of aprog) as — Suc 0) stp)

,8imp)
apply (rule-tac dec-inv-stop-cond2, auto)
done
qed
qed
qed

lemma dec-crsp-ez-pre:
[ly = layout-of aprog; crsp-lly (as, am) tc ires;
abe-fetch as aprog = Some (Dec n e)]
= Jstp > 0. crsp-l ly (abe-step-1 (as, am) (Some (Dec n €)))
(t-steps te (ci (layout-of aprog) (start-of ly as) (Dec n e),
start-of ly as — Suc 0) stp) ires
apply (auto simp: abc-step-l.simps intro: dec-crsp-ex2 dec-crsp-exl)
done

lemma dec-crsp-ex:
assumes layout: — There is an Abacus program aprog with layout ly
ly = layout-of aprog
and dec: — There is an Dec n e instruction at postion as of aprog
abc-fetch as aprog = Some (Dec n e)
and correspond:
— Abacus configuration (as, am) is in correspondence with TM configuration tc
crsp-l ly (as, am) tc ires
shows
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Istp > 0. crsp-l ly (abe-step-1 (as, am) (Some (Dec n e)))
(t-steps te (ci (layout-of aprog) (start-of ly as) (Dec n e),
start-of ly as — Suc 0) stp) ires
proof —
from dec-crsp-ex-pre layout dec correspond show ?thesis by blast
qed

lemma goto-fetch:
fetch (ci (layout-of aprog)
(start-of (layout-of aprog) as) (Goto n)) (Suc 0) b
= (Nop, start-of (layout-of aprog) n)
apply (auto simp: ci.simps fetch.simps nth-of .simps
split: block.splits)
done

Correctness of complied Goto n

lemma goto-crsp-ex-pre:
[ly = layout-of aprog;
ersp-l ly (as, am) tc ires;
abe-fetch as aprog = Some (Goto n)]
= Jstp > 0. crsp-l ly (abe-step-1 (as, am) (Some (Goto n)))
(t-steps te (ci (layout-of aprog) (start-of ly as) (Goto n),
start-of ly as — Suc 0) stp) ires
apply(rule-tac x = 1 in exl)
apply (simp add: abc-step-l.simps t-steps.simps t-step.simps)
apply (case-tac te, simp)
apply (subgoal-tac a = start-of (layout-of aprog) as, auto)
apply (subgoal-tac start-of (layout-of aprog) as > 0, simp)
apply(auto simp: goto-fetch new-tape.simps crsp-l.simps)
apply (rule startof-not0)
done

lemma goto-crsp-ex:

assumes layout: ly = layout-of aprog

and goto: abe-fetch as aprog = Some (Goto n)

and correspondence: crsp-l ly (as, am) tc ires

shows 3 stp>0. crsp-l ly (abc-step-l (as, am) (Some (Goto n)))

(t-steps te (ci (layout-of aprog) (start-of ly as) (Goto n),
start-of ly as — Suc 0) stp) ires

proof —

from goto-crsp-ex-pre and layout goto correspondence show ?thesis by blast
qed

8.4 The correctness of the compiler

declare abc-step-1.simps[simp del]
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lemma tm-crsp-ex:
[ly = layout-of aprog;

crsp-l ly (as, am) tc ires;

as < length aprog;

abc-fetch as aprog = Some ins]

= 3 n > 0. crsp-l ly (abe-step-1 (as,am) (Some ins))
(t-steps te (ci (layout-of aprog) (start-of ly as)
(ins), (start-of ly as) — (Suc 0)) n) ires

apply (case-tac ins, simp)
apply (auto intro: inc-crsp-ex-pre dec-crsp-ex goto-crsp-ex)
done

lemma start-of-pre:
n < length aprog = start-of (layout-of aprog) n
= start-of (layout-of (butlast aprog)) n
apply (induct n, simp add: start-of .simps, simp)
apply(simp add: layout-of .simps start-of .simps)
(
(

apply (subgoal-tac n < length aprog — Suc 0, simp)
apply (subgoal-tac (aprog ! n) = (butlast aprog ! n), simp)
proof —

fix n

assume hi: Suc n < length aprog
thus aprog ! n = butlast aprog ! n
apply(case-tac length aprog, simp, simp)
apply (insert nth-append|of butlast aprog [last aprog] n])
apply (subgoal-tac (butlast aprog Q [last aprog]) = aprog)
apply (simp split: if-splits)
apply(rule append-butlast-last-id, case-tac aprog, simp, simp)
done
next
fix n
assume Suc n < length aprog
thus n < length aprog — Suc 0
apply(case-tac aprog, simp, simp)
done
qed

lemma zip-eq: s = ys = zip xs zs = zip ys z$
by simp

lemma tpairs-of-append-iff: length aprog = Suc n =
tpairs-of aprog = tpairs-of (butlast aprog) Q
[(start-of (layout-of aprog) n, aprog ! n)]
apply (simp add: tpairs-of .simps)
apply (insert zip-append|of map (start-of (layout-of aprog)) [0..<n]
butlast aprog [start-of (layout-of aprog) n] [last aprog]])
apply (simp del: zip-append)
apply (subgoal-tac (butlast aprog Q [last aprog]) = aprog, auto)
apply (rule-tac zip-eq, auto)
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apply (rule-tac start-of-pre, simp)

apply (insert last-conv-nth[of aprog], case-tac aprog, simp, simp)
apply (rule append-butlast-last-id, case-tac aprog, simp, simp)
done

lemma [simp]: list-all (A\(n, tm). abacus.t-ncorrect (ci layout n tm))
(zip (map (start-of layout) [0..<length aprog]) aprog)
proof (induct length aprog arbitrary: aprog, simp)
fix z aprog
assume ind: Aaprog. x = length aprog =
list-all (A(n, tm). abacus.t-ncorrect (ci layout n tm))
(zip (map (start-of layout) [0..<length aprog]) aprog)
and h: Suc © = length (aprog::abc-inst list)
have g1: list-all (A(n, tm). abacus.t-ncorrect (ci layout n tm))
(zip (map (start-of layout) [0..<length (butlast aprog)])
(butlast aprog))
using &
apply (rule-tac ind, auto)
done
have ¢2: (map (start-of layout) [0..<length aprog]) =
map (start-of layout) ([0..<length aprog — 1]
Q@ [length aprog — 1))

using h
apply(case-tac aprog, simp, simp)
done

have 3 xs a. aprog = zs Q [a]
using h

apply(rule-tac * = butlast aprog in exl,
rule-tac x = last aprog in exl)
apply (case-tac aprog = [|, simp, simp)
done
from this obtain zs where 3 a. aprog = zs Q [a] ..
from this obtain a where ¢3: aprog = zs Q [a] ..
from g1 and g2 and ¢3 show list-all (A(n, tm).
abacus.t-ncorrect (ci layout n tm))
(zip (map (start-of layout) [0..<length aprog]) aprog)
apply (simp)
apply (auto simp: t-ncorrect.simps ci.simps tshift.simps
tinc-b-def tdec-b-def split: abe-inst.splits)
apply arith+
done
qged

lemma [intro]: abc2t-correct aprog
apply(simp add: abc2t-correct.simps tpairs-of .simps
split: abc-inst.splits)

done

lemma as-out: [ly = layout-of aprog; tprog = tm-of aprog;
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ersp-l ly (as, am) tc ires; length aprog < as]
= abc-step-l (as, am) (abe-fetch as aprog) = (as, am)
apply(simp add: abe-fetch.simps abe-step-l.simps)
done

lemma tm-merge-ex:
[ersp-l (layout-of aprog) (as, am) tc ires;
as < length aprog;
abe-fetch as aprog = Some a;
abc2t-correct aprog;
ersp-l (layout-of aprog) (abe-step-l (as, am) (Some a))
(t-steps te (ci (layout-of aprog) (start-of (layout-of aprog) as)
a, start-of (layout-of aprog) as — Suc 0) n) ires;
n > 0]
= Jstp > 0. crsp-l (layout-of aprog) (abc-step-1 (as, am)
(Some a)) (t-steps tc (tm-of aprog, 0) stp) ires
apply (case-tac (t-steps te (ci (layout-of aprog)
(start-of (layout-of aprog) as) a,
start-of (layout-of aprog) as — Suc 0) n), simp)
apply (case-tac (abe-step-1 (as, am) (Some a)), simp)
proof —
fix aa b ¢ aaa ba
assume h:
crsp-l (layout-of aprog) (as, am) tc ires
as < length aprog
abc-fetch as aprog = Some a
crsp-l (layout-of aprog) (aaa, ba) (aa, b, ¢) ires
abc2t-correct aprog
n>0
t-steps tc (ci (layout-of aprog) (start-of (layout-of aprog) as) a,
start-of (layout-of aprog) as — Suc 0) n = (aa, b, ¢)
abc-step-1 (as, am) (Some a) = (aaa, ba)
hence aa = start-of (layout-of aprog) aaa
apply(simp add: crsp-l.simps)
done
from this and h show
Istp > 0. crsp-l (layout-of aprog) (aaa, ba)
(t-steps te (tm-of aprog, 0) stp) ires
apply (insert tms-out-ex|of layout-of aprog aprog
tm-of aprog as am tc ires a n aa b ¢ aaa bal, auto)
done
qged

lemma crsp-inside:
[ly = layout-of aprog;
tprog = tm-of aprog;
ersp-l ly (as, am) tc ires;
as < length aprog] =
(3 stp > 0. crsp-l ly (abc-step-1 (as,am) (abe-fetch as aprog))
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(t-steps te (tprog, 0) stp) ires)
apply (case-tac abe-fetch as aprog, simp add: abe-fetch.simps)
proof —

fix a

assume ly = layout-of aprog
tprog = tm-of aprog
crsp-l ly (as, am) tc ires
as < length aprog
abe-fetch as aprog = Some a

thus Jstp > 0. crsp-l ly (abe-step-1 (as, am)

(abce-fetch as aprog)) (t-steps te (tprog, 0) stp) ires
proof (insert tm-crsp-ex[of ly aprog as am tc ires al,
auto intro: tm-merge-ex)
qed
qed

lemma crsp-outside:
[ly = layout-of aprog; tprog = tm-of aprog;
ersp-l ly (as, am) tc ires; as > length aprog]
= (3 stp. crsp-l ly (abe-step-l (as,am) (abe-fetch as aprog))
(t-steps te (tprog, 0) stp) ires)
apply (subgoal-tac abe-step-1 (as, am) (abc-fetch as aprog)
= (as, am), simp)

apply(rule-tac x = 0 in exl, simp add: t-steps.simps)
apply (rule as-out, simp+)
done

Single-step correntess of the compiler.

lemma astep-crsp-pre:
[ly = layout-of aprog;
tprog = tm-of aprog;
crsp-l ly (as, am) tc ires]
= (3 stp. crsp-l ly (abe-step-1 (as,am)
(abe-fetch as aprog)) (t-steps tc (tprog, 0) stp) ires)
apply (case-tac as < length aprog)
apply (drule-tac crsp-inside, auto)
apply (rule-tac crsp-outside, simp+)
done

Single-step correntess of the compiler.

lemma astep-crsp-prel:
[ly = layout-of aprog;
tprog = tm-of aprog;
crsp-l ly (as, am) tc ires]
= (3 stp. crsp-l ly (abe-step-l (as,am)
(abe-fetch as aprog)) (t-steps tc (tprog, 0) stp) ires)
apply (case-tac as < length aprog)
apply (drule-tac crsp-inside, auto)
apply (rule-tac crsp-outside, simp—+)
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done

lemma astep-crsp:
assumes layout:
— There is a Abacus program aprog with layout ly
ly = layout-of aprog
and compiled:
— tprog is the TM compiled from aprog
tprog = tm-of aprog
and corresponds:
— Abacus configuration (as, am) is in correspondence with TM configuration tc
crsp-l ly (as, am) tc ires
— One step execution of aprog can be simulated by multi-step execution of tprog

shows (3 stp. crsp-l ly (abe-step-1 (as,am)
(abe-fetch as aprog)) (t-steps te (tprog, 0) stp) ires)
proof —
from astep-crsp-prel [OF layout compiled corresponds] show ?thesis .
qed

lemma steps-crsp-pre:

[ly = layout-of aprog; tprog = tm-of aprog;

crsp-l ly ac tc ires; ac’ = abe-steps-l ac aprog n] =
(3 n'. ersp-l ly ac’ (t-steps te (tprog, 0) n') ires)

apply (induct n arbitrary: ac’ ac te, simp add: abe-steps-1.simps)
apply (rule-tac z = 0 in exl)
apply (case-tac ac, simp add: abc-steps-1.simps t-steps.simps)
apply (case-tac ac, simp add: abc-steps-1.simps)
apply (subgoal-tac

(3 stp. crsp-l ly (abc-step-1 (a, b)

(abe-fetch a aprog)) (t-steps tc (tprog, 0) stp) ires))

apply (erule ezFE)
apply (subgoal-tac

An’. crsp-l (layout-of aprog)

(abc-steps-1 (abe-step-1 (a, b) (abe-fetch a aprog)) aprog n)

(t-steps ((t-steps te (tprog, 0) stp)) (tm-of aprog, 0) n') ires)

apply (erule exE)
apply (subgoal-tac

t-steps (t-steps tc (tprog, 0) stp) (tm-of aprog, 0) n' =

t-steps te (tprog, 0) (stp + n'))
apply (rule-tac z = stp + n’ in exl, simp)
apply (auto intro: astep-crsp simp: t-step-add)
done

Multi-step correctess of the compiler.

lemma steps-crsp:
assumes layout:
— There is an Abacus program aprog with layout ly
ly = layout-of aprog
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and compiled:

— tprog is the TM compiled from aprog

tprog = tm-of aprog

and correspond:

— Abacus configuration ac is in correspondence with TM configuration tc

crsp-l ly ac tc ires

and execution:

— ac’is the configuration obtained from n-step execution of aprog starting from
configuration ac

ac’ = abe-steps-1 ac aprog n

— There exists steps n’ steps, after these steps of execution, the Turing configu-
ration such obtained is in correspondence with ac’

shows (3 n'. crsp-l ly ac’ (t-steps tc (tprog, 0) n') ires)
proof —

from steps-crsp-pre [OF layout compiled correspond execution] show ?thesis .
qed

8.5 The Mop-up machine

fun mop-bef :: nat = tprog
where
mop-bef 0 = [] |
mop-bef (Suc n) = mop-bef n Q
[(R, 2«n + 3), (W0, 2x«n + 2), (R, 2xn + 1), (W1, 2xn + 2)]

definition mp-up :: tprog
where
mp-up = [(R7 2)7 (R7 1)7 (L7 5)7 (W0> 3)? (R7 4)7 (W0> 3)?
(R, 2), (W0, 3), (L, 5), (L, 6), (R, 0), (L, 6)]

fun tMp :: nat = nat = tprog
where
tMp n off = tshift (mop-bef n @ tshift mp-up (2xn)) off

declare mp-up-def[simp del] tMp.simps[simp del] mop-bef .simps[simp del]

lemma tm-append-step:
[t-ncorrect tp1; t-step te (tpl, 0) = (s, 1, r); s # 0]
= t-step tc (tpl Q tp2, 0) = (s, 1, r)
apply(simp add: t-step.simps)
apply (case-tac te, simp)
apply (case-tac
(fetch tpl a (case ¢ of [| = Bk |
Bk # xs = Bk | Oc # zs = Oc)), simp)
case-tac a, simp add: fetch.simps)
simp add: fetch.simps)
case-tac ¢, simp)
case-tac [!] ab::block)

apply
apply
apply
apply
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apply(auto simp: nth-of .simps nth-append t-ncorrect.simps
split: if-splits)
done

lemma state0-ind: t-steps (0, 1, r) (tp, 0) stp = (0, 1, r)

apply (induct stp, simp add: t-steps.simps)

apply(simp add: t-steps.simps t-step.simps fetch.simps new-tape.simps)
done

lemma tm-append-steps:
[t-ncorrect tpl; t-steps te (tpl, 0) stp = (s, 1 ,r); s # 0]
= t-steps tc (tpl Q tp2, 0) stp = (s, I, 1)
apply (induct stp arbitrary: tc s 1 r)
apply (case-tac te, simp)
apply (simp add: t-steps.simps)
proof —
fix stp tcslr
assume hil: Atc sl r. [t-ncorrect tpl; t-steps tc (tpl, 0) stp =
(s, 1, r); s # 0] = t-steps te (tpl Q tp2, 0) stp = (s, I, )
and h2: t-steps tc (tp1, 0) (Suc stp) = (s, 1, 1) s # 0
t-ncorrect tpl
thus t-steps tc (tp1 Q tp2, 0) (Suc stp) = (s, I, r)
apply(simp add: t-steps.simps)
apply(case-tac (t-step tc (tpl, 0)), simp)
proof—
fix abc
assume g1: Atc sl r. [t-steps tc (tp1, 0) stp = (s, I, 1);
0 < s] = t-steps tc (tpl Q tp2, 0) stp = (s, I, )
and ¢2: t-step tc (tp1, 0) = (a, b, ¢)
t-steps (a, b, ¢) (tpl, 0) stp = (s, 1, 7)
0<s
t-ncorrect tpl
hence ¢%: a > 0
apply(case-tac a::nat, auto simp: t-steps.simps)
apply(simp add: state0-ind)
done
from g1 and ¢g2 and this have g¢4:
(t-step te (tpl Q@ tp2, 0)) = (a, b, ¢)
apply (rule-tac tm-append-step, simp, simp, simp)
done
from g1 and ¢2 and ¢38 and g4 show
t-steps (t-step tc (tpl Q tp2, 0)) (tpl @ tp2, 0) stp
= (s, 1, r)
apply (simp)
done
qed
qed

lemma shift-fetch:
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[n < length tp;
(tp:: (taction x nat) list) ! n = (aa, ba);
ba # 0]
= (tshift tp (length tp div 2)) ! n =
(aa , ba + length tp div 2)
apply(simp add: tshift.simps)
done

lemma tshift-length-equal: length (tshift tp q) = length tp
apply (auto simp: tshift.simps)
done

thm nth-of .simps

lemma [simp]: t-ncorrect tp = 2 * (length tp div 2) = length tp
apply(auto simp: t-ncorrect.simps)
done

lemma tm-append-step-equal’:
[t-ncorrect tp; t-ncorrect tp’; off = length tp div 2] =
(N (sy 4y r). (X (s, 1, r)).
(20 — (s=s"+off NIl=1UNr=1))
(t_Step (aa ba C) (tp/a 0))))
(t-step (a + off, b, ¢) (tp Q tshift tp’ off, 0))
apply (simp add: t-step.simps)
apply (case-tac a, simp add: fetch.simps)
apply (case-tac
(fetch tp’ a (case ¢ of [| = Bk | Bk # xs = Bk | Oc # zs = Oc)),
simp)
apply (case-tac
(fetch (tp Q tshift tp’ (length tp div 2))
(Suc (nat + length tp div 2))
(case ¢ of [| = Bk | Bk # xs = Bk | Oc # zs = Oc)),

simp)
apply(case-tac (new-tape aa (b, c)),

case-tac (new-tape aaa (b, c)), simp,

rule impl, simp add: fetch.simps split: block.splits option.splits)
apply (auto simp: nth-of .simps t-ncorrect.simps

nth-append tshift-length-equal tshift.simps split: if-splits)

done

lemma tm-append-step-equal:
[t-ncorrect tp; t-ncorrect tp'; off = length tp div 2;
t-step (a, b, ¢) (tp’, 0) = (aa, ab, bb); aa # 0]
= t-step (a + length tp div 2, b, c)
(tp Q tshift tp’ (length tp div 2), 0)
= (aa + length tp div 2, ab, bb)
apply (insert tm-append-step-equal of tp tp” off a b ], simp)
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apply (case-tac (t-step (a + length tp div 2, b, ¢)
(tp @ tshift tp’ (length tp div 2), 0)), simp)
done

lemma tm-append-steps-equal:
[t-ncorrect tp; t-ncorrect tp’; off = length tp div 2] =
A L) (MU, ). (320 —s=s"+off NI =1
AT = 1)) (steps (a, b, c) (19", 0) stp))
(t-steps (a + off, b, ¢) (tp Q tshift tp’ off, 0) stp)
apply (induct stp arbitrary : a b ¢, simp add: t-steps.simps)
apply (simp add: t-steps.simps)
apply (case-tac (t-step (a, b, ¢) (tp’, 0)), simp)
apply(case-tac aa = 0, simp add: state0-ind)
apply (subgoal-tac (t-step (a + length tp div 2, b, ¢)
(tp Q tshift tp’ (length tp div 2), 0))
= (aa + length tp div 2, ba, ca), simp)
apply (rule tm-append-step-equal, auto)
done

type-synonym mopup-type = t-conf = nat list = nat = block list = bool

fun mopup-stop :: mopup-type
where
mopup-stop (s, I, r) lm n ires=
(3 Inrn. | = Bk'™ @ Bk # Bk # ires A r = <abc-lm-v Im n> @ BE™)

fun mopup-bef-erase-a :: mopup-type
where
mopup-bef-erase-a (s, I, r) Im n ires=
(3 Inm . | = Bk '™ @ Bk # Bk # ires A
r = 0c™ @ Bk # <(drop ((s + 1) div 2) Im)> @ BE™)

fun mopup-bef-erase-b :: mopup-type
where
mopup-bef-erase-b (s, I, r) Ilm n ires =
(3 lnmrn.l:Bkl”@Bk#Bk#ims/\r:Bk# Oc™ @ Bk #
<(drop (s div 2) Ilm)> @ BE™)

fun mopup-jump-overl :: mopup-type
where
mopup-jump-over! (s, 1, r) Im n ires =
(3 Inm1 m2rn. m1 + m2 = Suc (abe-lm-v Im n) A
| = 0c™ @ Bk™™ @ Bk # Bk # ires A
(r = 0c™? @ Bk # <(drop (Suc n) Im)> @ BE™ v
(r = 0c™2 A (drop (Suc n) Im) = [))))

fun mopup-aft-erase-a :: mopup-type
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where
mopup-aft-erase-a (s, I, r) lm n ires =
(3 Inl lnr rn (ml::nat list) m.
m = Suc (abe-lm-v Im n) A | = BE"™ @ Oc™ @ Bk!™ @ Bk # Bk # ires

(r = <ml> @ BE™))

fun mopup-aft-erase-b :: mopup-type

where

mopup-aft-erase-b (s, I, r) Im n ires=

(3 Inl Inr rn (ml::nat list) m.
m = Suc (abe-lm-v Im n) A
I = BkI"m@ 0c™ @ Bk @ Bk # Bk # ires A
(r = Bk # <ml> Q BE™ v
r = Bk # Bk # <ml> Q Bk™))

fun mopup-aft-erase-c :: mopup-type
where
mopup-aft-erase-c (s, I, r) Im n ires =
(3 Inl Inr rn (ml::nat list) m.
m = Suc (abc-lm-v Im n) A
I = BE" @ 0c™ @ BEk™ @ Bk # Bk # ires A
(r = <ml> Q@ BkE™ Vv r = Bk # <ml> Q Bk™))

fun mopup-left-moving :: mopup-type
where
mopup-left-moving (s, I, r) Im n ires =
(3 Inl Inr rn m.
m = Suc (abe-lm-v Im n) A
(1 = BE" @ 0c™ @ BK!"™ @ Bk # Bk # ires A r = BE™) Vv
(1=0c™~ 1@ BEki" @ Bk # Bk # ires A r = Oc # Bk™)))

fun mopup-jump-over2 :: mopup-type
where
mopup-jump-over2 (s, I, r) Ilm n ires =
(3 Inrn m1 m2.
m1 + m2 = Suc (abe-lm-v Im n)
Ar#l
A(hdr=0c — (I = OcmZ@Bkl"@Bk#Bk#ires/\r:Ocmg@
BE™™))
A (hd r = Bk —s (I = Bk'™ @ Bk # ires A r = Bk # 0c™ +m2 @
BE™)))

fun mopup-inv :: mopup-type
where
mopup-inv (s, I, r) Im n ires =
(if s = 0 then mopup-stop (s, I, r) Im n ires
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else if s < 2xn then
if s mod 2 = 1 then mopup-bef-erase-a (s, I, r) Ilm n ires
else mopup-bef-erase-b (s, I, r) lm n ires

else if s = 2xn + 1 then

mopup-jump-overl (s, 1, r) lm n ires
else if s = 2xn + 2 then mopup-aft-erase-a (s, I, r) lm n ires
else if s = 2xn + 3 then mopup-aft-erase-b (s, I, r) lm n ires
else if s = 2xn + 4 then mopup-aft-erase-c (s, I, r) Im n ires
else if s = 2xn + 5 then mopup-left-moving (s, I, r) Im n ires
else if s = 2xn + 6 then mopup-jump-over2 (s, I, r) Im n ires
else False)

declare
mopup-jump-over2.simps|[simp del] mopup-left-moving.simps[simp del]
mopup-aft-erase-c.simps[simp del] mopup-aft-erase-b.simps[simp del]
mopup-aft-erase-a.simps[simp del] mopup-jump-overl .simps[simp del]
mopup-bef-erase-a.simps[simp del] mopup-bef-erase-b.simps[simp del]
mopup-stop.simps[simp del]

lemma mopup-fetch-0[simp]:
(fetch (mop-bef n @ tshift mp-up (2 * n)) 0b) = (Nop, 0)
by (simp add: fetch.simps)

lemma mop-bef-length[simp): length (mop-bef n) = 4 * n
apply (induct n, simp add: mop-bef .simps, simp add: mop-bef .simps)
done

thm findnth-nth
lemma mop-bef-nth:
[qg < n;z< 4] = mop-befn! (4 xq+z)=

mop-bef (Suc q) ! (4 * q) + )

apply (induct n, simp)

apply(case-tac ¢ < n, simp add: mop-bef.simps, auto)

apply(simp add: nth-append)

apply (subgoal-tac ¢ = n, simp)

apply (arith)

done

lemma fetch-bef-erase-a-o[simp]:
[0 < s;5<2x%xmn;smod?2 = Suc 0]
= (fetch (mop-bef n Q tshift mp-up (2 * n)) s Oc) = (W0, s + 1)
apply (subgoal-tac 3 q. s = 2xq + 1, auto)
apply (subgoal-tac length (mop-bef n) = 4x*n)
apply (auto simp: fetch.simps nth-of .simps nth-append)
apply (subgoal-tac mop-bef n! (4 x ¢ + 1) =
mop-bef (Suc q) ! ((4 = q) + 1),
simp add: mop-bef .simps nth-append)
apply (rule mop-bef-nth, auto)
done
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lemma fetch-bef-erase-a-b[simp):

[n < length Im; 0 < s; s < 2 % n; s mod 2 = Suc 0]

= (fetch (mop-bef n Q tshift mp-up (2 x n)) s Bk) = (R, s + 2)
apply (subgoal-tac 3 q. s = 2xq + 1, auto)
apply (subgoal-tac length (mop-bef n) = 4x*n)
apply(auto simp: fetch.simps nth-of .simps nth-append)
apply (subgoal-tac mop-bef n'! (4 x ¢ + 0) =

mop-bef (Suc q) ! ((4 = q + 0)),
simp add: mop-bef .simps nth-append)

apply (rule mop-bef-nth, auto)
done

lemma fetch-bef-erase-b-b:
[n < length lm; 0 < s; 8 < 2 % n; s mod 2 = 0] =

(fetch (mop-bef n Q tshift mp-up (2 * n)) s Bk) = (R, s — 1)

apply (subgoal-tac 3 q. s = 2 x q, auto)

apply (case-tac qa, simp, simp)

apply (auto simp: fetch.simps nth-of .simps nth-append)

apply (subgoal-tac mop-bef n | (4 * nat + 2) =

mop-bef (Suc nat) ! ((4 * nat) + 2),

stmp add: mop-bef.simps nth-append)

apply (rule mop-bef-nth, auto)

done

lemma fetch-jump-overi-o:
fetch (mop-bef n @ tshift mp-up (2 = n)) (Suc (2 * n)) Oc
= (R, Suc (2 * n))
apply (subgoal-tac length (mop-bef n) = 4 * n)
apply (auto simp: fetch.simps nth-of .simps mp-up-def nth-append
tshift.simps)
done

lemma fetch-jump-overi-b:

fetch (mop-bef n Q tshift mp-up (2 * n)) (Suc (2 * n)) Bk

= (R, Suc (Suc (2 * n)))

apply (subgoal-tac length (mop-bef n) = 4 * n)

apply (auto simp: fetch.simps nth-of .simps mp-up-def
nth-append tshift.simps)

done

lemma fetch-aft-erase-a-o:
fetch (mop-bef n @ tshift mp-up (2 x n)) (Suc (Suc (2 x n))) Oc
= (W0, Suc (2 * n + 2))
apply (subgoal-tac length (mop-bef n) = 4 * n)
apply (auto simp: fetch.simps nth-of .simps mp-up-def
nth-append tshift.simps)
done
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lemma fetch-aft-erase-a-b:
fetch (mop-bef n Q tshift mp-up (2 * n)) (Suc (Suc (2 * n))) Bk
= (L, Suc (2 x n + 4))
apply (subgoal-tac length (mop-bef n) = 4 * n)
apply (auto simp: fetch.simps nth-of .simps mp-up-def
nth-append tshift.simps)
done

lemma fetch-aft-erase-b-b:

fetch (mop-bef n Q tshift mp-up (2 * n)) (2%n + 3) Bk

= (R, Suc (2 xn + 3))
apply (subgoal-tac length (mop-bef n) = 4 * n)
apply (subgoal-tac 2xn + 8 = Suc (2xn + 2), simp only: fetch.simps)
apply (auto simp: nth-of .simps mp-up-def nth-append tshift.simps)
done

lemma fetch-aft-erase-c-o:

fetch (mop-bef n @ tshift mp-up (2 x n)) (2 xn + 4) Oc

= (W0, Suc (2 * n + 2))

apply (subgoal-tac length (mop-bef n) = 4 * n)

apply (subgoal-tac 2xn + 4 = Suc (2x«n + 3), simp only: fetch.simps)
apply (auto simp: nth-of .simps mp-up-def nth-append tshift.simps)
done

lemma fetch-aft-erase-c-b:

fetch (mop-bef n Q tshift mp-up (2 * n)) (2 xn + 4) Bk

= (R, Suc (2 xn + 1))

apply (subgoal-tac length (mop-bef n) = 4 * n)

apply (subgoal-tac 2xn + 4 = Suc (2xn + 3), simp only: fetch.simps)
apply (auto simp: nth-of .simps mp-up-def nth-append tshift.simps)
done

lemma fetch-left-moving-o:

(fetch (mop-bef n @ tshift mp-up (2 *x n)) (2 xn + 5) Oc)

= (L, 2xn + 6)

apply (subgoal-tac length (mop-bef n) = 4 * n)

apply (subgoal-tac 2xn + 5 = Suc (2xn + 4), simp only: fetch.simps)
apply (auto simp: nth-of .simps mp-up-def nth-append tshift.simps)
done

lemma fetch-left-moving-b:

(fetch (mop-bef n @ tshift mp-up (2 % n)) (2 * n + 5) Bk)

= (L, 2xn + 5)
apply (subgoal-tac length (mop-bef n) = 4 * n)
apply (subgoal-tac 2xn + 5 = Suc (2xn + 4), simp only: fetch.simps)
apply (auto simp: nth-of .simps mp-up-def nth-append tshift.simps)
done

lemma fetch-jump-over2-b:
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(fetch (mop-bef n @ tshift mp-up (2 * n)) (2 * n + 6) Bk)
apply (subgoal-tac length (mop-bef n) = 4 * n)
apply (subgoal-tac 2xn + 6 = Suc (2+n + 5), simp only: fetch.simps)
apply (auto simp: nth-of .simps mp-up-def nth-append tshift.simps)
done

lemma fetch-jump-over2-o:

(fetch (mop-bef n @ tshift mp-up (2 * n)) (2 * n + 6) Oc)

= (L, 2%n + 6)

apply (subgoal-tac length (mop-bef n) = 4 * n)

apply (subgoal-tac 2xn + 6 = Suc (2xn + &), simp only: fetch.simps)
apply (auto simp: nth-of .simps mp-up-def nth-append tshift.simps)
done

lemmas mopupfetchs =

fetch-bef-erase-a-o fetch-bef-erase-a-b fetch-bef-erase-b-b
fetch-jump-overi-o fetch-jump-overi-b fetch-aft-erase-a-o
fetch-aft-erase-a-b fetch-aft-erase-b-b fetch-aft-erase-c-o
fetch-aft-erase-c-b fetch-left-moving-o fetch-left-moving-b
fetch-jump-over2-b fetch-jump-over2-o

lemma [simp]:
[n < length Im; 0 < s; s mod 2 = Suc 0;
mopup-bef-erase-a (s, I, Oc # zs) Im n ires;
Suc s < 2 % n] =
mopup-bef-erase-b (Suc s, I, Bk # xs) lm n ires
apply (auto simp: mopup-bef-erase-a.simps mopup-bef-erase-b.simps )
apply(rule-tac x = m — 1 in exl, rule-tac x = rn in exl)
apply (case-tac m, simp, simp)
done

lemma mopup-falsel:
[0 < s;8<2x%mn;smod2 = Suc 0; = Sucs < 2 x* n]
= RR

apply (arith)

done

lemma [simp]:
[n < length Im; 0 < s; s < 2 % n; s mod 2 = Suc 0;
mopup-bef-erase-a (s, I, Oc # xs) Im n ires; r = Oc # 8]
= (Suc s < 2 * n — mopup-bef-erase-b (Suc s, I, Bk # xs) Im n ires) A
(= Suc s < 2 x n — mopup-jump-overl (Suc s, I, Bk # xs) Im n ires)
apply (auto elim: mopup-falsel)
done

lemma drop-abe-lm-v-simp[simp):

n < length lm = drop n Im = abe-lm-v Im n # drop (Suc n) Im
apply(auto simp: abc-lm-v.simps)
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apply (drule drop-Suc-conv-tl, simp)

done

lemma [simp]: (3rna. BEK™ = Bk # Bk™%) v BE™ = |
apply (case-tac rn, simp, auto)

done

lemma [simp]: 3Ina. Bk # Bk = Bklne
apply (rule-tac x = Suc In in exl, auto)
done

lemma mopup-bef-erase-a-2-jump-over|simp):
[n < length lm; 0 < s; s mod 2 = Suc 0;

mopup-bef-erase-a (s, I, Bk # xs) lm n ires; Suc s = 2 x n]
= mopup-jump-overl (Suc (2 x n), Bk # [, xs) Im n ires
apply (auto simp: mopup-bef-erase-a.simps mopup-jump-overl .simps)
apply (case-tac m, simp)
apply (rule-tac x = Suc In in exl, rule-tac x = 0 in exl,

stmp add: tape-of-nl-abv)

apply (case-tac drop (Suc n) Im, auto simp: tape-of-nat-list.simps )
done

lemma Suc-Suc-div: [0 < s; s mod 2 = Suc 0; Suc (Suc s) < 2 % n]
= (Suc (Suc (s div 2))) < n

apply (arith)

done

lemma mopup-bef-erase-a-2-a[simp]:
[n < length lm; 0 < s; s mod 2 = Suc 0;
mopup-bef-erase-a (s, I, Bk # xs) lm n ires;
Suc (Suc 8) < 2 x n] =
mopup-bef-erase-a (Suc (Suc s), Bk # 1, xs) lm n ires
apply (auto simp: mopup-bef-erase-a.simps )
apply (subgoal-tac drop (Suc (Suc (s div 2))) Im # [])
apply (case-tac m, simp)
apply (rule-tac © = Suc (abe-lm-v Im (Suc (s div 2))) in exl,
rule-tac © = rn in exl, simp, simp)
apply (subgoal-tac (Suc (Suc (s div 2))) < n, simp,
rule-tac Suc-Suc-div, auto)
done

lemma mopup-false2:

[n < length Im; 0 < s; 8 < 2 % n;
s mod 2 = Suc 0; Suc s # 2 * n;
- Suc (Suc s) < 2 % n] = RR

apply (arith)

done

lemma [simp]:
[n < length lm; 0 < s; 8 < 2 % n;
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s mod 2 = Suc 0;
mopup-bef-erase-a (s, I, Bk # xs) lm n ires;
r = Bk # 3]
= (Sucs=2%*n—
mopup-jump-overl (Suc (2 = n), Bk # 1, xs) lm n ires) A
(Suc s # 2 «n —
(Suc (Suc s) < 2 xn —»
mopup-bef-erase-a (Suc (Suc s), Bk # 1, xs) Im n ires) A
(= Suc (Suc 8) < 2 xn —
mopup-aft-erase-a (Suc (Suc s), Bk # 1, xs) Im n ires))
apply (auto elim: mopup-false2)
done

lemma [simp]: mopup-bef-erase-a (s, I, [|) Im n ires =
mopup-bef-erase-a (s, I, [Bk]) Im n ires

apply (auto simp: mopup-bef-erase-a.simps)

done

lemma [simp]:
[n < length lm; 0 < s; 8 < 2 % n; s mod 2 = Suc 0;
mopup-bef-erase-a (s, 1, []) Im n ires; r = []]
= (Sucs =2x*n —
mopup-jump-over! (Suc (2 x n), Bk # 1, []) lm n ires) A
(Suc s # 2 *n —
(Suc (Suc s) < 2 xn —
mopup-bef-erase-a (Suc (Suc s), Bk # 1, []) Im n ires) A
(= Suc (Sucs) < 2xn —
mopup-aft-erase-a (Suc (Suc s), Bk # 1, []) Im n ires))
apply (auto)
done

lemma mopup-bef-erase-b (s, I, Oc # xs) lm n ires = 1 # []
apply (auto simp: mopup-bef-erase-b.simps)
done

lemma [simp]: mopup-bef-erase-b (s, I, Oc # xs) Im n ires = False
apply (auto simp: mopup-bef-erase-b.simps )
done

lemma [simp]: [0 < s; s < 2 *n; s mod 2 # Suc 0] =
(s — Suc 0) mod 2 = Suc 0

apply (arith)
done

lemma [simp]: [0 < s; s < 2 *n; s mod 2 # Suc 0] =
s —Suc0 < 2=xn

apply (simp)
done
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lemma [simp]: [0 < s; s < 2 *n; s mod 2 # Suc 0] = — s < Suc 0

apply (arith)
done

lemma [simp]: [n < length lm; 0 < s; s < 2 x n;
s mod 2 # Suc 0;
mopup-bef-erase-b (s, I, Bk # xs) lm n ires; r = Bk # xs]
= mopup-bef-erase-a (s — Suc 0, Bk # [, zs) lm n ires
apply (auto simp: mopup-bef-erase-b.simps mopup-bef-erase-a.simps)
done

lemma [simp]: [mopup-bef-erase-b (s, I, [|) Im n ires] =

mopup-bef-erase-a (s — Suc 0, Bk # 1, [|) Im n ires
apply (auto simp: mopup-bef-erase-b.simps mopup-bef-erase-a.simps)
done

lemma [simp]:
[n < length lm;
mopup-jump-overl (Suc (2 x n), I, Oc # xs) lm n ires;
r = Oc # 3]
= mopup-jump-overl (Suc (2 x n), Oc # 1, zs) Im n ires
apply (auto simp: mopup-jump-overl .simps)
apply (rule-tac x = In in exl, rule-tac x = Suc ml1 in exl,
rule-tac £ = m2 — 1 in exl)
apply (case-tac m2, simp, simp, rule-tac x = rn in exl, simp)
apply (rule-tac © = In in exl, rule-tac © = Suc m1 in exl,
rule-tac t = m2 — 1 in exl)
apply(case-tac m2, simp, simp)
done

lemma mopup-jump-overl-2-aft-erase-a[simp):

[n < length Im; mopup-jump-over! (Suc (2 * n), I, Bk # xs) lm n ires]
= mopup-aft-erase-a (Suc (Suc (2 * n)), Bk # 1, xs) lm n ires
apply (simp only: mopup-jump-over! .simps mopup-aft-erase-a.simps)

apply (erule-tac exE)+

apply (rule-tac © = In in exl, rule-tac © = Suc 0 in exl)

apply (case-tac m2, simp)

apply (rule-tac x = rn in ezxl, rule-tac x = drop (Suc n) Im in ezl
sitmp)

apply (simp)

done

lemma [simp]:
[n < length Im; mopup-jump-over! (Suc (2 * n), I, []) Im n ires] =
mopup-aft-erase-a (Suc (Suc (2 x n)), Bk # 1, []) Im n ires
apply (rule mopup-jump-over1-2-aft-erase-a, simp)
apply (auto simp: mopup-jump-overl .simps)
apply (rule-tac z = In in exl, rule-tac z = m1 in exl,
rule-tac x = m2 in exl, simp add: )
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apply(rule-tac x = 0 in exl, auto)
done

lemma [simp]:
[n < length Im;
mopup-aft-erase-a (Suc (Suc (2 x n)), I, Oc # xs) lm n ires]
= mopup-aft-erase-b (Suc (Suc (Suc (2 * n))), I, Bk # xs) lm n ires
apply (auto simp: mopup-aft-erase-a.simps mopup-aft-erase-b.simps )
apply (case-tac ml, simp, case-tac rn, simp, simp)
apply (case-tac list, auto simp: tape-of-nl-abv
tape-of-nat-list.simps )
apply (case-tac a, simp, rule-tac x = rn in exl,
rule-tac x =[] in ezl
simp add: tape-of-nat-list.simps, simp)
apply (rule-tac © = rn in exl, rule-tac x = [nat] in exl,
simp add: tape-of-nat-list.simps )
apply (case-tac a, simp, rule-tac x = rn in exl,
rule-tac x = aa # lista in exl, simp, simp)
apply(rule-tac x = rn in exl, rule-tac x = nat # aa # lista in exl,
simp add: tape-of-nat-list.simps )
done

lemma [simp]:

mopup-aft-erase-a (Suc (Suc (2 x n)), I, Bk # xs) lm n ires = | # []
apply (auto simp: mopup-aft-erase-a.simps)
done

lemma [simp]:
[n < length Im;
mopup-aft-erase-a (Suc (Suc (2 * n)), I, Bk # xs) lm n ires]
= mopup-left-moving (5 + 2 x n, tll, hd | # Bk # xs) lm n ires
apply (simp only: mopup-aft-erase-a.simps mopup-left-moving.simps)

apply (erule exE)+

apply (case-tac Inr, simp)

apply(rule-tac x = Inl in exl, simp, rule-tac x = rn in exl, simp)
apply (subgoal-tac ml = [], simp)

apply (rule-tac zs = xs and rn = rn in BkCons-nil, simp, auto)
apply (subgoal-tac ml =[], auto)

apply (rule-tac s = xs and rn = rn in BkCons-nil, simp)

done

lemma [simp]:

mopup-aft-erase-a (Suc (Suc (2 % n)), I, []) Im n ires = 1 # []
apply(simp only: mopup-aft-erase-a.simps)
apply(erule ezE)+

apply (auto)
done

lemma [simp]:
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[n < length Im; mopup-aft-erase-a (Suc (Suc (2 x n)), I, []) Im n ires]
= mopup-left-moving (5 + 2 x n, tl 1, [hd l]) Im n ires
apply (simp only: mopup-aft-erase-a.simps mopup-left-moving.simps)
apply (erule exE)+
apply (subgoal-tac ml =[] A rn = 0, erule conjE, erule conjE, simp)
apply (case-tac Inr, simp, rule-tac x = Inl in exl, simp,
rule-tac x = 0 in exl, simp)
apply(rule-tac x = Inl in exl, rule-tac x = nat in exl
rule-tac x = Suc 0 in exl, simp)
apply (case-tac ml, simp, case-tac rn, simp, simp)
apply (case-tac list, auto simp: tape-of-nil-abv tape-of-nat-list.simps)
done

lemma [simp]: mopup-aft-erase-b (2 x n + 3,1, Oc # xs) Im n ires = False
apply (auto simp: mopup-aft-erase-b.simps )
done

lemma [simp]:
[n < length Im;
mopup-aft-erase-c (2 x n + 4, 1, Oc # xs) lm n ires]
= mopup-aft-erase-b (Suc (Suc (Suc (2 * n))), I, Bk # xs) lm n ires
apply (auto simp: mopup-aft-erase-c.simps mopup-aft-erase-b.simps )
apply (case-tac ml, simp, case-tac rn, simp, simp, simp)
apply (case-tac list, auto simp: tape-of-nl-abv
tape-of-nat-list.simps tape-of-nat-abv )
apply (case-tac a, rule-tac = rn in exl,
rule-tac x = [] in exl, simp add: tape-of-nat-list.simps)
apply(rule-tac x = rn in ezl, rule-tac * = [nat] in exl,
stmp add: tape-of-nat-list.simps )
apply (case-tac a, simp, rule-tac x = rn in exl,
rule-tac © = aa # lista in exl, simp)
apply(rule-tac x = rn in exl, rule-tac x = nat # aa # lista in exl,
stmp add: tape-of-nat-list.simps )
done

lemma mopup-aft-erase-c-aft-erase-a[simp):
[n < length Im; mopup-aft-erase-c (2 x n + 4, I, Bk # xs) Ilm n ires]
= mopup-aft-erase-a (Suc (Suc (2 x n)), Bk # 1, xs) lm n ires
apply (simp only: mopup-aft-erase-c.simps mopup-aft-erase-a.simps )
apply (erule-tac exE)+
apply (erule conjE, erule conjE, erule disjE)
apply (subgoal-tac ml = [], simp, case-tac rn,
simp, simp, rule conjl)
apply(rule-tac x = Inl in exl, rule-tac x = Suc Inr in exl, simp)
apply(rule-tac x = nat in exl, rule-tac x = || in exl, simp)
apply (rule-tac zs = xs and rn = rn in BkCons-nil, simp, simp,
rule congl)
apply (rule-tac z = Inl in exl, rule-tac © = Suc Inr in exl, simp)
apply(rule-tac x = rn in ezl, rule-tac x = ml in exl, simp)
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done

lemma [simp]:

[n < length Im; mopup-aft-erase-c (2 x n + 4, 1, []) Im n ires]
= mopup-aft-erase-a (Suc (Suc (2 = n)), Bk # 1, []) Im n ires
apply (rule mopup-aft-erase-c-aft-erase-a, simp)

apply (simp only: mopup-aft-erase-c.simps)

apply (erule ezE)+

apply (rule-tac z = Inl in exl, rule-tac x = Inr in exl, simp add: )
apply (rule-tac © = 0 in exl, rule-tac x = [| in exl, simp)

done

lemma mopup-aft-erase-b-2-aft-erase-c[simp):

[n < length lm; mopup-aft-erase-b (2 * n + 8, 1, Bk # xs) lm n ires]|
= mopup-aft-erase-c (4 + 2 * n, Bk # 1, xs) lm n ires
apply (auto simp: mopup-aft-erase-b.simps mopup-aft-erase-c.simps)
apply(rule-tac x = Inl in exl, rule-tac x = Suc Inr in exl, simp)
apply (rule-tac x = Inl in exl, rule-tac x = Suc Inr in exl, simp)
done

lemma [simp]:

[n < length Im; mopup-aft-erase-b (2 * n + 3, 1, []) Im n ires]
= mopup-aft-erase-c (4 + 2 x n, Bk # 1, []) Im n ires
apply (rule-tac mopup-aft-erase-b-2-aft-erase-c, simp)

apply (simp add: mopup-aft-erase-b.simps)

done

lemma [simp]:

mopup-left-moving (2 * n + 5, 1, Oc # zs) Ilm n ires = | # ]
apply (auto simp: mopup-left-moving.simps)
done

lemma [simp]:
[n < length Im; mopup-left-moving (2 * n + 5, 1, Oc # xs) Im n ires]
= mopup-jump-over2 (2 x n + 6, tll, hd l # Oc # xs) Im n ires
apply (simp only: mopup-left-moving.simps mopup-jump-over2.simps)
apply (erule-tac exE)+
apply (erule conjE, erule disjE, erule conjE)
apply (case-tac rn, simp, simp add: )
apply(case-tac hd 1, simp add: )
apply (case-tac abe-lm-v Im n, simp)
apply (rule-tac © = Inl in exl, rule-tac x = rn in exl,
rule-tac x = Suc 0 in exl, rule-tac x = 0 in exl)
apply(case-tac Inl, simp, simp, simp add: exp-ind[THEN sym)], simp)
apply (case-tac abe-lm-v Im n, simp)
apply (case-tac Inl, simp, simp)
apply (rule-tac © = Inl in exl, rule-tac x = rn in exl)
apply (rule-tac © = nat in exl, rule-tac = Suc (Suc 0) in exl, simp)
done
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lemma [simp]: mopup-left-moving (2 * n + 5, 1, xs) Im n ires = | # |]
apply (auto simp: mopup-left-moving.simps)
done

lemma [simp]:

[n < length lm; mopup-left-moving (2 x n + 5, I, Bk # xs) lm n ires]
= mopup-left-moving (2 x n + 5, tl 1, hd | # Bk # xs) lm n ires
apply (simp only: mopup-left-moving.simps)
apply (erule exE)+
apply (case-tac Inr, simp)
apply (rule-tac x = Inl in exl, rule-tac x = 0 in ezl

rule-tac x = rn in exl, simp, simp)

apply (rule-tac z = Inl in exl, rule-tac x = nat in exl, simp)
done

lemma [simp]:
[n < length Im; mopup-left-moving (2 * n + 5, 1, []) Im n ires]
= mopup-left-moving (2 * n + 5, tl 1, [hd l]) Im n ires
apply (simp only: mopup-left-moving.simps)
apply (erule exE)+
apply (case-tac Inr, simp)
apply (rule-tac x = Inl in exl, rule-tac x = 0 in ezl
rule-tac = 0 in exl, simp, auto)
done

lemma [simp]:

mopup-jump-over2 (2 x n + 6,1, Oc # xs) Im n ires = | # ||
apply(auto simp: mopup-jump-over2.simps )

done

lemma [intro]: 3ina. Bk # Bk™ = Bk @ [Bk)
apply (simp only: exp-ind[THEN sym], auto)
done

lemma [simp]:
[n < length Im; mopup-jump-over2 (2 * n + 6, 1, Oc # xs) Im n ires]
= mopup-jump-over2 (2 x n + 6, tI 1, hd l # Oc # xs) lm n ires
apply (simp only: mopup-jump-over2.simps)
apply (erule-tac exE)+
apply (simp add: , erule conjE, erule-tac conjE)
apply (case-tac m1, simp)
apply(rule-tac x = In in exl, rule-tac x = rn in ezl

rule-tac x = 0 in exl, simp)
apply(case-tac In, simp, simp, simp only: exp-ind[THEN sym], simp)
apply (rule-tac z = In in exl, rule-tac z = ™ in exl,

rule-tac © = nat in exl, rule-tac x = Suc m2 in exl, simp)
done
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lemma [simp]: 3rna. Oc # Oc* @ BE™ = <a> @ BE™¢
apply(case-tac a, auto simp: tape-of-nat-abv )
done

lemma [simp]:

[n < length Im; mopup-jump-over2 (2 % n + 6, I, Bk # xs) lm n ires]
= mopup-stop (0, Bk # [, xs) lm n ires

apply (auto simp: mopup-jump-over2.simps mopup-stop.simps)

done

lemma [simp]: mopup-jump-over2 (2 * n + 6,1, []) Im n ires = False
apply (simp only: mopup-jump-over2.simps, simp)
done

lemma mopup-inv-step:
[n < length Im; mopup-inv (s, I, r) Im n ires]
= mopup-inv (t-step (s, I, r)
((mop-bef n Q tshift mp-up (2 % n)), 0)) Ilm n ires
apply (auto split:if-splits simp add:t-step.simps,
tactic { ALLGOALS (resolve-tac [Q{thm fetch-intro}]) ))
apply (simp-all add: mopupfetchs new-tape.simps)
done

declare mopup-inv.simps[simp del]

lemma mopup-inv-steps:
[n < length Im; mopup-inv (s, I, r) Im n ires] =

mopup-inv (t-steps (s, I, T)

((mop-bef n Q tshift mp-up (2 * n)), 0) stp) Im n ires
apply (induct stp, simp add: t-steps.simps)
apply (simp add: t-steps-ind)
apply (case-tac (t-steps (s, I, )
(mop-bef n Q tshift mp-up (2 % n), 0) stp), simp)

apply (rule-tac mopup-inv-step, simp, simp)
done

lemma [simp]:
[n < length lm; Suc 0 < n] =
mopup-bef-erase-a (Suc 0, Bk'™ @ Bk # Bk # ires, <lm> @ BE™) Im
n ires
apply (auto simp: mopup-bef-erase-a.simps abc-lm-v.simps)
apply (case-tac Im, simp, case-tac list, simp, simp)
apply (rule-tac x = Suc a in exl, rule-tac x = rn in exl, simp)
done

lemma [simp]:

Im # [| = mopup-jump-overl (Suc 0, Bk!™ @ Bk # Bk # ires, <lm> @ BE™)
Im 0 ires
apply (auto simp: mopup-jump-overl .simps)
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apply(rule-tac x = In in exl, rule-tac x = 0 in exl, simp add: )
apply (case-tac lm, simp, simp add: abc-lm-v.simps)
apply(case-tac rn, simp)
apply (case-tac list, rule-tac disjI2,

simp add: tape-of-nl-abv tape-of-nat-list.simps)
apply (rule-tac disjl1,

stmp add: tape-of-nl-abv tape-of-nat-list.simps )
apply (rule-tac disjl1, case-tac list,

simp add: tape-of-nl-abv tape-of-nat-list.simps,

rule-tac x = nat in exl, simp)
apply(simp add: tape-of-nl-abv tape-of-nat-list.simps )
done

lemma mopup-init:
[n < length Im; crsp-lly (as, Im) (ac, I, r) ires] =
mopup-inv (Suc 0, 1, r) Im n ires
apply (auto simp: crsp-l.simps mopup-inv.simps)
apply (case-tac n, simp, auto simp: mopup-bef-erase-a.simps )
apply (rule-tac x = Suc (hd Im) in ezl, rule-tac x = rn in exl, simp)
apply (case-tac Im, simp, case-tac list, simp, case-tac lista, simp add: abe-lm-v.simps)
apply (simp add: tape-of-nl-abv tape-of-nat-list.simps abe-lm-v.simps)
apply (simp add: mopup-jump-overl.simps)
apply(rule-tac x = 0 in exl, rule-tac z = 0 in exl, auto)
apply (case-tac ['] n, simp-all)
apply (case-tac [!] Im, simp, case-tac list, simp)
apply (case-tac rn, simp add: tape-of-nl-abv tape-of-nat-list.simps abe-lm-v.simps)
apply(erule-tac = nat in allE, simp add: tape-of-nl-abv tape-of-nat-list.simps
abe-lm-v.simps)
apply(simp add: abe-lm-v.simps, auto)
apply (case-tac list, simp-all add: tape-of-nl-abv tape-of-nat-list.simps abe-lm-v.simps)

apply (erule-tac = rn in allE, simp-all)
done

fun abc-mopup-stagel :: t-conf = nat = nat
where
abc-mopup-stagel (s, 1, r) n =
(if s > 0 A s < 2xn then 6
else if s = 2x«n + 1 then 4
elseif s > 2xn + 2 AN s < 2xn + /4 then 3
else if s = 2xm + 5 then 2
else if s = 2xm + 6 then 1
else 0)

fun abc-mopup-stage2 :: t-conf = nat = nat
where
abc-mopup-stage2 (s, I, r) n =
(if s > 0 N s < 2x%n then length r
else if s = 2xn + 1 then length r

clxviii



else if s = 2«n + 5 then length |

else if s = 2«n + 6 then length |

else if s > 2x«n + 2 N s < 2xn + 4 then length r
else 0)

fun abc-mopup-stage3 :: t-conf = nat = nat
where
abc-mopup-staged (s, I, r) n =
(if s > 0 N\ s < 2xn then
if hd 7 = Bk then 0
else 1
else if s = 2xn + 2 then 1
else if s = 2«m + 3 then 0
else if s = 2«m + /4 then 2
else 0)

fun abc-mopup-measure :: (t-conf x nat) = (nat x nat x nat)
where
abc-mopup-measure (¢, n) =
(abe-mopup-stagel ¢ n, abe-mopup-stage2 ¢ n,
abe-mopup-stage3 ¢ n)

definition abc-mopup-LE ::
(((nat x block list x block list) x nat) x
((nat x block list x block list) x nat)) set
where
abc-mopup-LE = (inv-image lex-triple abe-mopup-measure)

lemma wf-abe-mopup-lelintro): wf abe-mopup-LE
by (auto intro:wf-inv-image wf-lex-triple simp:abc-mopup-LE-def)

lemma [simp]: mopup-bef-erase-a (a, aa, [|) Im n ires = False
apply (auto simp: mopup-bef-erase-a.simps)
done

lemma [simp]: mopup-bef-erase-b (a, aa, [|) Im n ires = False
apply (auto simp: mopup-bef-erase-b.simps)
done

lemma [simp]: mopup-aft-erase-b (2 « n + 8, aa, []) Im n ires = False
apply (auto simp: mopup-aft-erase-b.simps)
done

lemma mopup-halt-pre:
[n < length Im; mopup-inv (Suc 0, I, v) lm n ires; wf abc-mopup-LE]
= Vana. = (A(s, [, r) n. s = 0) (t-steps (Suc 0, 1, )
(mop-bef n Q tshift mp-up (2 * n), 0) na) n —
((t-steps (Suc 0, 1, r) (mop-bef n @ tshift mp-up (2 x n), 0)
(Suc na), n),
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t-steps (Suc 0, 1, ) (mop-bef n Q tshift mp-up (2 * n), 0)
na, n) € abc-mopup-LE
apply (rule alll, rule impl, simp add: t-steps-ind)
apply (subgoal-tac mopup-inv (t-steps (Suc 0, I, 1)
(mop-bef n Q tshift mp-up (2 * n), 0) na) Im n ires)
apply(case-tac (t-steps (Suc 0, 1, )
(mop-bef n Q tshift mp-up (2 * n), 0) na), simp)
proof —
fix naabc
assume n < length Im mopup-inv (a, b, ¢) lm n ires 0 < a
thus ((t-step (a, b, ¢) (mop-bef n @ tshift mp-up (2 % n), 0), n),
(a, b, ¢), n) € abe-mopup-LE
apply (auto split:if-splits simp add:t-step.simps mopup-inv.simps,
tactic { ALLGOALS (resolve-tac [Q{thm fetch-intro}]) )
apply (simp-all add: mopupfetchs new-tape.simps abe-mopup-LE-def
lex-triple-def lex-pair-def )
done
next
fix na
assume n < length Im mopup-inv (Suc 0, 1, r) lm n ires
thus mopup-inv (t-steps (Suc 0, 1, 1)
(mop-bef n Q tshift mp-up (2 * n), 0) na) Im n ires
apply (rule mopup-inv-steps)
done
qed

lemma mopup-halt: [n < length Im; crsp-lly (as, Im) (s, 1, r) ires] =
3 stp. (A (s, 1, 7). s = 0) (t-steps (Suc 0, 1, r)
((mop-bef n @ tshift mp-up (2 % n)), 0) stp)
apply (subgoal-tac mopup-inv (Suc 0, 1, r) lm n ires)
apply (insert wf-abc-mopup-le)
apply(znsert halt-lemmalof abe-mopup-LE
A((s, 1, 1), n).s=10
A stp. (t steps (Suc 0, 1, r) ((mop-bef n Q tshift mp-up (2 x n))
, 0) stp, n)], auto)
apply (insert mopup-halt-pre[of n lm | r], simp, erule exE)
apply (rule-tac © = na in exl, case-tac (t-steps (Suc 0, 1, r)
(mop-bef n Q tshift mp-up (2 * n), 0) na), simp)
apply (rule-tac mopup-init, auto)
done

lemma mopup-halt-conf-pre:
[n < length Im; crsp-lly (as, Im) (s, 1, r) ires]
= 3 na. (A (s, U, ). s"'= 0 A mopup-stop (s', ', r') lm n ires)
(t-steps (Suc 0,1, 1)
((mop-bef n @ tshift mp-up (2 * n)), 0) na)
apply (subgoal-tac 3 stp. (A (s, I, r). s = 0)
(t-steps (Suc 0, 1, r) ((mop-bef n @ tshift mp-up (2 * n)), 0) stp),
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erule exE)
apply (rule-tac x = stp in exl,
case-tac (t-steps (Suc 0, 1, r)

(mop-bef n Q tshift mp-up (2 * n), 0) stp), simp)
apply (subgoal-tac mopup-inv (Suc 0, 1, r) Im n ires)
apply (subgoal-tac mopup-inv (t-steps (Suc 0, 1, 1)

(mop-bef n Q tshift mp-up (2 * n), 0) stp) lm n ires, simp)
simp only: mopup-inv.simps)
rule-tac mopup-inv-steps, simp, simp)
rule-tac mopup-init, simp, simp)
rule-tac mopup-halt, simp, simp)

apply
apply
apply
apply
done

o — o~

lemma mopup-halt-conf:

assumes len: n < length Im

and correspond: crsp-lly (as, Im) (s, I, 1) ires

shows

3 na. (A (s, 1, r'). (Blnrn. s’ = 0 A ' = Bk'™ @ Bk # Bk # ires

A ! = Ocduc (abe-lm-vim n) g BE™)))
(t-steps (Suc 0, 1, 7)
((mop-bef n @ tshift mp-up (2 % n)), 0) na)

using len correspond mopup-halt-conf-pre[of n lm ly as s I r ires]
apply(simp add: mopup-stop.simps tape-of-nat-abv tape-of-nat-list.simps)
done

8.6 Final results about Abacus machine

lemma mopup-halt-bef: [n < length lm; crsp-lly (as, Im) (s, I, r) ires]
= Tstp. (A(s, L, 1). s A0 N((AN(s, 1/, 7). s"=0)

(t-step (s, I, ) (mop-bef n Q tshift mp-up (2 % n), 0))))

(t-steps (Suc 0, 1, r) (mop-bef n @ tshift mp-up (2 % n), 0) stp)
apply (insert mopup-halt[of n lm ly as s I r ires], simp, erule-tac exE)
proof —

fix stp
assume n < length Im
crsp-l ly (as, Im) (s, 1, r) ires
(A(s, 1, r). s =0)
(t-steps (Suc 0,1, r)
(mop-bef n Q tshift mp-up (2 * n), 0) stp)
thus Jstp. (A(s, ab). 0 < s A (A(s’, U, r!). s" = 0)

(t-step (s, ab) (mop-bef n @ tshift mp-up (2 % n), 0)))

(t-steps (Suc 0, 1, r) (mop-bef n @ tshift mp-up (2 % n), 0) stp)

proof(induct stp, simp add: t-steps.simps, simp)

fix stpa

assume hl:

(A(s, I, 7). s = 0) (t-steps (Suc 0, 1, r)
(mop-bef n Q tshift mp-up (2 * n), 0) stpa) =
Istp. (A(s, ab). 0 < s A (A", U, r). s" = 0)
(t-step (s, ab) (mop-bef n @ tshift mp-up (2 % n), 0)))

clxxi



(t-steps (Suc 0,1, r)
(mop-bef n Q@ tshift mp-up (2 * n), 0) stp)
and h2:
(A(s, I, ). s = 0) (t-steps (Suc 0, 1, r)
(mop-bef n Q tshift mp-up (2 * n), 0) (Suc stpa))
n < length Im
crsp-l ly (as, Im) (s, 1, r) ires
thus Jstp. (A(s, ab). 0 < s A (A(s, I, r'). s" = 0)
(t-step (s, ab) (mop-bef n Q tshift mp-up (2 * n), 0))) (
t-steps (Suc 0, 1, r)
(mop-bef n Q tshift mp-up (2 * n), 0) stp)
apply (case-tac (A(s, I, r). s = 0) (t-steps (Suc 0, 1, r)
(mop-bef n @ tshift mp-up (2 % n), 0) stpa),
simp)
apply (rule-tac © = stpa in exl)
apply (case-tac (t-steps (Suc 0, 1, )
(mop-bef n Q@ tshift mp-up (2 * n), 0) stpa),
simp add: t-steps-ind)
done
qed
qged

lemma tshift-nth-state0: [n < length tp; tp ! n = (a, 0)]
= tshift tp off ! n = (a, 0)

apply (induct n, case-tac tp, simp)

apply (auto simp: tshift.simps)

done

lemma shift-length: length (tshift tp n) = length tp
apply (auto simp: tshift.simps)
done

lemma even-Suc-le: [y mod 2 = 0; 2 x x < y] = Suc (2 xz) < y
by arith

lemma [simp]: (4:nat) * n mod 2 = 0
by arith

lemma tm-append-fetch-equal:
[t-ncorrect (tm-of aprog); s"> 0;
fetch (mop-bef n Q tshift mp-up (2 * n)) s’ b = (a, 0)]
= fetch (tm-of aprog Q@ tshift (mop-bef n Q tshift mp-up (2 * n)
(length (tm-of aprog) div 2)) (s’ + length (tm-of aprog) div 2)
= (a, 0)
apply (case-tac s', simp)
apply (auto simp: fetch.simps nth-of .simps t-ncorrect.simps shift-length nth-append
tshift.simps split: list.splits block.splits split: if-splits)

)
b

done
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lemma [simp]:
[t-ncorrect (tm-of aprog);
t-step (s', U, r') (mop-bef n @ tshift mp-up (2 * n), 0) =
(0,17, r'"); 8" > 0]
= t-step (s’ + length (tm-of aprog) div 2, 1, r')
(tm-of aprog Q tshift (mop-bef n @ tshift mp-up (2 x n))
(length (tm-of aprog) div 2), 0) = (0, 1", r'")
apply(simp add: t-step.simps)
apply (subgoal-tac
(fetch (mop-bef n @ tshift mp-up (2 % n)) s’
(case ' of [| = Bk | Bk # zs = Bk | Oc # zs = Oc))
= (fetch (tm-of aprog @ tshift (mop-bef n Q tshift mp-up (2 * n))
(length (tm-of aprog) div 2)) (s’ + length (tm-of aprog) div 2)
(case v’ of [| = Bk | Bk # xs = Bk | Oc # xs = Oc)), simp)
apply(case-tac (fetch (mop-bef n Q tshift mp-up (2 * n)) s’
(case r' of [| = Bk | Bk # zs = Bk | Oc # zs = Oc)), simp)
apply (drule-tac tm-append-fetch-equal, auto)
done

lemma [intro]:
start-of (layout-of aprog) (length aprog) — Suc 0 =
length (tm-of aprog) div 2
apply (subgoal-tac abc2t-correct aprog)
apply (insert pre-lheq[of concat (take (length aprog)
(tms-of aprog)) length aprog aprog|, simp add: tm-of .simps)
by auto

lemma tm-append-stop-step:
[t-ncorrect (tm-of aprog);
t-ncorrect (mop-bef n Q tshift mp-up (2 * n)); n < length Im;
(t-steps (Suc 0, 1, r) (mop-bef n @Q tshift mp-up (2 * n), 0) stp) =
(s, 1% ')
s'# 0;
t-step (s’, U/, r') (mop-bef n Q tshift mp-up (2 = n), 0)
= (0. 17, 7]
_—
(t-steps ((start-of (layout-of aprog) (length aprog), I, r))
(tm-of aprog Q tshift (mop-bef n @ tshift mp-up (2 x n))
(start-of (layout-of aprog) (length aprog) — Suc 0), 0) (Suc stp))
= (0, " ’I“”)
apply (insert tm-append-steps-equal[of tm-of aprog
(mop-bef n Q tshift mp-up (2 * n))
(start-of (layout-of aprog) (length aprog) — Suc 0)
Suc 0 1 r stp], simp)
apply (subgoal-tac (start-of (layout-of aprog) (length aprog) — Suc 0)
= (length (tm-of aprog) div 2), simp add: t-steps-ind)
apply (case-tac
(t-steps (start-of (layout-of aprog) (length aprog), I, r)
(tm-of aprog Q tshift (mop-bef n Q tshift mp-up (2 * n))
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(length (tm-of aprog) div 2), 0) stp), simp)
apply (subgoal-tac start-of (layout-of aprog) (length aprog) > 0,
case-tac start-of (layout-of aprog) (length aprog),
simp, simp)
apply (rule startof-not0, auto)
done

lemma start-of-out-range:
as > length aprog —

start-of (layout-of aprog) as =

start-of (layout-of aprog) (length aprog)

apply (induct as, simp)
apply (case-tac length aprog = Suc as, simp)
apply (simp add: start-of .simps)
done

lemma [intro]: t-ncorrect (tm-of aprog)
apply(simp add: tm-of .simps)
apply (insert tms-mod2|of length aprog aprog|,
simp add: t-ncorrect.simps)
done

lemma abacus-turing-eq-halt-case-pre:
[ly = layout-of aprog;
tprog = tm-of aprog;
crsp-l ly ac tc ires;
n < length am;
abc-steps-1 ac aprog stp = (as, am);
mop-ss = start-of ly (length aprog);
as > length aprog]
= 3 stp. (A (s, 1, ). s = 0 N mopup-inv (0, 1, r) am n ires)
(t-steps tc (tprog @ (tMp n (mop-ss — 1)), 0) stp)
apply (insert steps-crsplof ly aprog tprog ac tc ires (as, am) stp|, auto)
apply (case-tac (t-steps tc (tm-of aprog, 0) n'),
stmp add: tMp.simps)
apply (subgoal-tac t-ncorrect (mop-bef n @ tshift mp-up (2 * n)))
proof —
fixn'abc
assume hl:
ersp-l (layout-of aprog) ac tc ires
abc-steps-1 ac aprog stp = (as, am)
length aprog < as
crsp-l (layout-of aprog) (as, am) (a, b, c) ires
t-steps tc (tm-of aprog, 0) n’ = (a, b, ¢)
n < length am
t-ncorrect (mop-bef n Q tshift mp-up (2 * n))
hence h2:
t-steps tc (tm-of aprog Q tshift (mop-bef n Q tshift mp-up (2 x n))
(start-of (layout-of aprog) (length aprog) — Suc 0), 0) n’
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= (a, b, ¢)

apply (rule-tac tm-append-steps, simp)
apply(simp add: crsp-l.simps, auto)
apply (simp add: crsp-l.simps)

apply (rule startof-not0)

done

from hi1 have h3:
Jstp. (A(s, I, ). s £ 0 A ((X(s, 1, r). s"=0)
(t-step (s, 1, r) (mop-bef n Q tshift mp-up (2 * n), 0))))
(t-steps (Suc 0, b, ¢)
(mop-bef n Q tshift mp-up (2 * n), 0) stp)
apply (rule-tac mopup-halt-bef , auto)
done
from hi and h2 and h3 show
Istp. case t-steps tc (tm-of aprog @ abacus.tshift (mop-bef n Q abacus.tshift
mp-up (2 * n))
(start-of (layout-of aprog) (length aprog) — Suc 0), 0) stp of (s, ab)
= s = 0 A mopup-inv (0, ab) am n ires
proof(erule-tac exE,
case-tac (t-steps (Suc 0, b, ¢)
(mop-bef n Q tshift mp-up (2 * n), 0) stpa), simp,
case-tac (t-step (aa, ba, ca)
(mop-bef n Q tshift mp-up (2 % n), 0)), simp)
fix stpa aa ba ca aaa baa caa
assume gi: 0 < aa N aaa = 0
t-steps (Suc 0, b, ¢)
(mop-bef n Q tshift mp-up (2 * n), 0) stpa = (aa, ba,ca)
t-step (aa, ba, ca) (mop-bef n @ tshift mp-up (2 x n), 0)
= (0, baa, caa)
from h! and this have ¢2:
t-steps (start-of (layout-of aprog) (length aprog), b, c)
(tm-of aprog Q tshift (mop-bef n @ tshift mp-up (2 x n))
(start-of (layout-of aprog) (length aprog) — Suc 0), 0)
(Suc stpa) = (0, baa, caa)
apply (rule-tac tm-append-stop-step, auto)
done
from h1 and h2 and g1 and this show ?thesis
apply (rule-tac x = n’ + Suc stpa in exl)
apply(simp add: t-steps-ind del: t-steps.simps)
apply (subgoal-tac a = start-of (layout-of aprog)
(length aprog), simp)
apply (insert mopup-inv-steps[of n am Suc 0 b ¢ ires Suc stpal,
simp add: t-steps-ind)
apply (subgoal-tac mopup-inv (Suc 0, b, ¢) am n ires, simp)
apply (rule-tac mopup-init, simp, simp)
apply(simp add: crsp-l.simps)
apply (erule-tac start-of-out-range)
done
qed

clxxv



next
show t-ncorrect (mop-bef n Q tshift mp-up (2 * n))
apply (auto simp: t-ncorrect.simps tshift.simps mp-up-def)
done
qed

One of the main theorems about Abacus compilation.

lemma abacus-turing-eq-halt-case:
assumes layout:
— There is an Abacus program aprog with layout ly:
ly = layout-of aprog
and complied:
— The TM compiled from aprog is tprog:
tprog = tm-of aprog
and correspond:
— TM configuration tc and Abacus configuration ac are in correspondence:
crsp-l ly ac tc ires
and halt-state:
— as is a program label outside the range of aprog. So if Abacus is in such a
state, it is in halt state:
as > length aprog
and abc-exec:
— Supposing after stp step of execution, Abacus program aprog reaches such a
halt state:
abe-steps-1 ac aprog stp = (as, am)
and rs-len:
— n is a memory address in the range of Abacus memory am:
n < length am
and mopup-start:
— The startling label for mopup mahines, according to the layout and Abacus
program should be mop-ss:
mop-ss = start-of ly (length aprog)
shows
— After stp steps of execution of the TM composed of tprog and the mopup TM
(tMp n (mop-ss — 1)) will halt and gives rise to a configuration which only hold
the content of memory cell n:
3 stp. A (s, L, 7). 3 Inrn.s=0A | =Bk Q Bk # Bk # ires
A r = OcSuc (abe-lm-v am n) g BE™)
(t-steps tc (tprog @ (tMp n (mop-ss — 1)), 0) stp)
proof —
from layout complied correspond halt-state abc-exec rs-len mopup-start
and abacus-turing-eq-halt-case-pre [of ly aprog tprog ac tc ires n am stp as
mop-ss]
show ?thesis
apply(simp add: mopup-inv.simps mopup-stop.simps tape-of-nat-abv)
done
qed

lemma abc-unhalt-case-zero:
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[ersp-1 (layout-of aprog) ac tc ires;
n < length am;
V stp. (A(as, am). as < length aprog) (abc-steps-l ac aprog stp)]
= Jastp bstp. 0 < bstp A
ersp-l (layout-of aprog) (abc-steps-l ac aprog astp)
(t-steps tc (tm-of aprog, 0) bstp) ires
apply (rule-tac x = Suc 0 in exl)
apply(case-tac abe-steps-l ac aprog (Suc 0), simp)
proof —
fix a b
assume crsp-l (layout-of aprog) ac tc ires
abc-steps-1 ac aprog (Suc 0) = (a, b)
thus 3 bstp. crsp-l (layout-of aprog) (a, b)
(t-steps te (tm-of aprog, 0) bstp) ires
apply (insert steps-crsp|of layout-of aprog aprog
tm-of aprog ac tc ires (a, b) Suc 0], auto)
done
qed

declare abc-steps-1.simps[simp del]

lemma abc-steps-ind:
let (as, am) = abe-steps-l ac aprog stp in
abc-steps-1 ac aprog (Suc stp) =
abe-step-1 (as, am) (abe-fetch as aprog)
proof(simp)
show (A(as, am). abc-steps-1 ac aprog (Suc stp) =
abe-step-1 (as, am) (abe-fetch as aprog))
(abc-steps-1 ac aprog stp)
proof (induct stp arbitrary: ac)
fix ac
show (A(as, am). abc-steps-l ac aprog (Suc 0) =
abc-step-l (as, am) (abe-fetch as aprog))
(abe-steps-1 ac aprog 0)
apply (case-tac ac:: nat x nat list,
simp add: abc-steps-1.simps)
apply (case-tac (abe-step-l (a, b) (abe-fetch a aprog)),
simp add: abc-steps-1.simps)
done
next
fix stp ac
assume hl:
(Aac. (A(as, am). abe-steps-l ac aprog (Suc stp) =
abe-step-1 (as, am) (abe-fetch as aprog))
(abc-steps-1 ac aprog stp))
thus
(M as, am). abc-steps-1 ac aprog (Suc (Suc stp)) =
abe-step-1 (as, am) (abe-fetch as aprog))
(abe-steps-1 ac aprog (Suc stp))
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apply (case-tac ac::nat x nat list, simp)
apply (subgoal-tac
abc-steps-1 (a, b) aprog (Suc (Suc stp)) =
abc-steps-1 (abe-step-1 (a, b) (abe-fetch a aprog))
aprog (Suc stp), simp)
apply (case-tac (abe-step-l (a, b) (abe-fetch a aprog)), simp)
proof —
fix a b aa ba
assume h2: abc-step-l (a, b) (abe-fetch a aprog) = (aa, ba)
from h1 and h2 show
(M as, am). abe-steps-l (aa, ba) aprog (Suc stp) =
abc-step-1 (as, am) (abe-fetch as aprog))
(abc-steps-1 (a, b) aprog (Suc stp))
apply (insert hi[of (aa, ba)])
apply (simp add: abc-steps-1.simps)
apply (insert h2, simp)
done
next
fix a b
show
abe-steps-1 (a, b) aprog (Suc (Suc stp)) =
abe-steps-1 (abe-step-1 (a, b) (abe-fetch a aprog))
aprog (Suc stp)
apply(simp only: abc-steps-1.simps)
done
qed
qged
qed

lemma abc-unhalt-case-induct:
[ersp-l (layout-of aprog) ac te ires;
n < length am;
Vstp. (A(as, am). as < length aprog) (abc-steps-l ac aprog stp);
stp < bstp;
crsp-l (layout-of aprog) (abe-steps-l ac aprog astp)
(t-steps te (tm-of aprog, 0) bstp) ires]
= Jastp bstp. Suc stp < bstp A ersp-l (layout-of aprog)
(abc-steps-1 ac aprog astp) (t-steps tc (tm-of aprog, 0) bstp) ires
apply (rule-tac x = Suc astp in exl)
apply (case-tac abc-steps-l ac aprog astp)
proof —
fix a b
assume
Vstp. (A(as, am). as < length aprog)
(abe-steps-l ac aprog stp)
stp < bstp
ersp-l (layout-of aprog) (abc-steps-l ac aprog astp)
(t-steps te (tm-of aprog, 0) bstp) ires
abc-steps-1 ac aprog astp = (a, b)
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thus
I bstp>Suc stp. crsp-l (layout-of aprog)
(abc-steps-1 ac aprog (Suc astp))
(t-steps te (tm-of aprog, 0) bstp) ires
apply (insert crsp-inside[of layout-of aprog aprog
tm-of aprog a b (t-steps tc (tm-of aprog, 0) bstp) ires], auto)
apply(erule-tac z = astp in allE, auto)
apply(rule-tac x = bstp + stpa in exl, simp)
apply (insert abe-steps-ind|of ac aprog astp], simp)
done
qged

lemma abc-unhalt-case:
[ersp-1 (layout-of aprog) ac te ires;
Vstp. (A(as, am). as < length aprog) (abc-steps-l ac aprog stp)]
= (3 astp bstp. bstp > stp A
crsp-l (layout-of aprog) (abe-steps-l ac aprog astp)
(t-steps tc (tm-of aprog, 0) bstp) ires)
apply (induct stp)
apply (rule-tac abc-unhalt-case-zero, auto)
apply (rule-tac abc-unhalt-case-induct, auto)
done

lemma abacus-turing-eq-unhalt-case-pre:
[ly = layout-of aprog;
tprog = tm-of aprog;
crsp-l ly ac tc ires;
vV stp. (X (as, am). as < length aprog)
(abc-steps-1 ac aprog stp));
mop-ss = start-of ly (length aprog)]
= (=3 stp. A (s, 1, 7). s=0)
(t-steps te (tprog @Q (tMp n (mop-ss — 1)), 0) stp)))
apply (auto)
proof —
fix stp a b
assume hl:
ersp-l (layout-of aprog) ac tc ires
Vstp. (A(as, am). as < length aprog) (abc-steps-l ac aprog stp)
t-steps tc (tm-of aprog @ tMp n (start-of (layout-of aprog)
(length aprog) — Suc 0), 0) stp = (0, a, b)
thus Fulse
proof (insert abc-unhalt-case[of aprog ac tc ires stp], auto,
case-tac (abe-steps-1 ac aprog astp),
case-tac (t-steps te (tm-of aprog, 0) bstp), simp)
fix astp bstp aa ba aaa baa ¢
assume h2:
abe-steps-1 ac aprog astp = (aa, ba) stp < bstp
t-steps te (tm-of aprog, 0) bstp = (aaa, baa, c)
crsp-l (layout-of aprog) (aa, ba) (aaa, baa, c) ires
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hence h3:
t-steps tc (tm-of aprog Q tMp n
(start-of (layout-of aprog) (length aprog) — Suc 0), 0) bstp

= (aaa, baa, c)

apply (intro tm-append-steps, auto)
apply (simp add: crsp-l.simps, rule startof-not0)
done

from h2 have hj: 3 diff. bstp = stp + diff
apply (rule-tac z = bstp — stp in exl, simp)
done

from hj and h8 and h2 and h1 show ?thesis
apply (auto)
apply(simp add: state0-ind crsp-l.simps)
apply (subgoal-tac start-of (layout-of aprog) aa > 0, simp)
apply (rule startof-not0)
done

qed
qed

lemma abacus-turing-eq-unhalt-case:

assumes layout:

— There is an Abacus program aprog with layout ly:

ly = layout-of aprog

and compiled:

— The TM compiled from aprog is tprog:

tprog = tm-of aprog

and correspond:

— TM configuration t¢ and Abacus configuration ac are in correspondence:

crsp-l ly ac tc ires

and abc-unhalt:

— If, no matter how many steps the Abacus program aprog executes, it may never
reach a halt state.

Y stp. (A (as, am). as < length aprog)

(abc-steps-1 ac aprog stp))

and mopup-start: mop-ss = start-of ly (length aprog)

shows

— The the TM composed of TM t¢prog and the moupup TM may never reach a
halt state as well.

= (3 stp. (A (s,l,1m).s=0)

(t-steps te (tprog @ (tMp n (mop-ss — 1)), 0) stp))

using layout compiled correspond abc-unhalt mopup-start

apply (rule-tac abacus-turing-eq-unhalt-case-pre, auto)

done

definition abc-list-crsp:: nat list = nat list = bool

where

abe-list-crsp xzs ys = (3 n. s = ys Q@ 0" V ys = xs @ 0™)
lemma [intro]: abc-list-crsp (Im @ 0™) Im
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apply (auto simp: abc-list-crsp-def)
done

lemma abe-list-crsp-lm-v:
abc-list-crsp Ima Imb —> abc-Im-v Ima n = abc-lm-v Imb n
apply (auto simp: abc-list-crsp-def abe-lm-v.simps
nth-append exponent-def)
done

lemma rep-app-cons-iff :
k < n = replicate n alk:=b] =
replicate k a @ b # replicate (n — k — 1) a
apply (induct n arbitrary: k, simp)
apply (simp split:nat.splits)
done

lemma abc-list-crsp-lm-s:
abc-list-crsp lma Imb —
abe-list-crsp (abe-lm-s Ima m n) (abc-lm-s Imb m n)
apply (auto simp: abc-list-crsp-def abe-lm-v.simps abe-lm-s.simps)
apply (simp-all add: list-update-append, auto simp: exponent-def)
proof —
fix na
assume h: m < length lmb + na — m < length Imb
hence m — length Imb < na by simp
hence replicate na 0[(m— length Imb):= n] =
replicate (m — length lmb) 0 Q n #
replicate (na — (m — length Imb) — 1) 0
apply (erule-tac rep-app-cons-iff )
done
thus 3 nb. replicate na 0[m — length Imb := n] =
replicate (m — length Imb) 0 @ n # replicate nb 0 V
replicate (m — length Ilmb) 0 Q [n] =
replicate na 0[m — length lmb := n] Q replicate nb 0
apply (auto)
done
next
fix na
assume h: = m < length Imb + na
show
Anb. replicate na 0 @ replicate (m — (length Imb + na)) 0 @ [n] =
replicate (m — length Ilmb) 0 @ n # replicate nb 0 V
replicate (m — length Ilmb) 0 Q [n] =
replicate na 0 @
replicate (m — (length Imb + na)) 0 @ n # replicate nb 0
apply(rule-tac x = 0 in exl, simp, auto)
using A
apply(simp add: replicate-add| THEN sym])
done
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next
fix na
assume h: - m < length Ima m < length lma + na
hence m — length Ima < na by simp
hence
replicate na 0[(m— length Ima):= n] = replicate (m — length lma)
0 Q n # replicate (na — (m — length Ima) — 1) 0
apply (erule-tac rep-app-cons-iff )
done
thus 3 nb. replicate (m — length lma) 0 Q [n] =
replicate na 0[m — length lma = n] Q replicate nb 0

V replicate na 0[m — length lma = n] =
replicate (m — length lma) 0 @Q n # replicate nb 0
apply (auto)
done
next
fix na

assume - m < length lma + na
thus 3 nb. replicate (m — length Ima) 0 Q [n] =
replicate na 0 @
replicate (m — (length Ima + na)) 0 Q@ n # replicate nb 0
V  replicate na 0 Q
replicate (m — (length lma + na)) 0 @Q [n] =
replicate (m — length lma) 0 @Q n # replicate nb 0
apply(rule-tac x = 0 in exl, simp, auto)
apply(simp add: replicate-add| THEN sym])
done
qed

lemma abc-list-crsp-step:
[abe-list-crsp lma lmb; abe-step-1 (aa, Ima) i = (a, Ima’);

abc-step-1 (aa, Imb) i = (a’, Imb’)]

= a’ = a A abc-list-crsp lma’ Imb’
apply(case-tac i, auto simp: abc-step-l.simps

abc-list-crsp-lm-s abc-list-crsp-lm-v Let-def
split: abe-inst.splits if-splits)

done

lemma abc-steps-red:
abc-steps-1 ac aprog stp = (as, am) =
abc-steps-1 ac aprog (Suc stp) =
abc-step-1 (as, am) (abe-fetch as aprog)
using abc-steps-ind|of ac aprog stp]
apply(simp)
done

lemma abc-list-crsp-steps:

[abc-steps-1 (0, lm @ 0™) aprog stp = (a, Im’); aprog # [|]
= 3 Ima. abc-steps-1 (0, Im) aprog stp = (a, lma) A
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abe-list-crsp Im’ Ima
apply (induct stp arbitrary: a lm’, simp add: abc-steps-l.simps, auto)
apply (case-tac abe-steps-1 (0, Im @ 0™) aprog stp,
simp add: abc-steps-ind)
proof —
fix stp a lm’ aa b
assume ind:
Nalm' . aa =a Nb=In'"—=
Flma. abe-steps-1 (0, Im) aprog stp = (a, Ima) A
abe-list-crsp Im’ Ima
and h: abe-steps-1 (0, Im @ 0™) aprog (Suc stp) = (a, Im’)
abc-steps-1 (0, lm @ 0™) aprog stp = (aa, b)
aprog # ||
hence g1: abc-steps-1 (0, lm @ 0™) aprog (Suc stp)
= abe-step-1 (aa, b) (abe-fetch aa aprog)
apply (rule-tac abe-steps-red, simp)
done
have J3lma. abc-steps-1 (0, Im) aprog stp = (aa, lma) A
abc-list-crsp b Ima
apply (rule-tac ind, simp)
done
from this obtain /ma where ¢2:
abc-steps-1 (0, Im) aprog stp = (aa, lma) A
abc-list-crsp b Ilma
hence ¢3: abc-steps-1 (0, Im) aprog (Suc stp)
= abe-step-1 (aa, Ima) (abc-fetch aa aprog)
apply (rule-tac abe-steps-red, simp)
done
show Jlma. abc-steps-1 (0, Im) aprog (Suc stp) = (a, Ima) A
abc-list-crsp Im’ Ima
using g1 g2 g3 h
apply(auto)
apply(case-tac abe-step-1 (aa, b) (abe-fetch aa aprog),
case-tac abc-step-l (aa, lma) (abe-fetch aa aprog), simp)
apply (rule-tac abe-list-crsp-step, auto)
done
qged

lemma [simp]: (case ca of [| = Bk | Bk # zs = Bk | Oc # xs = Oc) =
(case ca of [| = Bk | ¢ # zs = 1)
by (case-tac ca, simp-all, case-tac a, simp, simp)

lemma steps-eq: length t mod 2 = (0 =

t-steps ¢ (t, 0) stp = steps c t stp
apply (induct stp)
apply(simp add: steps.simps t-steps.simps)
apply (simp add:tstep-red t-steps-ind)
apply (case-tac steps c t stp, simp)
apply (auto simp: t-step.simps tstep.simps)
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done

lemma crsp-l-start: crsp-l ly (0, im) (Suc 0, Bk # Bk # ires, <lm> Q BE™)
ires

apply (simp add: crsp-l.simps, auto simp: start-of .simps)

done

lemma t-ncorrect-app: [t-ncorrect t1; t-ncorrect t2] =
t-ncorrect (t1 Q t2)

apply (simp add: t-ncorrect.simps, auto)

done

lemma [simp]:
(length (tm-of aprog) +
length (tMp n (start-of ly (length aprog) — Suc 0))) mod 2 = 0
apply (subgoal-tac
t-ncorrect (tm-of aprog Q tMp n
(start-of ly (length aprog) — Suc 0)))

apply(simp add: t-ncorrect.simps)
apply (rule-tac t-ncorrect-app,

auto simp: tMp.simps t-ncorrect.simps tshift.simps mp-up-def)
apply (subgoal-tac

t-ncorrect (tm-of aprog), simp add: t-ncorrect.simps)
apply (auto)
done

lemma [simp]: takeWhile (Aa. a = Oc)
(replicate rs Oc Q replicate rn Bk) = replicate rs Oc
apply (induct rs, auto)
apply (induct rn, auto)
done

lemma abacus-turing-eq-halt’:
[ly = layout-of aprog;
tprog = tm-of aprog;
n < length am;
abc-steps-1 (0, lm) aprog stp = (as, am);
mop-ss = start-of ly (length aprog);
as > length aprog]
= 3 stp m . steps (Suc 0, Bk # Bk # ires, <lm> Q Bk™™)
(tprog @ (tMp n (mop-ss — 1))) stp
= (0, BK™ @ Bk # Bk # ires, Ocduc (abe-tm-v amn) q prly
apply (drule-tac tc = (Suc 0, Bk # Bk # ires, <lm> @ BE™) in
abacus-turing-eq-halt-case, auto intro: crsp-l-start)
apply (subgoal-tac
length (tm-of aprog @Q tMp n
(start-of ly (length aprog) — Suc 0)) mod 2 = 0)
apply (simp add: steps-eq)
apply (rule-tac x = stpa in exl,
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simp add: exponent-def, auto)
done

lemma list-length: xs = ys = length xs = length ys
by simp
lemma [elim]: tinres (BE™) b = Im. b = BE™
apply (auto simp: tinres-def)
apply (rule-tac £ = m—n in exl,
auto simp: exponent-def replicate-add| THEN sym])
apply (case-tac m < n, auto)
apply (drule-tac list-length, auto)
apply (subgoal-tac 3 d. m = d + n, auto simp: replicate-add)
apply (rule-tac z = m — n in exl, simp)
done
lemma [intro]: tinres [Bk] (BkF)
apply (auto simp: tinres-def exponent-def)
apply (case-tac k, auto)
apply(rule-tac x = Suc 0 in exl, simp)
done

lemma abacus-turing-eq-halt-pre:
[ly = layout-of aprog;

tprog = tm-of aprog;

n < length am;

abc-steps-1 (0, Im) aprog stp = (as, am);

mop-ss = start-of ly (length aprog);

as > length aprog]

= 3 stp m . steps (Suc 0, Bk # Bk # ires, <lm> @ BEK™)

(tprog @ (tMp n (mop-ss — 1))) stp
= (0, BK™ @ Bk # Bk # ires, Ocduc (abe-lm-v amn) q prl

using abacus-turing-eq-halt’
apply (simp)
done

Main theorem for the case when the original Abacus program does halt.

lemma abacus-turing-eq-halt:

assumes layout:

ly = layout-of aprog

— There is an Abacus program aprog with layout ly:

and compiled: tprog = tm-of aprog

— The TM compiled from aprog is tprog:

and halt-state:

— as is a program label outside the range of aprog. So if Abacus is in such a

state, it is in halt state:

as > length aprog

and abc-exec:

— Supposing after stp step of execution, Abacus program aprog reaches such a
halt state:
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abe-steps-1 (0, lm) aprog stp = (as, am)

and rs-locate:

— n is a memory address in the range of Abacus memory am:

n < length am

and mopup-start:

— The startling label for mopup mahines, according to the layout and Abacus
program should be mop-ss:

mop-ss = start-of ly (length aprog)

shows

— After stp steps of execution of the TM composed of tprog and the mopup TM
(tMp n (mop-ss — 1)) will halt and gives rise to a configuration which only hold
the content of memory cell n:

3 stp m l. steps (Suc 0, Bk # Bk # ires, <lm> @ BEK™) (tprog @ (tMp n
(mop-ss — 1))) stp

= (0, BE™ @ Bk # Bk # ires, OcSuc (abe-lm-vamn) q pyl)
using layout compiled halt-state abc-ezec rs-locate mopup-start
by (rule-tac abacus-turing-eg-halt-pre, auto)

lemma abacus-turing-eq-uhalt’:
lly = layout-of aprog;
tprog = tm-of aprog;
Y stp. (A (as, am). as < length aprog)
(abc-steps-1 (0, Im) aprog stp));
mop-ss = start-of ly (length aprog)]
= (= (3 stp. isS0 (steps (Suc 0, [Bk, Bk], <lm>)
(tprog @ (tMp n (mop-ss — 1))) stp)))
apply (drule-tac t¢ = (Suc 0, [Bk, Bk], <lm>) and n = n and ires = [] in
abacus-turing-eq-unhalt-case, auto intro: crsp-l-start)
apply (simp add: crsp-l.simps start-of .simps)
apply (erule-tac x = stp in allE, erule-tac x = stp in allE)
apply (subgoal-tac
length (tm-of aprog @ tMp n
(start-of ly (length aprog) — Suc 0)) mod 2 = 0)
apply(simp add: steps-eq, auto simp: isS0-def)
done

Main theorem for the case when the original Abacus program does not halt.

lemma abacus-turing-eq-uhalt:

assumes layout:

— There is an Abacus program aprog with layout ly:

ly = layout-of aprog

and compiled:

— The TM compiled from aprog is tprog:

tprog = tm-of aprog

and abc-unhalt:

— If, no matter how many steps the Abacus program aprog executes, it may never
reach a halt state.

V stp. (A (as, am). as < length aprog)

(abc-steps-1 (0, lm) aprog stp))
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and mop-start: mop-ss = start-of ly (length aprog)
shows
— The the TM composed of TM tprog and the moupup TM may never reach a
halt state as well.
= (3 stp. isS0 (steps (Suc 0, [Bk, Bk], <lm>)
(tprog @ (tMp n (mop-ss — 1))) stp))
using abacus-turing-eg-uhalt’
layout compiled abc-unhalt mop-start
by (auto)

end

theory rec-def
imports Main
begin

9 Recursive functions

Datatype of recursive operators.

datatype recf =
— The zero function, which always resturns 0 as result.
z |
— The successor function, which increments its arguments.
s |
— The projection function, where id i j returns the j-th argment out of the i

arguments.

id nat nat |
— The compostion operator, where ” Cn n f [g1; g2; ... ;gm| computes f (g1 (z1,
22, ..., zn), g2(x1, 22, ..., an), ... , gm(zl, z2, ... , zn)) for input argments
zl, ..., zn.

Cn nat recf recf list |
— The primitive resursive operator, where Pr n f g computes: Pr n f g (x1, 22,

cyan—1,0) = f(zl, ..., 2n—1) and Prn fg (z1, 22, ..., an—1, k') = g(«1,
22, ...,an—1,k, Prnfg (z1,...,an—1,k)).

Pr nat recf recf |
— The minimization operator, where Mn n f (z1, z2, ... , zn) computes the first
isuch that f (21, ..., an, i) = 0 and for all j, f («1, 22, ..., zn, j) > 0.

Mn nat recf
The semantis of recursive operators is given by an inductively defined rela-
tion as follows, where rec-calc-rel R [z1, z2, ..., xn| r means the computa-
tion of R over input arguments [z1, 2, ..., zn terminates and gives rise to
a result r

inductive rec-calc-rel :: recf = nat list = nat = bool
where
cale-z: rec-calc-rel z [n] 0 |
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cale-s: rec-cale-rel s [n] (Suc n) |
calc-id: [length args = i; j < i; args!jy = r] = rec-calc-rel (id i j) args r |
cale-cn: [length args = n;
YV k < length gs. rec-calc-rel (gs | k) args (rs ! k);
length rs = length gs;
rec-calc-rel frs ]
= rec-calc-rel (Cn n f gs) args v |
calc-pr-zero:
[length args = n;
rec-calc-rel f args r0 |
= rec-calc-rel (Prn fg) (args Q [0]) r0 |
calc-pr-ind:
[ length args = n;
rec-cale-rel (Prn fg) (args Q [k]) rk;
rec-calc-rel g (args Q [k] Q [rk]) k']
= rec-calc-rel (Prn fg) (args Q [Suc k]) vk’ |
cale-mn: [length args = n;
rec-cale-rel f (argsQr]) 0;
Vi < r. (3 ri. rec-cale-rel f (argsQ[i]) ri A ri # 0)]
= rec-calc-rel (Mn n f) args r

inductive-cases calc-pr-reverse:
rec-cale-rel (Prn fg) (Im) rSucy

inductive-cases calc-z-reverse: rec-calc-rel z lm x
inductive-cases calc-s-reverse: rec-calc-rel s Im x
inductive-cases calc-id-reverse: rec-calc-rel (id m n) Im
inductive-cases calc-cn-reverse: rec-calc-rel (Cn n f gs) Im x

inductive-cases calc-mn-reverse:rec-calc-rel (Mn n f) Im
end

theory recursive

imports Main rec-def abacus

begin

10 Compiling from recursive functions to Abacus
machines

Some auxilliary Abacus machines used to construct the result Abacus ma-
chines.
get-paras-num recf returns the arity of recursive function recf.

fun get-paras-num :: recf = nat
where
get-paras-num z = 1 |
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get-paras-num s = 1 |
get-paras-num (id m n) = m |
get-paras-num (Cn n f gs) = n |
get-paras-num (Prn f g) = Suc n |
get-paras-num (Mn n f) = n

fun addition :: nat = nat = nat = abc-prog
where
addition m n p = [Dec m 4, Inc n, Inc p, Goto 0, Dec p 7,
Inc m, Goto 4]

fun empty :: nat = nat = abe-prog
where
empty m n = [Dec m 8, Inc n, Goto 0]

fun abc-inst-shift :: abc-inst = nat = abc-inst
where
abc-inst-shift (Inc m) n = Inc m |
abc-inst-shift (Dec m e) n = Dec m (e + n) |
abc-inst-shift (Goto m) n = Goto (m + n)

fun abc-shift :: abc-inst list = nat = abc-inst list
where
abc-shift s n = map (A . abe-inst-shift x n) s

fun abc-append :: abc-inst list = abc-inst list =
abc-inst list (infixl [+] 60)
where
abc-append al bl = (let al-len = length al in
al @ abc-shift bl al-len)

The compilation of z-operator.

definition rec-ci-z :: abc-inst list
where
rec-ci-z = [Goto 1]

The compilation of s-operator.

definition rec-ci-s :: abc-inst list
where
rec-ci-s = (addition 0 1 2 [+] [Inc 1])

The compilation of id i j-operator

fun rec-ci-id :: nat = nat = abc-inst list
where
rec-ci-id i j = addition ji (i + 1)

fun mwv-bozxes :: nat = nat = nat = abc-inst list
where
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mu-boxes ab bb 0 = || |
mu-bozes ab bb (Suc n) = mv-boxes ab bb n [+] empty (ab + n)
(bb + n)

fun empty-bozxes :: nat = abc-inst list
where
empty-boxes 0 = || |
empty-bozes (Suc n) = empty-bozes n [+] [Dec n 2, Goto 0]

fun cn-merge-gs :
(abc-inst list x nat X nat) list = nat = abe-inst list
where
cn-merge-gs [ p = [ |
cn-merge-gs (g # gs) p =
(let (gprog, gpara, gn) = g in
gprog [+] empty gpara p [+] cn-merge-gs gs (Suc p))

The compiler of recursive functions, where rec-ci recf return (ap, arity, fp),
where ap is the Abacus program, arity is the arity of the recursive function
recf, fp is the amount of memory which is going to be used by ap for its
execution.

function rec-ci :: recf = abc-inst list X nat X nat
where
rec-ci z = (rec-ci-z, 1, 2) |
rec-ci s = (rec-ci-s, 1, 3) |
rec-ci (id m n) = (rec-ci-id m n, m, m + 2) |
rec-ci (Cn n fgs) =
(let cied-gs = map (X g. rec-ci g) (f # gs) in
let (fprog, fpara, fn) = hd cied-gs in
let pstr =
Maz (set (Sucn # fn # (map (X (aprog, p, n). n) cied-gs))) in
let gstr = pstr + Suc (length gs) in
(en-merge-gs (tl cied-gs) pstr [+] mu-bozes 0 gstr n [+]
muv-bozes pstr 0 (length gs) [+] forog [+]
empty fpara pstr [+] empty-bozes (length gs) [+]
empty pstr n [+] mv-bozes gstr 0 n, n, gqstr + n)) |
rec-ci (Prn fg) =
(let (fprog, fpara, fn) = rec-ci f in
let (gprog, gpara, gn) = rec-ci g in
let p = Max (set ([n + 3, fn, gn])) in
let e = length gprog + 7 in
(empty n p [+] fprog [+] empty n (Suc n) [+]
(([Dec p €] [+] gprog [+]
[Inc n, Dec (Suc n) 3, Goto 1]) @
[Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length gprog + 4))]),
Sucn,p+ 1))
rec-ci (Mn n f) =
(let (fprog, fpara, fn) = rec-ci f in
let len = length (fprog) in
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(fprog @ [Dec (Suc n) (len + 5), Dec (Suc n) (len + 3),
Goto (len + 1), Inc n, Goto 0], n, maz (Suc n) fn) )

by pat-completeness auto
termination
proof
term size

show wf (measure size) by auto
next

fix n fgszx

assume (z::recf) € set (f # gs)

thus (z, Cn n f gs) € measure size

by (induct gs, auto)

next

fixnfg

show (f, Prn fg) € measure size by auto
next

fix n fgxzay b ya

show (g, Prn fg) € measure size by auto
next

fix n f

show (f, Mn n f) € measure size by auto
qged

declare rec-ci.simps [simp del] rec-ci-s-def [simp del]
rec-ci-z-def [simp del] rec-ci-id.simps[simp del]
mu-boxes.simps[simp del] abc-append.simps[simp del]
empty.simps|[simp del] addition.simps[simp del]

thm rec-calc-rel.induct

declare abc-steps-1.simps[simp del] abe-fetch.simps[simp del]
abe-step-1.simps[simp del]

lemma abc-steps-add:
abc-steps-1 (as, Im) ap (m + n) =
abc-steps-1 (abe-steps-1 (as, lm) ap m) ap n
apply (induct m arbitrary: n as lm, simp add: abc-steps-l.simps)
proof —
fix m n as Im
assume ind:
An as lm. abe-steps-l (as, Im) ap (m + n) =
abc-steps-1 (abe-steps-1 (as, Im) ap m) ap n
show abc-steps-1 (as, Im) ap (Suc m + n) =
abe-steps-l (abe-steps-1 (as, Im) ap (Suc m)) ap n
apply (insert ind[of as Im Suc n], simp)
apply (insert ind[of as Im Suc 0], simp add: abc-steps-l.simps)
apply (case-tac (abe-steps-1 (as, Im) ap m), simp)
apply (simp add: abc-steps-1.simps)
apply(case-tac abe-step-1 (a, b) (abe-fetch a ap),
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simp add: abc-steps-1.simps)
done
qed

lemma rec-calc-inj-case-z:

[rec-cale-rel z 1 x; rec-calc-rel z 1y = = =y
apply (auto elim: cale-z-reverse)
done

lemma rec-calc-inj-case-s:

[rec-cale-rel s 1 x; rec-calc-rel s |y = z =y
apply (auto elim: calc-s-reverse)
done

lemma rec-calc-inj-case-id:
[rec-cale-rel (recf.id natl nat2) 1 x;
rec-calc-rel (recf.id natl nat2) ly] = z =y
apply (auto elim: calc-id-reverse)
done

lemma rec-calc-inj-case-mn:
assumes ind: \ |z y. [rec-calc-rel f | x; rec-calc-rel f 1 y]
= 1=y
and h: rec-calc-rel (Mn n f) 1 x rec-calc-rel (Mn n f) Ly
shows z = y
apply (insert h)
apply(elim calc-mn-reverse)
apply(case-tac x > y, simp)
apply (erule-tac x = y in allE, auto)
proof —
fix v va
assume rec-cale-rel f (1 Q [y]) 0
rec-cale-rel f (1 Q [y]) v
0<w
thus Fulse
apply (insert ind[of | Q [y] 0 v], simp)
done
next
fix v va
assume
rec-calc-rel f (1 Q [z]) 0
Va<y. Jv. rec-cale-rel f {1 Q[z]) v AN O <v-y<z
thus z =y
apply(erule-tac ¢ = z in allE)
apply (case-tac z = y, auto)
apply (drule-tac y = v in ind, simp, simp)
done

cxcil



qed

lemma rec-calc-ing-case-pr:
assumes f-ind:
Nl z y. [rec-cale-rel f 1 x; rec-cale-rel fly] = z =y
and g-ind:
Nz za y zb ya I zc yb.
[z = rec-ci ; (sa, ) = 3; (sb, ya) = y;
rec-cale-rel g | xc; rec-cale-rel g 1 yb] = zc = yb
and h: rec-calc-rel (Prn fg) |z rec-calc-rel (Prn fg)ly
shows z = y
apply (case-tac rec-ci f)
proof —
fix abc
assume rec-ci f = (a, b, c)
hence ng-ind:
N\ 1 zc yb. [rec-cale-rel g | xc; rec-calc-rel g 1 yb]

= zc = yb
apply (insert g-ind[of (a, b, ¢) a (b, ¢) b c], simp)
done

from h show z = y
apply (erule-tac calc-pr-reverse, erule-tac calc-pr-reverse)
apply (erule f-ind, simp, simp)
apply (erule-tac calc-pr-reverse, simp, simp)
proof —
fix la ya ry laa yaa rya
assume kI: rec-calc-rel g (la Q [ya, ry]) =
rec-calc-rel g (la Q [ya, rya]) y
and k2: rec-calc-rel (Pr (length la) f g) (la @ [ya]) ry
rec-calc-rel (Pr (length la) f g) (la @ [ya]) rya
from k2 have ry = rya
apply (induct ya arbitrary: ry rya)
apply (erule-tac calc-pr-reverse,
erule-tac calc-pr-reverse, simp)
apply (erule f-ind, simp, simp, simp)
apply (erule-tac calc-pr-reverse, simp)
apply (erule-tac rSucy = rya in calc-pr-reverse, simp, simp)
proof —
fix ya ry rya l y ryb laa yb ryc
assume ind:
Ary rya. [rec-calc-rel (Pr (length 1) f
rec-calc-rel (Pr (length 1) f g
and j: rec-calc-rel (Pr (length 1) f g)
rec-cale-rel g (1 Q [y, ryb]) r
rec-calc-rel (Pr (length 1) fg) (I @ [y]) ryc
rec-cale-rel g (1 Q [y, ryc]) rya
from j show ry = rya
apply (insert ind[of Tyb ryc], simp)
apply (insert ng-ind[of | Q [y, ryc] ry rya], simp)

g9) (1@ [y]) ry;
) (L@ [y]) rya]] = ry = 1y0
(lQfy]) ry
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done
qed
from k1 and this show z = y
apply (simp)
apply (insert ng-ind[of la @ [ya, rya] = y], simp)
done
qed
qed

lemma Suc-nth-part-eq:
YV k<Suc (length list). (a # zs) ! k = (aa # list) | k
= Vk<(length list). (zs) ! k = (list) ! k
apply (rule alll, rule impl)
apply (erule-tac x = Suc k in allE, simp)
done

lemma list-eq-intro:
[length zs = length ys; ¥V k < length zs. zs ! k = ys | k]
= x5 = ys
apply (induct zs arbitrary: ys, simp)
apply (case-tac ys, simp, simp)
proof —
fix a xs ys aa list
assume ind:
Nys. [length list = length ys; ¥ k<length ys. zs | k = ys | k]
= 15 = ys
and h: length xs = length list
YV k<Suc (length list). (a # xzs) ! k = (aa # list) | k
from h show a = aa A zs = list
apply (insert ind|of list], simp)
apply (frule Suc-nth-part-eq, simp)
apply(erule-tac x = 0 in allE, simp)
done
qed

lemma rec-calc-inj-case-cn:

assumes ind:

Nz lzay.

[x =f V z € set gs; rec-cale-rel x | za; rec-calc-rel z [ y]

= za =y

and h: rec-calc-rel (Cnn fgs) lz
rec-calc-rel (Cnn fgs) ly

shows z = y

apply (insert h, elim calc-cn-reverse)

apply (subgoal-tac rs = rsa)

apply(rule-tac © = f and | = rsa and za = z and y = y in ind,
simp, simp, simp)

apply (intro list-eq-intro, simp, rule alll, rule impl)
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apply(erule-tac = k in allE, rule-tac = k in allE, simp, simp)
apply(rule-tac x = gs ! k in ind, simp, simp, simp)
done

lemma rec-calc-ing:

[rec-calc-rel f 1 x;

rec-calc-rel fly] = x =y

apply (induct f arbitrary: | z y rule: rec-ci.induct)
apply (simp add: rec-calc-inj-case-z)
apply (simp add: rec-calc-ingj-case-s)
apply(simp add: rec-calc-inj-case-id, simp)
apply (erule rec-calc-inj-case-cn,simp, simp)
apply (erule rec-calc-inj-case-pr, auto)
apply (erule rec-calc-inj-case-mn, auto)
done

lemma calc-rel-reverse-ind-step-ex:
[rec-cale-rel (Prn fg) (Im @ [Suc z]) rs]
= 3 rs. rec-cale-rel (Prn fg) (Im Q [z]) rs

apply (erule cale-pr-reverse, simp, simp)

apply(rule-tac x = rk in exl, simp)

done

lemma [simp]: Suc z <y = Suc (y — Sucz) =y — x
by arith

lemma calc-pr-para-not-null:

rec-calc-rel (Prn fg) Im rs = Ilm # ||
apply (erule cale-pr-reverse, simp, simp)
done

lemma calc-pr-less-ex:

[rec-calc-rel (Prn fg) Im rs; z < last Im] =

Ars. rec-cale-rel (Prn fg) (butlast Im Q [last Im — z]) rs
apply (subgoal-tac Im # |])

apply (induct z, rule-tac x = rs in exl, simp, simp, erule exE)
apply (rule-tac rs = za in calc-rel-reverse-ind-step-ex, simp)
apply(simp add: calc-pr-para-not-null)

done

lemma calc-pr-zero-ex:
rec-calc-rel (Prn fg) lm rs =
Irs. rec-cale-rel f (butlast Im) rs
apply (drule-tac x = last Im in calc-pr-less-ex, simp,
erule-tac exE, simp)
apply (erule-tac calc-pr-reverse, simp)
apply (rule-tac © = rs in exl, simp, simp)
done
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lemma abc-steps-ind:
abc-steps-1 (as, am) ap (Suc stp) =
abc-steps-1 (abe-steps-1 (as, am) ap stp) ap (Suc 0)
apply (insert abc-steps-add[of as am ap stp Suc 0], simp)
done

lemma abc-steps-zero: abc-steps-l asm ap 0 = asm
apply (case-tac asm, simp add: abc-steps-l.simps)
done

lemma abc-append-nth:
n < length ap + length bp —
(ap [+] bp) ' n =
(if n < length ap then ap ! n
else abc-inst-shift (bp ! (n — length ap)) (length ap))
apply(simp add: abc-append.simps nth-append map-nth split: if-splits)
done

lemma abc-state-keep:
as > length bp = abc-steps-1 (as, Im) bp stp = (as, Im)
apply (induct stp, simp add: abe-steps-zero)
apply(simp add: abe-steps-ind)
apply (simp add: abc-steps-zero)
apply (simp add: abc-steps-1.simps abc-fetch.simps abe-step-l.simps)
done

lemma abc-halt-equal:
[abe-steps-1 (0, Im) bp stpa = (length bp, Im1);
abc-steps-1 (0, lm) bp stpb = (length bp, Im2)] = Im1 = Im2
apply (case-tac stpa — stpb > 0)
apply (insert abc-steps-add[of 0 Im bp stpb stpa — stpb], simp)
apply (insert abc-state-keep|of bp length bp Im2 stpa — stpb],
simp, simp add: abc-steps-zero)
apply (insert abe-steps-add]of 0 Im bp stpa stpb — stpa), simp)
apply (insert abe-state-keep|of bp length bp Im1 stpb — stpal,
simp)
done

lemma abc-halt-point-ex:

[3 stp. abe-steps-1 (0, Im) bp stp = (bs, Im’);

bs = length bp; bp # [|]
= 3 stp. (A (s,1). s < bs A
(abe-steps-1 (s, 1) bp (Suc 0)) = (bs, Im"))
(abc-steps-1 (0, Im) bp stp)

apply (erule-tac exE)
proof —

fix stp
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assume bs = length bp
abc-steps-1 (0, lm) bp stp = (bs, Im”)
bp # ||
thus
Istp. (A(s, 1). s < bs A
abc-steps-1 (s, 1) bp (Suc 0) = (bs, Im”))
(abc-steps-1 (0, Im) bp stp)
apply (induct stp, simp add: abc-steps-zero, simp)
proof —
fix stpa
assume ind:
abc-steps-1 (0, Im) bp stpa = (length bp, Im”)
= Fstp. (A(s, 1). s < length bp A abc-steps-l (s, 1) bp
(Suc 0) = (length bp, Im’)) (abe-steps-1 (0, Im) bp stp)
and h: abe-steps-1 (0, Im) bp (Suc stpa) = (length bp, Im’)
abe-steps-1 (0, Im) bp stp = (length bp, Im’)
bp # ||
from h show
Istp. (A(s, 1). s < length bp A abc-steps-1 (s, 1) bp (Suc 0)
= (length bp, Ilm’)) (abc-steps-1 (0, Im) bp stp)
apply (case-tac abe-steps-1 (0, Im) bp stpa,
case-tac a = length bp)
apply (insert ind, simp)
apply (subgoal-tac b = Im’, simp)
apply (rule-tac abc-halt-equal, simp, simp)
apply (rule-tac © = stpa in exl, simp add: abe-steps-ind)
apply(simp add: abe-steps-zero)
apply (rule classical, simp add: abc-steps-l.simps
abc-fetch.simps abc-step-l.simps)
done
qed
qged

lemma abc-append-empty-r[simp]: [| [+] ab = ab
apply (simp add: abc-append.simps abc-inst-shift.simps)
apply (induct ab, simp, simp)

apply (case-tac a, simp-all add: abc-inst-shift.simps)
done

lemma abc-append-empty-l[simpl: ab [+] [| = ab
apply (simp add: abc-append.simps abc-inst-shift.simps)
done

lemma abc-append-length[simp]:

length (ap [+] bp) = length ap + length bp
apply (simp add: abc-append.simps)
done
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lemma abc-append-commute: as [+] bs [+] ¢s = as [+] (bs [+] ¢s)
apply(simp add: abc-append.simps abe-shift.simps abe-inst-shift.simps)
apply (induct cs, simp, simp)

apply (case-tac a, auto simp: abc-inst-shift.simps)

done

lemma abc-halt-point-step[simp):

[a < length bp; abc-steps-1 (a, b) bp (Suc 0) = (length bp, Im’)]

= abc-steps-l (length ap + a, b) (ap [+] bp [+] cp) (Suc 0) =

(length ap + length bp, Im”)
apply(simp add: abe-steps-l.simps abe-fetch.simps abe-append-nth)
apply(case-tac bp ! a,
auto simp: abc-steps-1.simps abc-step-l.simps)

done

lemma abc-step-state-in:
[bs < length bp; abc-steps-l (a, b) bp (Suc 0) = (bs, 1)]
= a < length bp
apply (simp add: abc-steps-1.simps abe-fetch.simps)
apply (rule-tac classical,
simp add: abc-step-l.simps abc-steps-1.simps)
done

lemma abc-append-state-in-exc:
[bs < length bp; abc-steps-l (0, lm) bp stpa = (bs, 1)]
= abc-steps-1 (length ap, Im) (ap [+] bp [+] cp) stpa =
(length ap + bs, 1)
apply (induct stpa arbitrary: bs I, simp add: abe-steps-zero)
proof —
fix stpa bs [
assume ind:
Nbs 1. [bs < length bp; abc-steps-1 (0, lm) bp stpa = (bs, 1)]
= abc-steps-1 (length ap, Im) (ap [+] bp [+] cp) stpa =
(length ap + bs, 1)
and h: bs < length bp
abe-steps-1 (0, Im) bp (Suc stpa) = (bs, 1)
from h show
abe-steps-l (length ap, Im) (ap [+] bp [+] cp) (Suc stpa) =
(length ap + bs, 1)
apply(simp add: abe-steps-ind)
apply (case-tac (abe-steps-1 (0, lm) bp stpa), simp)
proof —
fix a b
assume g: abe-steps-1 (0, Im) bp stpa = (a, b)
abe-steps-1 (a, b) bp (Suc 0) = (bs, 1)
from h and g have k1: a < length bp
apply(simp add: abc-step-state-in)
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done
from h and g and k1 show
abc-steps-1 (abe-steps-1 (length ap, Im) (ap [+] bp [+] cp) stpa)
(ap [+] bp [+] ¢p) (Suc 0) = (length ap + bs, 1)
apply (insert ind[of a b], simp)
apply(simp add: abe-steps-l.simps abe-fetch.simps
abc-append-nth)
apply(case-tac bp ! a, auto simp:
abe-steps-1.simps abc-step-l.simps)
done
qed
qed

lemma [simp]: abe-steps-1 (0, am) [] stp = (0, am)

apply (induct stp, simp add: abc-steps-zero)

apply(simp add: abe-steps-ind)

apply(simp add: abe-steps-zero abe-steps-l.simps
abe-fetch.simps abc-step-l.simps)

done

lemma abc-append-excl:
[3 stp. abe-steps-l (0, lm) bp stp = (bs, Im’);
bs = length bp;
as = length ap]
= 3 stp. abe-steps-1 (as, Im) (ap [+] bp [+] cp) stp
= (as + bs, Im")
apply (case-tac bp = [], erule-tac exE, simp,
rule-tac x = 0 in exl, simp add: abc-steps-zero)
apply (frule-tac abc-halt-point-ex, simp, simp,
erule-tac exE, erule-tac exE)
apply (rule-tac © = stpa + Suc 0 in exl)
apply (case-tac (abe-steps-1 (0, Im) bp stpa),
stmp add: abc-steps-ind)
apply (subgoal-tac
abe-steps-1 (length ap, Im) (ap [+] bp [+] cp) stpa
= (length ap + a, b), simp)
apply (simp add: abc-steps-zero)
apply (rule-tac abe-append-state-in-exc, simp, simp)
done

lemma abc-append-excs:
[3 stp. abc-steps-l (0, am) bp stp = (bs, bm); ss = length ap]
= 3 stp. abe-steps-l (ss, am) (ap [+] bp) stp = (bs + ss, bm)
apply (erule-tac exE)

proof —
fix stp
assume h: abc-steps-1 (0, am) bp stp = (bs, ) ss = length ap
thus Jstp. abc-steps-1 (ss, am) (ap [+] bp) stp = (bs + ss, bm)

proof (induct stp arbitrary: bs bm)
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fix bs bm
assume abc-steps-1 (0, am) bp 0 = (bs, bm)
thus 3 stp. abe-steps-1 (ss, am) (ap [+] bp) stp = (bs + ss, bm)
apply (rule-tac z = 0 in exl, simp add: abe-steps-l.simps)
done
next
fix stp bs bm
assume ind:
A\bs bm. [abe-steps-l (0, am) bp stp = (bs, bm);
ss = length ap] =
Istp. abe-steps-l (ss, am) (ap [+] bp) stp = (bs + ss, bm)
and g: abc-steps-1 (0, am) bp (Suc stp) = (bs, bm)
from g show
Jstp. abe-steps-l (ss, am) (ap [+] bp) stp = (bs + ss, bm)
apply (insert abe-steps-add]of 0 am bp stp Suc 0], simp)
apply (case-tac (abe-steps-1 (0, am) bp stp), simp)
proof —
fix a b
assume (bs, bm) = abc-steps-l (a, b) bp (Suc 0)
abe-steps-1 (0, am) bp (Suc stp) =
abc-steps-1 (a, b) bp (Suc 0)
abe-steps-1 (0, am) bp stp = (a, b)
thus ?thesis
apply (insert ind[of a b], simp add: h, erule-tac exF)
apply (rule-tac © = Suc stp in exl)
apply (simp only: abe-steps-ind, simp add: abc-steps-zero)
proof —
fix stp
assume (bs, bm) = abc-steps-l (a, b) bp (Suc 0)
thus abc-steps-l1 (a + length ap, b) (ap [+] bp) (Suc 0)
= (bs + length ap, bm)
apply(simp add: abe-steps-l.simps abe-steps-zero
abe-fetch.simps split: if-splits)
apply(case-tac bp ! a,
simp-all add: abc-inst-shift.simps abc-append-nth
abc-steps-1.simps abc-steps-zero abe-step-1.simps)
apply (auto)
done
qed
qed
qed
qged

lemma abc-add-equal:
lap # [I;
abe-steps-1 (0, am) ap astp = (a, b);
a < length ap]
= (abc-steps-1 (0, am) (ap Q bp) astp) = (a, b)
apply (induct astp arbitrary: a b, simp add: abc-steps-l.simps, simp)
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apply(simp add: abe-steps-ind)
apply (case-tac (abe-steps-1 (0, am) ap astp))
proof —
fix astp a b aa ba
assume ind:
Na b. [abe-steps-l (0, am) ap astp = (a, b);
a < length ap] =
abc-steps-1 (0, am) (ap Q bp) astp = (a, b)
and h: abe-steps-1 (abe-steps-l (0, am) ap astp) ap (Suc 0)
= (a" b)
a < length ap
abe-steps-1 (0, am) ap astp = (aa, ba)
from h show abc-steps-l (abc-steps-1 (0, am) (ap @ bp) astp)
(ap @ bp) (Suc 0) = (a, b)
apply (insert ind[of aa ba], simp)
apply (subgoal-tac aa < length ap, simp)
apply(simp add: abe-steps-l.simps abe-fetch.simps
nth-append abe-steps-zero)
apply(rule abc-step-state-in, auto)
done
qed

lemma abc-add-ezci:

[3 astp. abe-steps-1 (0, am) ap astp = (as, bm); as = length ap]

= 3 stp. abc-steps-1 (0, am) (ap Q bp) stp = (as, bm)
apply (case-tac ap =[], simp,

rule-tac x = 0 in exl, simp add: abc-steps-zero)
apply (drule-tac abc-halt-point-ex, simp, simp)
apply (erule-tac exE, case-tac (abe-steps-l (0, am) ap astp), simp)
apply (rule-tac © = Suc astp in exl, simp add: abe-steps-ind, auto)
apply (frule-tac bp = bp in abc-add-equal, simp, simp, simp)
apply(simp add: abe-steps-l.simps abe-steps-zero
abc-fetch.simps nth-append)

done

declare abe-shift.simps[simp del]

lemma abc-append-exc2:

[3 astp. abe-steps-1 (0, am) ap astp = (as, bm); as = length ap;
3 bstp. abe-steps-1 (0, bm) bp bstp = (bs, bm'); bs = length bp;
cs = as + bs; bp # []]

= 3 sip. abc-steps-l (0, am) (ap [+] bp) stp = (cs, bm”)

apply (insert abc-append-excl[of bm bp bs bm' as ap []], simp)
apply (drule-tac bp = abe-shift bp (length ap) in abc-add-excl, simp)
apply (subgoal-tac ap @ abe-shift bp (length ap) = ap [+] bp,

simp, auto)
apply (rule-tac © = stpa + stp in exl, simp add: abc-steps-add)
apply(simp add: abc-append.simps)
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done

lemma exp-length|simp): length (a®) = b

by (simp add: exponent-def)

lemma ezponent-add-iff: a® @ a¢ @ 25 = a® + ¢ @ 2
apply (auto simp: exponent-def replicate-add)

done

lemma exponent-cons-iff: a # a¢ @ zs = ¢°U¢ € @ g5
apply (auto simp: exponent-def replicate-add)

done

lemma [simp]: length Im = n =
abe-steps-1 (Suc 0, Im Q Suc z # 0 # suf-Im)
[Inc n, Dec (Suc n) 3, Goto (Suc 0)] (Suc (Suc 0))
= (3, Im Q Suc z # 0 # suf-lm)

apply(simp add: abe-steps-l.simps abe-fetch.simps
abc-step-1.simps abe-lm-v.simps abe-lm-s.simps
nth-append list-update-append)

done

lemma [simp]:
length Im = n —
abc-steps-1 (Suc 0, lm @ Suc © # Suc y # suf-Im)
[Inc n, Dec (Suc n) 3, Goto (Suc 0)] (Suc (Suc 0))
= (Suc 0, Im @Q Suc z # y # suf-Im)
apply(simp add: abe-steps-l.simps abe-fetch.simps
abc-step-1.simps abe-lm-v.simps abc-lm-s.simps
nth-append list-update-append)
done

lemma pr-cycle-part-middle-inv:
[length Im = n] =
3 stp. abe-steps-1 (0, Im Q z # y # suf-lm)
[Inc n, Dec (Suc n) 3, Goto (Suc 0)] stp
= (3, Im Q Suc x # 0 # suf-lm)
proof —
assume h: length lm = n
hence k1: 3 stp. abc-steps-l (0, Im Q z # y # suf-Im)
[Inc n, Dec (Suc n) 3, Goto (Suc 0)] stp
= (Suc 0, Im @Q Suc z # y # suf-Im)
apply (rule-tac x = Suc 0 in exl)
apply(simp add: abe-steps-l.simps abe-step-1.simps
abc-lm-v.simps abe-Im-s.simps nth-append
list-update-append abe-fetch.simps)
done
from h have k2:
3 stp. abe-steps-1 (Suc 0, Im Q Suc x # y # suf-Im)
[Inc n, Dec (Suc n) 3, Goto (Suc 0)] stp
= (3, Im Q Suc z # 0 # suf-lm)
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apply (induct y)
apply(rule-tac x = Suc (Suc 0) in exl, simp, simp,
erule-tac exF)
apply (rule-tac © = Suc (Suc 0) + stp in exl,
simp only: abe-steps-add, simp)
done
from kI and k2 show
3 stp. abe-steps-l (0, Im Q z # y # suf-Im)
[Inc n, Dec (Suc n) 3, Goto (Suc 0)] stp
= (3, lm Q Suc x # 0 # suf-Im)
apply (erule-tac exE, erule-tac exE)
apply(rule-tac x = stp + stpa in exl, simp add: abe-steps-add)
done
qed

lemma [simp]:

length Im = Suc n =

(abc-steps-1 (length ap, Im @ x # Suc y # suf-Im)

(ap @ [Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length ap)])
(Suc (Suc (Suc 0))))

= (length ap, Im @Q Suc x # y # suf-Im)

apply(simp add: abe-steps-l.simps abe-fetch.simps abe-step-1.simps
abc-lm-v.simps list-update-append nth-append abe-lm-s.simps)

done

lemma switch-para-inv:
assumes bp-def:bp = ap @ [Dec (Suc (Suc n)) 0, Inc (Suc n), Goto ss]
and h: rec-ci (Prn fg) = (aprog, rs-pos, a-md)
ss = length ap
length Ilm = Suc n
shows T stp. abe-steps-l (ss, Im Q z # y # suf-lm) bp stp =
(0, Im @ (z + y) # 0 # suf-Im)
apply (induct y arbitrary: z)
apply (rule-tac x = Suc 0 in exl,
simp add: bp-def empty.simps abc-steps-1.simps
abe-fetch.simps h abe-step-1.simps
abc-lm-v.simps list-update-append nth-append
abc-lm-s.simps)
proof —
fix yz
assume ind:
Nz. I stp. abe-steps-l (ss, Im Q z # y # suf-lm) bp stp =
(0,Im Q (z + y) # 0 # suf-lm)
show Jstp. abc-steps-1 (ss, Im @ x # Suc y # suf-lm) bp stp =
(0, Im @ (z + Suc y) # 0 # suf-lm)
apply (insert ind[of Suc z], erule-tac exE)
apply (rule-tac © = Suc (Suc (Suc 0)) + stp in exl,
simp only: abe-steps-add bp-def h)
apply(simp add: h)
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done
qed

lemma [simp]:
length Im = rs-pos A\ Suc (Suc rs-pos) < a-md A 0 < rs-pos =
a-md — Suc 0 < Suc (Suc (Suc (a-md + length suf-lm —
Suc (Suc (Suc 0)))))
apply (arith)
done

lemma [simp]:
Suc (Suc rs-pos) < a-md A 0 < r5-pos =—>
= a-md — Suc 0 < rs-pos — Suc 0
apply (arith)
done

lemma [simp]:
Suc (Suc rs-pos) < a-md A 0 < r5-pos =
= a-md — rs-pos < Suc (Suc (a-md — Suc (Suc 1s-pos)))
apply (arith)
done

lemma butlast-append-last: Im # [| = Im = butlast Im Q [last Im]

apply (auto)
done

lemma [simp]: rec-ci (Prn fg) = (aprog, rs-pos, a-md)
= (Suc (Suc rs-pos)) < a-md

apply(simp add: rec-ci.simps)

apply (case-tac rec-ci f, simp)

apply (case-tac rec-ci g, simp)

apply (arith)

done

lemma ci-pr-para-eq: rec-ci (Prn fg) = (aprog, rs-pos, a-md)
= rs-pos = Suc n

apply(simp add: rec-ci.simps)

apply (case-tac rec-ci g, case-tac rec-ci f, simp)

done

lemma [intro]:
[rec-ci z = (aprog, rs-pos, a-md); rec-calc-rel z Im zs]
= length lm = rs-pos

apply (simp add: rec-ci.simps rec-ci-z-def)

apply (erule-tac calc-z-reverse, simp)

done
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lemma [intro]:
[rec-ci s = (aprog, Ts-pos, a-md); rec-calc-rel s Im zs]
= length lm = rs-pos

apply (simp add: rec-ci.simps rec-ci-s-def)

apply (erule-tac calc-s-reverse, simp)

done

lemma [intro]:
[rec-ci (recf.id natl nat2) = (aprog, rs-pos, a-md);
rec-calc-rel (recf.id natl nat2) Im zs] = length lm = rs-pos
apply(simp add: rec-ci.simps rec-ci-id.simps)
apply (erule-tac calc-id-reverse, simp)
done

lemma [intro]:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
rec-calc-rel (Cn n f gs) Im xs] = length Im = rs-pos
apply (erule-tac calc-cn-reverse, simp)
apply(simp add: rec-ci.simps)
apply (case-tac rec-ci f, simp)
done

lemma [intro]:
[rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-calc-rel (Prn f g) lm xs] = length Im = rs-pos
apply (erule-tac cale-pr-reverse, simp)
apply (drule-tac ci-pr-para-eq, simp, simp)
apply (drule-tac ci-pr-para-eq, simp)
done

lemma [intro]:
[rec-ci (Mn n f) = (aprog, rs-pos, a-md);
rec-calc-rel (Mn n f) Im xs] = length Im = rs-pos
apply (erule-tac calc-mn-reverse)
apply(simp add: rec-ci.simps)
apply (case-tac rec-ci f, simp)
done

lemma para-pattern:
[rec-ci f = (aprog, rs-pos, a-md); rec-calc-rel f Im zs]
= length Im = rs-pos

apply (case-tac f, auto)

done

lemma ci-pr-g-paras:
[rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-ci g = (a, aa, ba);
rec-calc-rel (Prn fg) (Im Q [z]) rs; © > 0] =
aa = Suc 15-pos
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apply(erule calc-pr-reverse, simp)

apply (subgoal-tac length (args Q [k, vk]) = aa, simp)
apply (subgoal-tac rs-pos = Suc n, simp)

apply (simp add: ci-pr-para-eq)

apply (erule para-pattern, simp)

done

lemma ci-pr-g-md-less:
[rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-ci ¢ = (a, aa, ba)] = ba < a-md
apply(simp add: rec-ci.simps)
apply (case-tac rec-ci f, auto)
done

lemma [intro]: rec-ci z = (ap, mp, ad) = rp < ad
by (simp add: rec-ci.simps)

lemma [intro]: rec-ci s = (ap, rp, ad) = 1 < ad
by (simp add: rec-ci.simps)

lemma [intro]: rec-ci (recf.id natl nat2) = (ap, rp, ad) = rp < ad
by (simp add: rec-ci.simps)

lemma [intro]: rec-ci (Cn n f gs) = (ap, rp, ad) = rp < ad
apply (simp add: rec-ci.simps)

apply (case-tac rec-ci f, simp)

done

lemma [intro]: rec-ci (Prn fg) = (ap, p, ad) = rp < ad
apply (simp add: rec-ci.simps)
by (case-tac rec-ci f, case-tac rec-ci g, auto)

lemma [intro]: rec-ci (Mn n f) = (ap, rp, ad) = ™ < ad
apply(simp add: rec-ci.simps)

apply (case-tac rec-ci f, simp)

apply (arith)

done

lemma ci-ad-ge-paras: rec-ci f = (ap, rp, ad) = ad > rp
apply(case-tac f, auto)

done

lemma [elim]: [a [+] b=[;a # [V b#[]] = RR
apply (auto simp: abc-append.simps abe-shift.simps)
done

lemma [intro]: rec-ci z = ([], aa, ba) => False
by (simp add: rec-ci.simps rec-ci-z-def)
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lemma [intro]: rec-ci s = ([], aa, ba) = False
by (auto simp: rec-ci.simps rec-ci-s-def addition.simps)

lemma [intro]: rec-ci (id m n) = ([], aa, ba) = False
by (auto simp: rec-ci.simps rec-ci-id.simps addition.simps)

lemma [intro]: rec-ci (Cn n f gs) = ([, aa, ba) = False

apply (case-tac rec-ci f, auto simp: rec-ci.simps abc-append.simps)
apply (simp add: abc-shift.simps empty.simps)

done

lemma [intro]: rec-ci (Prn fg) = ([], aa, ba) = False
apply(simp add: rec-ci.simps)

apply (case-tac rec-ci f, case-tac rec-ci g)

by (auto)

lemma [intro]: rec-ci (Mn n f) = ([], aa, ba) = False
apply (case-tac rec-ci f, auto simp: rec-ci.simps)
done

lemma rec-ci-not-null: rec-ci g = (a, aa, ba) = a # ||
by (case-tac g, auto)

lemma calc-pr-g-def:

[rec-calc-rel (Pr rs-pos f g) (Im @ [Suc z]) rsa;
rec-calc-rel (Pr rs-pos f g) (Im Q [z]) rsza]

= rec-calc-rel g (Im Q [z, rszal) rsa

apply (erule-tac calc-pr-reverse, simp, simp)

apply (subgoal-tac rsza = rk, simp)

apply (erule-tac rec-calc-inj, auto)

done

lemma ci-pr-md-def:
[rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-ci g = (a, aa, ba); rec-ci f = (ab, ac, be)]
= a-md = Suc (maz (n + 3) (maz bc ba))
by (simp add: rec-ci.simps)

lemma ci-pr-f-paras:
[rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-calc-rel (Prn f g) lm rs;
rec-ci f = (ab, ac, bc)] = ac = rs-pos — Suc 0
apply (subgoal-tac I rs. rec-calc-rel f (butlast Im) rs,
erule-tac exE)
apply(drule-tac f = f and Im = butlast Im in para-pattern,
simp, simp)
apply (drule-tac para-pattern, simp)
apply (subgoal-tac Im # ||, simp)
apply (erule-tac calc-pr-reverse, simp, simp)
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apply (erule calc-pr-zero-ex)
done

lemma ci-pr-md-ge-f: [rec-ci (Pr n fg) = (aprog, rs-pos, a-md);
rec-ci f = (ab, ac, bc)] = Suc be < a-md

apply (case-tac rec-ci g)

apply(simp add: rec-ci.simps, auto)

done

lemma ci-pr-md-ge-g: [rec-ci (Prn f g) = (aprog, rs-pos, a-md);
rec-ci g = (ab, ac, bc)] = be < a-md

apply (case-tac rec-ci f)

apply(simp add: rec-ci.simps, auto)

done

lemma rec-calc-rel-def0:
[rec-calc-rel (Prn f g) Im rs; rec-calc-rel f (butlast Im) rsa]
= rec-calc-rel (Prn fg) (butlast Im @ [0]) rsa
apply (rule-tac calc-pr-zero, simp)

apply (erule-tac calc-pr-reverse, simp, simp, simp)

done

lemma [simp]: length (empty m n) = 3
by (auto simp: empty.simps)

lemma [simp]: [rec-ci (Pr n fg) = (aprog, rs-pos, a-md); rec-calc-rel (Pr n f g)
Im rs]
= rs-pos = Suc n
apply (simp add: ci-pr-para-eq)
done

lemma [simp]: [rec-ci (Pr n fg) = (aprog, rs-pos, a-md); rec-calc-rel (Pr n f g)
Im rs]
= length Im = Suc n
apply (subgoal-tac rs-pos = Suc n, rule-tac para-pattern, simp, simp)
apply (case-tac rec-ci f, case-tac rec-ci g, simp add: rec-ci.simps)
done

lemma [simp]: rec-ci (Prn fg) = (a, rs-pos, a-md) => Suc (Suc n) < a-md
apply (case-tac rec-ci f, case-tac rec-ci g, simp add: rec-ci.simps)

apply arith

done

lemma [simp]: rec-ci (Prn fg) = (aprog, rs-pos, a-md) = 0 < rs-pos
apply (case-tac rec-ci f, case-tac rec-ci g)

apply (simp add: rec-ci.simps)

done
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lemma [simp]: Suc (Suc rs-pos) < a-md =

butlast Im @ (last Im — za) # (rsa:nat) # 0 # omd — Suc (Suc (Suc rs-pos))
Q za # suf-lm =

butlast Im @ (last Im — za) # rsa # ga-md — Suc (Suc 15-pos) @ g4 # suf-lm
apply (simp add: exp-ind-def[THEN sym))
done

lemma pr-cycle-part-ind:
assumes g¢-ind:
Alm rs suf-lm. rec-calc-rel g Im rs =
I stp. abe-steps-1 (0, Im Q@ gba —aa @ suf-lm) a stp =
(length a, Ilm @ rs # gba — Suc aa g suf-lm)
and ap-def:
ap = ([Dec (a-md — Suc 0) (length a + 7)] [+]
(a [+] [Inc (rs-pos — Suc 0), Dec rs-pos 3, Goto (Suc 0)])) @
[Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length a + 4)]
and h: rec-ci (Prn fg) = (aprog, rs-pos, a-md)
rec-calc-rel (Prn f g)
(butlast Im Q@ [last Im — Suc zal]) rsza
Suc za < last Im
rec-ci ¢ = (a, aa, ba)
rec-calc-rel (Prn f g) (butlast Im Q [last Im — za]) 7sa
Im # ||
shows
dstp. abc-steps-1
(0, butlast Im Q@ (last Im — Suc za) # rsva #
ga-md — Suc (Suc 15-pos) @ Syc zq # suf-lm) ap stp =
(0, butlast Im @ (last Im — xa) # rsa
# ga-md — Suc (Suc 15-pos) @ 44 # suf-lm)
proof —
have k1: Jstp. abc-steps-1 (0, butlast Im @ (last Im — Suc za) #
rswa # pa-md — Suc (Suc 15-pos) @ Sye za # suf-lm) ap stp =
(length a + 4, butlast Im @ (last Im — za) # 0 # rsa #
pa-md — Suc (Suc (Suc 15-pos)) @ 4q # suf-lm)
apply(simp add: ap-def, rule-tac abc-add-excl)
apply(rule-tac as = Suc 0 and
bm = butlast Im Q (last Im — Suc za) #
rsza # 0md — Suc (Suc rs-pos) @ g4 # suf-lm in abc-append-exc2,
auto)
proof —
show
Fastp. abe-steps-1 (0, butlast Im Q (last Im — Suc za) # rsza
# pa-md — Suc (Suc r5-pos) @ Syc za # suf-lm)
[Dec (a-md — Suc 0)(length a + 7)] astp =
(Suc 0, butlast Im Q (last Im — Suc za) #
rsza # pa-md — Suc (Suc rs-pos) @ 44 # suf-lm)
apply (rule-tac z = Suc 0 in exl,
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simp add: abc-steps-l.simps abe-step-1.simps
abe-fetch.simps)
apply (subgoal-tac length Im = Suc n A rs-pos = Suc n A
a-md > Suc (Suc rs-pos))
apply (simp add: abc-lm-v.simps nth-append abc-lm-s.simps)
apply (insert nth-append|of
(last Im — Suc za) # rsza # 00md — Suc (Suc rs-pos)
Suc za # suf-lm (a-md — rs-pos)|, simp)
apply (simp add: list-update-append del: list-update.simps)
apply (insert list-update-append|of (last Im — Suc za) # rsra #
pa-md — Suc (Suc rs-pos)
Suc za # suf-lm a-md — rs-pos xa), simp)
apply (case-tac a-md, simp, simp)
apply (insert h, simp)
apply (insert para-pattern[of Pr n f g aprog rs-pos a-md
(butlast Im @ [last Im — Suc zal) rszal, simp)
done
next
show 3 bstp. abe-steps-1 (0, butlast Im Q (last Im — Suc za) #
rsza # 0@Mmd — Suc (Suc rs-pos) @ g 4 suf-Im) (a [+]
[Inc (rs-pos — Suc 0), Dec rs-pos 8, Goto (Suc 0)]) bstp =
(8 + length a, butlast Im @ (last Im — xa) # 0 # rsa #
pa-md — Suc (Suc (Suc rs-pos)) Q@ za # suf-lm)
apply (rule-tac as = length a and
bm = butlast Im @ (last Im — Suc za) # rsza # rsa #
pa-md — Suc (Suc (Suc 15-pos)) @ zq # suf-lm
in abc-append-exc2, simp-all)
proof —
from h have jI: aa = Suc rs-pos A a-md > ba A ba > Suc rs-pos
apply (insert h)
apply (insert ci-pr-g-paras[of n f g aprog rs-pos
a-md a aa ba butlast Im last Im — xa rsal, simp)
apply (drule-tac ci-pr-md-ge-g, auto)
apply (erule-tac ci-ad-ge-paras)
done
from h have j2: rec-calc-rel g (butlast Im Q
[last Im — Suc za, rszal) rsa
apply (rule-tac calc-pr-g-def, simp, simp)
done
from jI and j2 show
Jastp. abe-steps-1 (0, butlast Im Q (last Im — Suc za) #
rsza 4 0omd — Suc (Suc rs-pos) @ g4 # suf-lm) a astp =
(length a, butlast lm @ (last Im — Suc za) # rsza # rsa
4 pa-md — Suc (Suc (Suc rs-pos)) Q za # suf-lm)
apply (insert g-ind[of
butlast Im Q (last Im — Suc za) # [rsza] rsa
ga-md — ba — Suc 0 @ zq # suf-Im], simp, auto)
apply (simp add: exponent-add-iff)

CCX



apply (rule-tac x = stp in exl, simp add: numeral-3-eq-8)
done
next
from h have j3: length Im = rs-pos N rs-pos > 0
apply (rule-tac conjl)
apply (drule-tac Im = (butlast Im Q [last Im — Suc zal)
and zs = rsza in para-pattern, simp, simp, simp)
done
from h have j4: Suc (last Im — Suc xa) = last Im — za
apply (case-tac last lm, simp, simp)
done
from j3 and j4/ show
Fbstp. abe-steps-1 (0, butlast Im Q (last Im — Suc za) # rsza #
rsa pa-md — Suc (Suc (Suc r5-pos)) @ zq # suf-lm)
[Inc (rs-pos — Suc 0), Dec rs-pos 3, Goto (Suc 0)] bstp =
(3, butlast Im @ (last Im — za) # 0 # rsa #
pa-md — Suc (Suc (Suc 15-pos)) @ ¢q # suf-lm)
apply (insert pr-cycle-part-middle-inv|of butlast Im
rs-pos — Suc 0 (last Im — Suc za) rsza
rsa pa-md — Suc (Suc (Suc rs-pos)) @ zq # suf-lm], simp)
done
qed
qged
from h have k2:
I stp. abe-steps-l (length a + 4, butlast Im @ (last Im — za) # 0
4 rsa pa-md — Suc (Suc (Suc 15-pos)) @ zq # suf-lm) ap stp =
(0, butlast Im Q (last lm — xma) # rsa # pa-md — Suc (Suc 15-pos) @ g4 #
suf-lm)
apply (insert switch-para-inv|of ap
([Dec (a-md — Suc 0) (length a + 7)] [+]
(a [+] [Inc (rs-pos — Suc 0), Dec rs-pos 3, Goto (Suc 0)]))
n length a + 4 f g aprog rs-pos a-md
butlast Im Q@ [last Im — za] 0 rsa
pa-md — Suc (Suc (Suc rs-pos)) Q za # suf-lm))
apply(simp add: h ap-def)
apply (subgoal-tac length Im = Suc n A Suc (Suc rs-pos) < a-md,
simp)
apply (insert h, simp)
apply (frule-tac Im = (butlast Im Q [last Im — Suc za))
and zs = rsza in para-pattern, simp, simp)
done
from k! and k2 show ?thesis
apply (auto)
apply(rule-tac x = stp + stpa in exl, simp add: abe-steps-add)
done
qed

lemma ci-pr-ex1:
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[rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-ci ¢ = (a, aa, ba);
rec-ci f = (ab, ac, bc)]
= dJap bp. length ap = 6 + length ab N
aprog = ap [+] bp A
bp = ([Dec (a-md — Suc 0) (length a + 7)] [+] (a [+]
[Inc (rs-pos — Suc 0), Dec rs-pos 3, Goto (Suc 0)])) @Q
[Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length a + 4)]
apply (simp add: rec-ci.simps)
apply (rule-tac © = recursive.empty n (maz (Suc (Suc (Suc n)))
(maz be ba)) [+] ab [+] recursive.empty n (Suc n) in exl,
simp)
apply(auto simp add: abc-append-commute add3-Suc)
done

lemma pr-cycle-part:
[Alm rs suf-Im. rec-calc-rel g Ilm rs =
I stp. abe-steps-1 (0, Im Q gba — aa @ suf-lm) a stp =
(length a, Im Q rs # gba — Suc aa g suf-lm);
rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-calc-rel (Prn f g) lm rs;
rec-ci g = (a, aa, ba);
rec-cale-rel (Prn f g) (butlast Im Q [last Im — x]) rsz;
rec-ci f = (ab, ac, be);
Im # [];
z < last Im] =
Istp. abe-steps-1 (6 + length ab, butlast Im @ (last Im — x) #
rsz # 0o-md — Suc (Suc rs-pos) @ g # suf-lm) aprog stp =
(6 + length ab, butlast Im Q last lm # rs #
pa-md — Suc (Suc rs-pos) @ ¢ # suf-lm)
proof —
assume g-ind:
Nlm rs suf-Im. rec-calc-rel g lm rs =
I stp. abe-steps-1 (0, Im @ pbe —aa @ suf-lm) a stp =
(length a, Im @ rs # (0@ — Suc a0 @ gyf )
and h: rec-ci (Prn fg) = (aprog, rs-pos, a-md)
rec-calc-rel (Prn fg) lm s
rec-ci ¢ = (a, aa, ba)
rec-calc-rel (Prn f g) (butlast Im Q [last Im — z]) rsz
Im # ]
z < last Im
rec-ci f = (ab, ac, bc)
from h show
dstp. abe-steps-l (6 + length ab, butlast Im Q (last Im — z) #
rsz # 0amd — Suc (Suc rs-pos) @ 4 # suf-lm) aprog stp =
(6 + length ab, butlast Im Q@ last Im # rs #
pa-md — Suc (Suc rs-pos) @ # suf-lm)
proof (induct x arbitrary: rsz, simp-all)
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fix rsza
assume rec-cale-rel (Prn fg) lm rsza
rec-calc-rel (Prn fg) lm s
from h and this have rs = rsza
apply (subgoal-tac Im # [| A rs-pos = Suc n, simp)
apply (rule-tac rec-calc-ing, simp, simp)
apply (simp)
done
thus 3 stp. abe-steps-l (6 + length ab, butlast Im @Q last Im #
rsza # 0omd — Suc (Suc rs-pos) @ ¢ # suf-lm) aprog stp =
(6 + length ab, butlast Im Q last Im # rs #
pa-md — Suc (Suc rs-pos) @ ¢ # suf-lm)
by (rule-tac x = 0 in exl, simp add: abe-steps-1.simps)
next
fix za rsza
assume ind:
Nrsz. rec-cale-rel (Prn fg) (butlast Im Q [last Im — za]) rsz
= Jstp. abe-steps-l (6 + length ab, butlast Im Q (last Im — za) #
rsz 4 0@md — Suc (Suc rs-pos) @ zq H# suf-lm) aprog stp =
(6 + length ab, butlast Im Q last Im # rs #
pa-md — Suc (Suc rs-pos) @ # suf-lm)
and g: rec-calc-rel (Prn fg)
(butlast Im Q@ [last Im — Suc zal]) rsza
Suc za < last Im
rec-ci (Prn fg) = (aprog, rs-pos, a-md)
rec-calc-rel (Prn fg) lm rs
rec-ci g = (a, aa, ba)
rec-ci [ = (ab, ac, be) Im # ||
from g have kI:
3 rs. rec-calc-rel (Prn fg) (butlast Im Q [last Im — za)) rs
apply (rule-tac rs = rs in calc-pr-less-ex, simp, simp)
done
from ¢ and this show
I stp. abc-steps-l (6 + length ab,
butlast Im Q@ (last Im — Suc za) # rsza #
ga-md — Suc (Suc 15-pos) @ Sye ga # suf-lm) aprog stp =
(6 + length ab, butlast Im Q last Im # rs #
ga-md — Suc (Suc rs-pos) @ # suf-lm)
proof (erule-tac exE)
fix rsa
assume k2: rec-calc-rel (Prn f g)
(butlast Im Q@ [last Im — za]) rsa
from g and k2 have
I stp. abc-steps-l (6 + length ab, butlast Im Q@
(last Im — Suc za) # rsva #
pa-md — Suc (Suc 15-pos) @ Sye za # suf-lm) aprog stp
= (6 + length ab, butlast Im @ (last Im — za) # rsa #
pa-md — Suc (Suc rs-pos) @ 44 # suf-lm)

ccxiil



proof —
from g have £2-1:
3 ap bp. length ap = 6 + length ab A
aprog = ap [+] bp A
bp = ([Dec (a-md — Suc 0) (length a + 7)] [+]
(a [+] [Inc (rs-pos — Suc 0), Dec rs-pos 3,
Goto (Suc 0)])) @
[Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length a + 4)]
apply (rule-tac ci-pr-exl, auto)
done
from k2-1 and k2 and g show ?Zthesis
proof (erule-tac exE, erule-tac exE)
fix ap bp
assume
length ap = 6 + length ab A
aprog = ap [+] bp A bp =
([Dec (a-md — Suc 0) (length a + 7)] [+]
(a [+] [Inc (rs-pos — Suc 0), Dec rs-pos 3,
Goto (Suc 0)])) @
[Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length a + 4)]
from ¢ and this and k2 and g-ind show ?thesis
apply (insert abc-append-exc3|of
butlast Im Q (last Im — Suc za) # rsza #
pa-md — Suc (Suc r5-pos) @ Syc za 4 suf-lm bp 0
butlast Im Q (last Im — za) # rsa #
ga-md — Suc (Suc 15-pos) @ gq # suf-lm length ap ap],
simp)
apply (subgoal-tac
Istp. abe-steps-1 (0, butlast Im Q (last Im — Suc za)
# rsza # pa-md — Suc (Suc r5-pos) @ Syc za #
suf-lm) bp stp =
(0, butlast Im @ (last Im — xa) # rsa #
ga-md — Suc (Suc 15-pos) @ 44 4 suf-lm),
simp, erule-tac conjE, erule conjE)
apply (erule pr-cycle-part-ind, auto)
done
qed
qged
from ¢ and k2 and this show ?thesis
apply (erule-tac exE)
apply (insert ind|of rsa], simp)
apply (erule-tac exFE)
apply (rule-tac © = stp + stpa in exl,
stmp add: abc-steps-add)
done
qed
qed
qed
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lemma ci-pr-length:
[rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-ci ¢ = (a, aa, ba);
rec-ci f = (ab, ac, bc)]
= length aprog = 138 + length ab + length a
apply (auto simp: rec-ci.simps)
done

thm empty.simps
term max
fun empty-inv :: nat X nat list = nat = nat = nat list = bool
where
empty-inv (as, Im) m n initlm =
(let plus = initlm | m + initlm ! n in
length initlm > maz m n A m # n A
(if as = 0 then 3 k1. Im = initlm[m =k, n := 1] A
kE+1=plus Nk < initlm ! m
else if as = 1 then 3 k1. Im = initlm[m := k, n := ||
ANk + 14+ 1=plus ANk <initlm ! m
else if as = 2 then 3 k1. Im = initlm[m := k, n := ]
ANk +1=plus ANk <initlm ! m
else if as = 3 then lm = initlm[m = 0, n := plus]
else False))

fun empty-stagel :: nat x nat list = nat = nat
where
empty-stagel (as, Im) m =
(if as = 8 then 0
else 1)

fun empty-stage2 :: nat x nat list = nat = nat
where
empty-stage2 (as, Im) m = (Im ! m)

fun empty-stage3 :: nat x nat list = nat = nat
where
empty-stage3 (as, Im) m = (if as = 1 then 3
else if as = 2 then 2
else if as = 0 then 1
else 0)

fun empty-measure :: ((nat x nat list) x nat) = (nat x nat x nat)
where
empty-measure ((as, Im), m) =
(empty-stagel (as, Im) m, empty-stage2 (as, Im) m,
empty-stage3 (as, Im) m)
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definition lez-pair :: ((nat x nat) X nat X nat) set
where
lez-pair = less-than <xlexx> less-than

definition lez-triple ::

((nat x (nat x nat)) x (nat x (nat x nat))) set
where
lez-triple = less-than <xlexx> lex-pair

definition empty-LE ::

(((nat x nat list) X nat) x ((nat x nat list) X nat)) set
where
empty-LE = (inv-image lex-triple empty-measure)

lemma wf-lex-triple: wf lex-triple
by (auto intro:wf-lez-prod simp:lex-triple-def lex-pair-def’)

lemma wf-empty-le[intro]: wf empty-LE
by (auto intro:wf-inv-image wf-lex-triple simp: empty-LE-def)

declare empty-inv.simps|simp del]

lemma empty-inv-init:
[m < length initlm; n < length initlm; m # n] =
empty-inv (0, initlm) m n initlm
apply (simp add: abc-steps-1.simps empty-inv.simps)
apply (rule-tac x = initlm ! m in exl,
rule-tac x = initlm | n in exl, simp)
done

lemma [simp]: abc-fetch 0 (recursive.empty m n) = Some (Dec m 3)
apply(simp add: empty.simps abe-fetch.simps)
done

lemma [simp]: abe-fetch (Suc 0) (recursive.empty m n) =
Some (Inc n)

apply (simp add: empty.simps abe-fetch.simps)

done

lemma [simp]: abe-fetch 2 (recursive.empty m n) = Some (Goto 0)
apply (simp add: empty.simps abe-fetch.simps)
done

lemma [simp]: abc-fetch 3 (recursive.empty m n) = None
apply(simp add: empty.simps abe-fetch.simps)

done

lemma [simp]:

[m # n; m < length initlm; n < length initlm;
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k—+ 1 =initlm ! m + initlm ! n; k < initlm | m; 0 < k]
= Jka la. initlm[m =k, n := 1, m :=k — Suc 0] =
ingtlm[m = ka, n := la] A
Suc (ka + la) = initlm ! m + initlm ! n A
ka < initlm ! m
apply(rule-tac x = k — Suc 0 in exl, rule-tac x = [ in ezl
stmp, auto)
apply (subgoal-tac
initlm|m ==k, n:=1, m :=k — Suc 0] =
initlm[n =1, m := k, m := k — Suc 0])
apply(simp add: list-update-overwrite )
apply(simp add: list-update-swap)
apply(simp add: list-update-swap)
done

lemma [simp]:
[m # n; m < length initlm; n < length initlm;
Suc (k 4+ 1) = initlm ! m + initlm ! n;
k < initlm ! m]
= Jka la. initlm[m ==k, n:=1, n:= Sucl] =
initlm[m := ka, n := la] A
ka + la = initlm ! m + initlm ! n A
ka < initlm ! m
apply(rule-tac x = k in ezl, rule-tac x = Suc | in exl, auto)
done

lemma [simp]:
[length initlm > max m n; m # n] =
Vna. = (A(as, Im) m. as = 3)
(abe-steps-1 (0, initlm) (recursive.empty m n) na) m A
empty-inv (abc-steps-1 (0, initlm)

(recursive.empty m n) na) m n initlm —
empty-inv (abc-steps-1 (0, initlm)

(recursive.empty m n) (Suc na)) m n initlm A
((abe-steps-1 (0, initlm) (recursive.empty m n) (Suc na), m),
abc-steps-1 (0, initlm) (recursive.empty m n) na, m) € empty-LE

apply (rule alll, rule impl, simp add: abc-steps-ind)

apply (case-tac (abe-steps-1 (0, initlm) (recursive.empty m n) na),

sitmp)

apply (auto split:if-splits simp add:abc-steps-1.simps empty-inv.simps)

apply (auto simp add: empty-LE-def lex-triple-def lex-pair-def
abc-step-1.simps abe-steps-1.simps
empty-inv.simps abc-lm-v.simps abe-lm-s.simps

split: if-splits )
apply (rule-tac x = k in exl, rule-tac x = Suc | in exl, simp)
done

lemma empty-inv-halt:
[length initlm > max m n; m # n] =
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3 stp. (A (as, Im). as = 3 A
empty-inv (as, Im) m n initlm)
(abc-steps-l (0::nat, initlm) (empty m n) stp)

apply (insert halt-lemma2[of empty-LE

A ((as, Im), m). as = (3::nat)

A stp. (abe-steps-1 (0, initlm) (recursive.empty m n) stp, m)

A ((as, Im), m). empty-inv (as, Im) m n initlm))
apply (insert wf-empty-le, simp add: empty-inv-init abc-steps-zero)
apply (erule-tac exE)
apply (rule-tac © = na in exl)
apply (case-tac (abe-steps-1 (0, initlm) (recursive.empty m n) na),

sitmp, auto)

done

lemma empty-halt-cond:
[m # n; empty-inv (a, b) m nlm; a = 3] =
b=Imn:=Im!m+Im!n, m:=0]
apply(simp add: empty-inv.simps, auto)
apply(simp add: list-update-swap)
done

lemma empty-ex:
[length Im > max m n; m # n] =
3 stp. abe-steps-1 (0::nat, Im) (empty m n) stp
= (8, (Im[n := (Im ! m + Im ! n)])[m := 0::nat))
apply (drule empty-inv-halt, simp, erule-tac exE)
apply (rule-tac x = stp in exl)
apply (case-tac abc-steps-1 (0, Im) (recursive.empty m n) stp,
simp)
apply (erule-tac empty-halt-cond, auto)
done

lemma [simp]:
[a-md = Suc (maz (Suc (Suc n)) (maz be ba));
length Ilm = rs-pos A 1s-pos = n A n > 0]
= n — Suc 0 < length Im +
(Suc (maz (Suc (Suc n)) (mazx be ba)) — rs-pos + length suf-Im) A
Suc (Suc n) < length Im + (Suc (maz (Suc (Suc n)) (maz be ba)) —
rs-pos + length suf-lm) A be < length Im + (Suc (mazx (Suc (Suc n))
(maz be ba)) — rs-pos + length suf-lm) A ba < length Im +
(Suc (max (Suc (Suc n)) (maz be ba)) — rs-pos + length suf-lm)
apply (arith)
done

lemma [simp]:
[a-md = Suc (maz (Suc (Suc n)) (maz be ba));
length Im = rs-pos A rs-pos = n A n > 0]
= n — Suc 0 < Suc (length suf-lm + maz (Suc (Suc n)) (maz be ba)) A
Suc n < length suf-lm + maz (Suc (Suc n)) (maz be ba) A
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be < Suc (length suf-lm + maz (Suc (Suc n)) (maz be ba)) A
ba < Suc (length suf-lm + maz (Suc (Suc n)) (maz be ba))
apply (arith)
done

lemma [simp]: n — Suc 0 # maz (Suc (Suc n)) (mazx be ba)
apply (arith)
done

lemma [simp]:
a-md > Suc bec A rs-pos > 0 N bc > rs-pos —
be — (rs-pos — Suc 0) + a-md — Suc bc = Suc (a-md — rs-pos — Suc 0)
apply (arith)
done

lemma [simp]: length Im = n A rs-pos = n A 0 < rs-pos A
Suc rs-pos < a-md
= n — Suc 0 < Suc (Suc (a-md + length suf-lm — Suc (Suc 0)))
A n < Suc (Suc (a-md + length suf-Im — Suc (Suc 0)))
apply (arith)
done

lemma [simp]: length Im = n A rs-pos = n A 0 < rs-pos A
Suc rs-pos < a-md => n — Suc 0 # n
by arith

lemma ci-pr-ez2:
[rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-calc-rel (Prn f g) lm rs;
rec-ci ¢ = (a, aa, ba);
rec-ci f = (ab, ac, bc)]
= Jap bp. aprog = ap [+] bp A
ap = empty n (maz (Suc (Suc (Suc n))) (maz be ba))
apply(simp add: rec-ci.simps)
apply(rule-tac x = (ab [+] (recursive.empty n (Suc n) [+]
([Dec (maz (n + &) (max be ba)) (length a + 7)]
[+] (a [+] [Inc n, Dec (Suc n) 3, Goto (Suc 0)])) @
[Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length a + 4)])) in exl, auto)
apply(simp add: abc-append-commute add3-Suc)
done

lemma [simp]:

maz (Suc (Suc (Suc n))) (maz be ba) — n <

Suc (maz (Suc (Suc (Suc n))) (maz be ba)) — n

apply (arith)
done
lemma exp-nth[simp]: n < m = a™ ! n =a
apply (simp add: exponent-def)
done
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lemma [simp]: length Im = n A rs-pos = n A 0 < n =
Im[n — Suc 0 := 0:nat] = butlast Im @ [0]
apply (auto)
apply (insert list-update-append|of butlast Im [last Im]
length Im — Suc 0 0], simp)
done

lemma [simp]: [length Im = n; 0 < n] = Im ! (n — Suc 0) = last Im
apply (insert nth-append[of butlast Im [last Im] n — Suc 0],

simp)
apply (insert butlast-append-last|of Im], auto)
done
lemma exp-suc-iff: a® @ [a]
apply (simp add: exponent-def rep-ind del: replicate.simps)
done

— gbt+ SucO

lemma less-not-less[simp]: n > 0 = = n < n — Suc 0
by auto

lemma [simp]:
Suc n < length suf-lm + maz (Suc (Suc n)) (maz be ba) A
be < Suc (length suf-lm + maz (Suc (Suc n))
(maz be ba)) A
ba < Suc (length suf-lm + maz (Suc (Suc n)) (maz be ba))
by arith

lemma [simp]: length Im = n A rs-pos = n A n > 0 =
(Im @ pSuc (maz (Suc (Suc n)) (maz be ba)) — n g suf-Im)

[maz (Suc (Suc n)) (max be ba) =

(Im @ pSuc (maz (Suc (Suc n)) (maz be ba)) — n g suf-lm) ! (n — Suc 0) +

(Im @ pSuc (maz (Suc (Suc n)) (maz be ba)) — n g suf-lm) |
maz (Suc (Suc n)) (maz be ba), n — Suc 0 := 0::nat]
= butlast Im @ 0 # g™mar (Suc (Sucn)) (maz be ba) = n @ jast Im # suf-lm
apply(simp add: nth-append exp-nth list-update-append)
apply (insert list-update-append|of g(maz (Suc (Suc n)) (maz be ba)) — n
[0] max (Suc (Suc n)) (mazx be ba) — n last Im], simp)

apply(simp add: exp-suc-iff Suc-diff-le del: list-update.simps)
done

lemma exp-eq: (a = b) = (c% = ¢?)
apply (auto simp: exponent-def)
done

lemma [simp]:
[length Im = n; 0 < n; Suc n < a-md] =
(butlast Im @ rsa # 0@™d = SUC ™ @ Jast Im # suf-Im)
[n := (butlast bm @ rsa # 0%™d = SUC N @ Jost Im # suf-Im) !
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(n — Suc 0) + (butlast lm @ rsa # (0::nat)®™md — Sucn @
last Im # suf-lm) ! n, n — Suc 0 := 0]
= butlast Im @ 0 # rsa # ga-md — Suc (Sucn) @ lgst Im # suf-lm
apply (simp add: nth-append exp-nth list-update-append)
apply(case-tac a-md — Suc n, simp, simp add: exponent-def)
done

lemma [simp]:
Suc (Suc rs-pos) < a-md A length Im = rs-pos A 0 < r$-pos
= a-md — Suc 0 <
Suc (Suc (Suc (a-md + length suf-lm — Suc (Suc (Suc 0)))))
by arith

lemma [simp]:
Suc (Suc rs-pos) < a-md A length Im = rs-pos A 0 < r$-pos =
= a-md — Suc 0 < rs-pos — Suc 0
by arith

lemma [simp]: Suc (Suc rs-pos) < a-md =
= a-md — Suc 0 < rs-pos — Suc 0
by arith

lemma [simp]: [Suc (Suc rs-pos) < a-md] =
- a-md — rs-pos < Suc (Suc (a-md — Suc (Suc rs-pos)))
by arith

lemma [simp]:
Suc (Suc rs-pos) < a-md A length Im = rs-pos A 0 < rs-pos
— (abe-lm-v (butlast Im @ last Im # rs # go-md — Suc (Suc rs-pos) @
0 # suf-lm) (a-md — Suc 0) = 0 —
abe-lm-s (butlast Im Q@ last Im # rs # ga-md — Suc (Suc rs-pos) g
0 # suf-lm) (a-md — Suc 0) 0 =
Im @ rs # 0@Md — SUC TSPOS @ guf Im) A
abe-lm-v (butlast Im Q last Im # rs # ga-md — Suc (Suc rs-pos) g
0 # suf-lm) (a-md — Suc 0) = 0
apply (simp add: abc-lm-v.simps nth-append abc-lm-s.simps)
apply (insert nth-append|of last lm # rs # ga-md — Suc (Suc rs-pos)
0 # suf-lm (a-md — rs-pos)|, auto)
apply (simp only: exp-suc-iff)
apply (subgoal-tac a-md — Suc 0 < a-md + length suf-Im, simp)
apply (case-tac Im =[], auto)
done

lemma pr-prog-exz[simp|: [rec-ci (Pr n fg) = (aprog, rs-pos, a-md);
rec-ci g = (a, aa, ba); rec-ci f = (ab, ac, bc)]
= Jcp. aprog = recursive.empty n (mazx (n + 3)
(maz be ba)) [+] cp
apply(simp add: rec-ci.simps)
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apply (rule-tac © = (ab [+] (recursive.empty n (Suc n) [+]

([Dec (maz (n + 8) (max be ba)) (length a + 7)]

[+] (@ [+] [Inc n, Dec (Suc n) 3, Goto (Suc 0)]))

@ [Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length a + 4)])) in exl)
apply (auto simp: abc-append-commute)
done

lemma [simp]: empty m n # |]
by (simp add: empty.simps)

lemma [intro]:
[rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-ci f = (ab, ac, be)] =
Jap. (ep. aprog = ap [+] ab [+] ¢p) A length ap = 3
apply (case-tac rec-ci g, simp add: rec-ci.simps)
apply (rule-tac x = empty n
(maz (n + 8) (max be ¢)) in exl, simp)
apply (rule-tac © = recursive.empty n (Suc n) [+]
([Dec (maz (n + 3) (max be ¢)) (length a + 7))
[+] a [+] [Inc n, Dec (Suc n) 3, Goto (Suc 0)])
@ [Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length a + 4)] in exl,
auto)
apply(simp add: abc-append-commute)
done

lemma [intro]:
[rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-ci ¢ = (a, aa, ba);
rec-ci f = (ab, ac, be)] =
Jap. (Fep. aprog = ap [+] recursive.empty n (Suc n) [+] cp)
A length ap = 3 + length ab
apply (simp add: rec-ci.simps)
apply (rule-tac © = recursive.empty n (maz (n + 3)
(mazx be ba)) [+] ab in exl, simp)
apply(rule-tac x = ([Dec (maz (n + 3) (maz be ba))
(length a + 7)] [+] a [+]
[Inc n, Dec (Suc n) 3, Goto (Suc 0)]) Q
[Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length a + 4)] in exl)
apply(auto simp: abc-append-commute)
done

lemma [intro]:
[rec-ci (Prn fg) = (aprog, rs-pos, a-md);
rec-ci ¢ = (a, aa, ba);
rec-ci f = (ab, ac, be)]
= Jap. (I cep. aprog = ap [+] ([Dec (a-md — Suc 0) (length a + 7))
[+] (a [+] [Inc (rs-pos — Suc 0), Dec rs-pos 3,
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Goto (Suc 0)])) Q [Dec (Suc (Suc n)) 0, Inc (Suc n),
Goto (length a + 4)] [+] ¢p) A
length ap = 6 + length ab
apply (simp add: rec-ci.simps)
apply (rule-tac © = recursive.empty n
(maz (n + 8) (maz be ba)) [+] ab [+]
recursive.empty n (Suc n) in exl, simp)

apply (rule-tac z = || in exl, auto)
apply (simp add: abc-append-commute)
done

lemma [simp]:
n < Suc (maz (n + 3) (maz be ba) + length suf-lm) A
Suc (Suc n) < maz (n + 8) (max be ba) + length suf-Im A
be < Suc (maz (n + 3) (maz be ba) + length suf-lm) A
ba < Suc (maz (n + 3) (maz be ba) + length suf-im)
by arith

lemma [simp]: n # maz (n + (3:nat)) (maz be ba)
by arith

lemma [simp]:length Im = Suc n => Im[n := (0::nat)] = butlast Im Q@ [0]
apply (subgoal-tac 3 zs x. Im = xzs Q [z], auto simp: list-update-append)
apply (rule-tac © = butlast Im in exl, rule-tac x = last Im in exl)

apply (case-tac Im, auto)

done

lemma [simp]: length Im = Suc n = Im | n =last Im
apply (subgoal-tac Im # |])

apply (simp add: last-conv-nth, case-tac Im, simp-all)
done

lemma [simp]: length Im = Suc n =
(Im Q (0::nat)™moe* (n + 3) (maz be ba) —n g suf-Im)
[maz (n + 3) (maz bc ba) := (Im @ Q™M (n + 8) (maz be ba) — n @
suf-lm) ' n +
(Im @ ™o (n + 3) (maz be ba) —n @ suf-lm) ! maz (n + 3) (maz
be ba), n := 0]
= butlast Im Q 0 # 0™ (n + ) (maz be ba) — Suc n @ jgst Im # suf-lm
apply (auto simp: list-update-append nth-append)
apply (subgoal-tac (0™ (n + 3) (maz bc ba) — ny = gmaz (n + 3) (maz bc ba) — Suc n
Q@ [0::nat])
apply(simp add: list-update-append)
apply (simp add: exp-suc-iff)
done
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lemma [simp|: Suc (Suc n) < a-md =
n < Suc (Suc (a-md + length suf-lm — 2)) A
n < Suc (a-md + length suf-Im — 2)
by (arith)

lemma [simp]: [length Im = Suc n; Suc (Suc n) < a-md]
— (butlast Im @ (rsaz:nat) # 0@md — Suc (Sucn) @ last Im # suf-lm)

[Suc n := (butlast Im @ rsa # ™md — Suc (Suc n) @ last Im # suf-lm) !

n +
(butlast Im @ rsa # pa-md — Suc (Sucn) @ 1gst Im # suf-lm) ! Suc
n, n = 0]
= butlast Im @ 0 # rsa # pa-md — Suc (Suc (Suc n)) @ Jgst Im # suf-lm

apply (auto simp: list-update-append)
apply (subgoal-tac (Oa-md — Suc (Suc n)) = (0::nat) # (Oa-md — Suc (Suc (Suc n)))
simp add: nth-append)
apply (simp add: exp-ind-def[THEN sym))
done

)

lemma pr-case:
assumes nf-ind:
N lm rs suf-Im. rec-cale-rel f Im rs =
I stp. abe-steps-1 (0, Im Q gbe — ac @ suf-lm) ab stp =
(length ab, lm Q rs # gbe — Suc ac g suf-lm)
and ng-ind: A\ Im rs suf-lm. rec-calc-rel g lm rs =
I stp. abe-steps-1 (0, Im Q gba —aa @ suf-lm) a stp =
(length a, Ilm Q rs # gba — Suc aa @ suf-lm)
and h: rec-ci (Prn fg) = (aprog, rs-pos, a-md) rec-cale-rel (Prn f g) lm rs
rec-ci ¢ = (a, aa, ba) rec-ci f = (ab, ac, bc)
shows 3 stp. abe-steps-1 (0, Im @ ga-md — T5-pos @ suf-lm) aprog stp = (length
aprog, Im @ rs # ga-md — Suc rs-pos @ suf-lm)
proof —
from h have k1: 3 stp. abc-steps-1 (0, Im Q@ gamd — rs-pos @ suf-lm) aprog stp
= (3, butlast Im @ 0 # 0¢™d — 15905 — 1. @ gt Im # suf-lm)
proof —
have 3bp cp. aprog = bp [+] cp A bp = empty n
(maz (n + 3) (max be ba))
apply (insert h, simp)
apply (erule pr-prog-ez, auto)
done
thus ?thesis
apply (erule-tac exE, erule-tac exE, simp)
apply (subgoal-tac
Jstp. abc-steps-1 (0, Im @ ga-md — r5-pos @ suf-lm)
([} [+] recursive.empty n
(maz (n + 3) (mazx be ba)) [+] cp) stp =
(0 + 3, butlast Im @ 0 # gamd — Suc Ts-pos @
last Im # suf-Im), simp)
apply (rule-tac abc-append-excl, simp-all)
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apply (insert empty-ex[of n (maz (n + 3)
(maz be ba)) lm @ 0@™Md = TSPOS @ suf-lm], simp)
apply (subgoal-tac a-md = Suc (mazx (n + 3) (mazx be ba)),
simp)
apply (subgoal-tac length Im = Suc n A rs-pos = Suc n, simp)
apply (insert h)
apply(simp add: para-pattern ci-pr-para-eq)
apply (rule ci-pr-md-def, auto)
done
qed
from h have k2:
3 stp. abe-steps-l (3, butlast Im @ 0 # gamd — rs-pos — 1 @
last Im # suf-Im) aprog stp
= (length aprog, lm @ rs # Q0md — Suc 15-pos @ gy f.Im)
proof —
from h have k2-1: 3 rs. rec-calc-rel f (butlast Im) s
apply (erule-tac calc-pr-zero-ezx)
done
thus ?thesis
proof (erule-tac exE)
fix rsa
assume k2-2: rec-calc-rel f (butlast Im) rsa
from h and k2-2 have k2-2-1:
3 stp. abe-steps-1 (3, butlast Im Q 0 # ga-md — rs-pos — 1
Q@ last Im # suf-lm) aprog stp
= (8 + length ab, butlast Im Q rsa # ga-md — rs-pos — 1 @
last lm # suf-Im)
proof —
from h have ji:
3 ap bp cp. aprog = ap [+] bp [+] cp A length ap = 3 A
bp = ab
apply (auto)
done
from h have j2: ac = rs-pos — 1
apply (drule-tac ci-pr-f-paras, simp, auto)
done
from h and j2 have j3: a-md > Suc bc A rs-pos > 0 N bc > rs-pos
apply (rule-tac congl)
apply(erule-tac ab = ab and ac = ac in ci-pr-md-ge-f, simp)
apply (rule-tac context-conjI)
apply (simp-all add: rec-ci.simps)
apply (drule-tac ci-ad-ge-paras, drule-tac ci-ad-ge-paras)
apply (arith)
done
from ji and j2 show ?thesis
apply(auto simp del: abc-append-commute)
apply (rule-tac abc-append-excl, simp-all)
apply (insert nf-ind|of butlast Im rsa
ga-md — be = Suc 0 @ lgst Im # suf-lm],
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simp add: k2-2 j2, erule-tac exE)
apply(simp add: exponent-add-iff j3)
apply(rule-tac x = stp in exl, simp)
done
qed
from h have £k2-2-2:
3 stp. abe-steps-1 (8 + length ab, butlast Im Q rsa #
ga-md — rs-pos — 1.@ gt Im # suf-Im) aprog stp
= (6 + length ab, butlast Im @ 0 # rsa #
go-md — 15p0s = 2. [qst Im # suf-lm)
proof —
from h have 3 ap bp cp. aprog = ap [+] bp [+] cp A
length ap = 3 + length ab A bp = recursive.empty n (Suc n)
by auto
thus ?thesis
proof(erule-tac exE, erule-tac exE, erule-tac exE,
erule-tac exF)
fix ap cp bp apa
assume aprog = ap [+] bp [+] cp A length ap = 3 +
length ab N bp = recursive.empty n (Suc n)
thus ?thesis
apply(simp del: abc-append-commute)
apply (subgoal-tac
I stp. abe-steps-1 (3 + length ab,
butlast Im @ rsq # 0@™d — Suc r5-pos @
last Im # suf-lm) (ap [+]
recursive.empty n (Suc n) [+] cp) stp =
((8 + length ab) + 3, butlast Im Q 0 # rsa #
ga-md — Suc (Suc 15-pos) @ [qst Im # suf-Im), simp)
apply (rule-tac abc-append-excl, simp-all)
apply (insert empty-ex[of n Suc n
butlast Im @ rsaq # Md — Suc 15-pos @
last lm # suf-lm], simp)
apply (subgoal-tac length lm = Suc n A 1$-pos = Suc n A a-md > Suc (Suc
n), simp)
apply (insert h, simp)
done
qed
qed
from h have k2-3: Im # |]
apply (rule-tac calc-pr-para-not-null, simp)
done
from h and k2-2 and k2-3 have k2-2-3:
3 stp. abe-steps-l (6 + length ab, butlast Im Q
(last Im — last Ilm) # rsa #
ga-md — (Suc (Suc 15-pos)) @ [qst Im # suf-lm) aprog stp
= (6 + length ab, butlast Im Q last Im # rs #
pa-md — Suc (Suc (rs-pos)) @ g # suf-lm)
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apply(rule-tac x = last Im and g = g in pr-cycle-part, auto)
apply (rule-tac ng-ind, simp)
apply (rule-tac rec-calc-rel-def0, simp, simp)
done
from h have k2-2-j:
3 stp. abe-steps-1 (6 + length ab,
butlast Im @ last Im # rs # 0@ ™md — 15p0s — 2 @
0 # suf-lm) aprog stp
= (13 + length ab + length a,
Im @ rs # gomd — rs-pos — 1 @ suf-lm)
proof —
from h have
3 ap bp cp. aprog = ap [+] bp [+] cp A
length ap = 6 + length ab A
bp = ([Dec (a-md — Suc 0) (length a + 7)] [+]
(a [+] [Inc (rs-pos — Suc 0),
Dec rs-pos 3, Goto (Suc 0)])) Q
[Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length a + 4)]
by auto
thus ?thesis
apply (auto)
apply (subgoal-tac
I stp. abe-steps-l (6 + length ab, butlast Im Q
last Im # rs 4 g@-md — Suc (Suc rs-pos) @ ¢ # suf-lm)
(ap [+] ([Dec (a-md — Suc 0) (length a + 7)] [+]
(a [+] [Inc (rs-pos — Suc 0), Dec rs-pos 3,
Goto (Suc 0)])) @Q [Dec (Suc (Suc n)) 0, Inc (Suc n),
Goto (length a + 4)] [+] cp) stp =
(6 + length ab + (length a + 7) ,
Im @ rs # ga-md — Suc rs-pos g suf-lm), simp)
apply (subgoal-tac 13 + (length ab + length a) =
13 + length ab + length a, simp)
apply(arith)
apply(rule abc-append-excl, simp-all)
apply(rule-tac x = Suc 0 in exl,
simp add: abe-steps-l.simps abe-fetch.simps
nth-append abc-append-nth abc-step-1.simps)
apply (subgoal-tac a-md > Suc (Suc rs-pos) N
length Im = rs-pos A rs-pos > 0, simp)
apply (insert h, simp)
apply (subgoal-tac rs-pos = Suc n, simp, simp)
done
qed
from h have k2-2-5: length aprog = 138 + length ab + length a
apply (rule-tac ci-pr-length, simp-all)
done
from k2-2-1 and k2-2-2 and k2-2-3 and k2-2-/ and k2-2-5
show ?thesis

apply (auto)
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apply(rule-tac x = stp + stpa + stpb + stpc in exl,
stmp add: abc-steps-add)
done
qed
qged
from kI and k2 show
I stp. abe-steps-1 (0, lm @ gamd — r5-pos @ suf-lm) aprog stp
= (length aprog, lm Q rs # ga-md — Suc rs-pos @ suf-lm)
apply(erule-tac exE)
apply(erule-tac exE)
(
(

apply(rule-tac * = stp + stpa in exl)
apply(simp add: abc-steps-add)
done

qged

thm rec-calc-rel.induct

lemma eg-switch: x =y —= y =«
by simp

lemma [simp]:
[rec-ci f = (a, aa, ba);
rec-ci (Mn n f) = (aprog, rs-pos, a-md)] = Ibp. aprog = a Q bp

apply (simp add: rec-ci.simps)
apply (rule-tac © = [Dec (Suc n) (length a + 5),

Dec (Suc n) (length a + 3), Goto (Suc (length a)),

Inc n, Goto 0] in exl, auto)
done

lemma ci-mn-para-eq[simp]:

rec-ci (Mn n f) = (aprog, rs-pos, a-md) = rs-pos = n
apply (case-tac rec-ci f, simp add: rec-ci.simps)
done

lemma [simp]: rec-ci f = (a, aa, ba) = aa < ba
apply(simp add: ci-ad-ge-paras)
done

lemma [simp]: [rec-ci f = (a, aa, ba);
rec-ci (Mn n f) = (aprog, rs-pos, a-md)]
= ba < a-md
apply(simp add: rec-ci.simps)
by arith

lemma mn-calc-f:
assumes ind:
Naprog a-md rs-pos rs suf-lm Im.
[rec-ci f = (aprog, rs-pos, a-md); rec-calc-rel f Im rs]
= Jstp. abe-steps-1 (0, Im Q@ ga-md — r5-pos @ suf-lm) aprog stp
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= (length aprog, Im @ [rs] @ gamd — 75-pos — 1. @ gyf-Im)
and h: rec-ci f = (a, aa, ba)
rec-ci (Mn n f) = (aprog, rs-pos, a-md)
rec-cale-rel f (Im Q [z]) rsz
aa = Suc n
shows T stp. abc-steps-1 (0, lm Q z # ga-md — Suc rs-pos @ suf-lm)
aprog stp = (length a,
Im @ z # rsz # pa-md — Suc (Suc rs-pos) g suf-Im)
proof —
from h have k1: 3 ap bp. aprog = ap Q bp A ap = a
by simp
from h have k2: rs-pos = n
apply (erule-tac ci-mn-para-eq)
done
from h and kI and k2 show ?thesis

proof(erule-tac exE, erule-tac exE, simp,
rule-tac abc-add-excl, auto)
fix bp
show
Fastp. abc-steps-1 (0, Im Q z # gamd — Sucn g suf-lm) a astp
= (length a, Im Q z # rsz # ga-md — Suc (Sucn) g suf-lm)
apply (insert ind[of a Suc n ba Im Q [z] rsx
pamd — ba @ suf-lm], simp add: exponent-add-iff h k2)
apply (subgoal-tac ba > aa A a-md > ba A aa = Suc n,
insert h, auto)
done
qged
qged
thm rec-ci.simps

fun mn-ind-inv :
nat X nat list = nat = nat = nat = nat list = nat list = bool
where
mn-ind-inv (as, Im’) ss x rsz suf-lm Im =
(if as = ss then Im' = lm @ z # rsz # suf-lm
else if as = ss + 1 then
Jy. (Im"=1lm Q z # y # suf-lm) Ny < rsz
else if as = ss + 2 then
Jy. (Im"'=1lm Q x # y # suf-lm) Ny < rsz
else if as = ss + 3 then Ilm’ = Im Q z # 0 # suf-Ilm
else if as = ss + 4 then Ilm’ = Im @ Suc x # 0 # suf-Im
else if as = 0 then Im’ = Im Q Suc z # 0 # suf-Im
else False

)

fun mn-stagel :: nat X nat list = nat = nat = nat
where
mn-stagel (as, Im) ss n =
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(if as = 0 then 0

else if as = ss + 4 then 1

else if as = ss + 3 then 2

else if as = ss + 2 V as = ss + 1 then 3
else if as = ss then 4

else 0

)

fun mn-stage2 :: nat x nat list = nat = nat = nat
where
mn-stage2 (as, lm) ssn =
(if as = ss + 1 V as = ss + 2 then (Im ! (Suc n))
else 0)

fun mn-stage3 :: nat x nat list = nat = nat = nat
where
mn-stage3 (as, Im) ssn = (if as = ss + 2 then 1 else 0)

fun mn-measure :: ((nat x nat list) x nat x nat) =
(nat X nat X nat)
where
mn-measure ((as, Im), ss, n) =
(mn-stagel (as, Im) ss n, mn-stage2 (as, Im) ss n,
mn-stage3 (as, lm) ss n)

definition mn-LE :: (((nat x nat list) X nat X nat) x
((nat x nat list) X nat x nat)) set
where mn-LE = (inv-image lez-triple mn-measure)

thm halt-lemma2
lemma wf-mn-le[intro]: wf mn-LE
by (auto intro:wf-inv-image wf-lex-triple simp: mn-LE-def)

declare mn-ind-inv.simps[simp del]

lemma mn-inv-init:
mn-ind-inv (abc-steps-l (length a, Im Q x # rsz # suf-Im) aprog 0)
(length a) x rsz suf-lm Im
apply(simp add: mn-ind-inv.simps abc-steps-zero)
done

lemma mn-halt-init:
rec-ci f = (a, aa, ba) =
= (A(as, Im') (ss, n). as = 0)
(abc-steps-1 (length a, Im @ x # rsz # suf-lm) aprog 0)
(length a, n)
apply (simp add: abc-steps-zero)
apply (erule-tac rec-ci-not-null)
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done

thm rec-ci.simps
lemma [simp]:
[rec-ci f = (a, aa, ba);
rec-ci (Mn n f) = (aprog, rs-pos, a-md)]
= abec-fetch (length a) aprog =
Some (Dec (Suc n) (length a + 5))
apply (simp add: rec-ci.simps abc-fetch.simps,
erule-tac conjE, erule-tac conjE, simp)

apply (drule-tac eq-switch, drule-tac eq-switch, simp)
done

lemma [simp]: [rec-ci f = (a, aa, ba); rec-ci (Mn n f) = (aprog, rs-pos, a-md)]
= abc-fetch (Suc (length a)) aprog = Some (Dec (Suc n) (length a + 8))
apply(simp add: rec-ci.simps abc-fetch.simps, erule-tac conjE, erule-tac conjE,

simp)
apply (drule-tac eq-switch, drule-tac eg-switch, simp add: nth-append)
done

lemma [simp]:
[rec-ci f = (a, aa, ba);
rec-ci (Mn n f) = (aprog, rs-pos, a-md)]
= abc-fetch (Suc (Suc (length a))) aprog =
Some (Goto (length a + 1))
apply (simp add: rec-ci.simps abc-fetch.simps,
erule-tac conjE, erule-tac conjE, simp)

apply (drule-tac eq-switch, drule-tac eg-switch, simp add: nth-append)
done

lemma [simp]:
[rec-ci f = (a, aa, ba);

rec-ci (Mn n f) = (aprog, rs-pos, a-md)]

= abc-fetch (length a + 3) aprog = Some (Inc n)
apply (simp add: rec-ci.simps abc-fetch.simps,

erule-tac conjE, erule-tac conjE, simp)

apply (drule-tac eg-switch, drule-tac eg-switch, simp add: nth-append)
done

lemma [simp]: [rec-ci f = (a, aa, ba); rec-ci (Mn n f) = (aprog, rs-pos, a-md)]
= abc-fetch (length a + 4) aprog = Some (Goto 0)

apply(simp add: rec-ci.simps abc-fetch.simps, erule-tac conjE, erule-tac conjE,

simp)

apply (drule-tac eq-switch, drule-tac eg-switch, simp add: nth-append)

done

lemma [simp]:

0 < rsx
= Jy. (Im Q z # rsz # suf-Im)[Suc (length Im) := rsx — Suc 0]
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=1Im Qx # y # suf-lIm Ny < rsz
apply (case-tac rsz, simp, simp)
apply(rule-tac x = nat in exl, simp add: list-update-append)
done

lemma [simp]:
Iy < rs7; 0 < 9]
= Jya. (Im Q z # y # suf-Im)[Suc (length Im) := y — Suc 0]
=1Im Q x # ya # suf-lm A ya < rsx
apply (case-tac y, simp, simp)
apply (rule-tac x = nat in exl, simp add: list-update-append)
done

lemma mn-halt-lemma:
[rec-ci f = (a, aa, ba);
rec-ci (Mn n f) = (aprog, rs-pos, a-md);
0 < rsz; length Im = n]
_—
Vna. = (A(as, Im’) (ss, n). as = 0)
(abc-steps-1 (length a, Im @Q x # rsz # suf-lm) aprog na)
(length a, n)
A mn-ind-inv (abe-steps-1 (length a, Im Q x # rsz # suf-Im)
aprog na) (length a) x rsx suf-lm Im
— mn-ind-inv (abc-steps-l (length a, Im @ z # rsz # suf-Im) aprog
(Suc na)) (length a) = rsx suf-lm Im
A ((abe-steps-l (length a, Im Q z # rsx # suf-lm) aprog (Suc na),
length a, n),
abc-steps-1 (length a, lm Q z # rsz # suf-lm) aprog na,
length a, n) € mn-LE
apply (rule alll, rule impl, simp add: abc-steps-ind)
apply (case-tac (abe-steps-1 (length a, Im Q x # rse # suf-Im)
aprog na), simp)
apply (auto split:if-splits simp add:abc-steps-1.simps
mn-ind-inv.simps abc-steps-zero)
apply(auto simp add: mn-LE-def lex-triple-def lex-pair-def
abc-step-1.simps abc-steps-1.simps mn-ind-inv.simps
abc-lm-v.simps abe-Im-s.simps nth-append
split: if-splits)
apply (drule-tac rec-ci-not-null, simp)
done

lemma mn-halt:
[rec-ci f = (a, aa, ba);
rec-ci (Mn n f) = (aprog, rs-pos, a-md);
0 < rsz; length Im = n]
= 3 stp. (A (as, Im’). (as = 0 A
mn-ind-inv (as, Im’) (length a) x rsz suf-Im Im))
(abe-steps-1 (length a, Im @ x # rsz # suf-lm) aprog stp)
apply (insert wf-mn-le)
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apply (insert halt-lemma2[of mn-LE
A ((as, Im'), ss, n). as = 0
A stp. (abe-steps-l1 (length a, Im @ z # rsz # suf-lm) aprog stp,
length a, n)
A ((as, Im’), ss, n). mn-ind-inv (as, Im’) ss x rsx suf-Im Im],
simp)
apply(simp add: mn-halt-init mn-inv-init)
apply(drule-tac x = z and suf-Im = suf-Im in mn-halt-lemma, auto)
apply (rule-tac z = n in ezl
case-tac (abc-steps-1 (length a, lm @ © # rsz # suf-lm)
aprog m), simp)
done

lemma [simp]: Suc rs-pos < a-md =
Suc (a-md — Suc (Suc rs-pos)) = a-md — Suc rs-pos
by arith

term rec-ct

lemma mn-ind-step:
assumes ind:
Naprog a-md rs-pos rs suf-Im Im.
[rec-ci f = (aprog, rs-pos, a-md);
rec-calc-rel fIm rs] =
Istp. abe-steps-1 (0, Im Q gamd — r5-pos @ suf-lm) aprog stp
= (length aprog, lm @ [rs] @ go™md — 15-Pos — 1. @ gyf Im)
and h: rec-ci f = (a, aa, ba)
rec-ci (Mn n f) = (aprog, rs-pos, a-md)
rec-cale-rel f (Im Q [z]) rsz
rsz > 0
Suc rs-pos < a-md
aa = Suc rs-pos
shows Jstp. abc-steps-1 (0, lm Q © # ga-md — Suc rs-pos @ suf-Im)
aprog stp = (0, lm Q Suc z # ga-md — Suc rs-pos @ suf-lm)
thm abc-add-excl
proof —
have k1:
3 stp. abe-steps-1 (0, Im Q z # ga-md — Suc (rs-pos) @ suf-lm)
aprog stp =
(length a, Im Q z # rsz # pa-md — Suc (Suc rs-pos) @ suf-Im)
apply (insert h)
apply (auto intro: mn-calc-f ind)
done
from h have k2: length lm = n
apply (subgoal-tac rs-pos = n)
apply (drule-tac para-pattern, simp, simp, simp)
done
from h have k3: a-md > (Suc rs-pos)

apply (simp)
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done
from k2 and h and k3 have k4:
3 stp. abe-steps-1 (length a,
Im Q z # rsx # pa-md — Suc (Suc rs-pos) @ suf-lm) aprog stp =
(0, Im Q Suc z # gamd — rs-pos — 1 @ suf-lm)
apply(frule-tac z = z and
suf-lm = ga-md — Suc (Suc rs-pos) @ suf-lm in mn-halt, auto)
apply (rule-tac x = stp in exl,
simp add: mn-ind-inv.simps rec-ci-not-null exponent-def)
apply (simp only: replicate.simps|[THEN sym)|, simp)
done

from k! and k4 show ?thesis
apply (auto)
apply(rule-tac x = stp + stpa in exl, simp add: abe-steps-add)
done
qged

lemma [simp]:
[rec-ci f = (a, aa, ba); rec-ci (Mn n f) = (aprog, rs-pos, a-md);
rec-calc-rel (Mn n f) Im rs] = aa = Suc rs-pos
apply (rule-tac calc-mn-reverse, simp)
apply (insert para-pattern [of f a aa ba Im Q [rs] 0], simp)
apply (subgoal-tac rs-pos = length Im, simp)
apply (drule-tac ci-mn-para-eq, simp)
done

lemma [simp]: [rec-ci (Mn n f) = (aprog, rs-pos, a-md);
rec-calc-rel (Mn n f) Im rs] = Suc rs-pos < a-md

apply (case-tac rec-ci f)

apply (subgoal-tac ¢ > b A b = Suc rs-pos A a-md > c)

apply (arith, auto)

done

lemma mn-ind-steps:
assumes ind:
Naprog a-md rs-pos rs suf-lm Im.
[rec-ci f = (aprog, rs-pos, a-md); rec-calc-rel fIm rs] =
I stp. abe-steps-1 (0, Im Q@ ga-md — 75-pos @ suf-lm) aprog stp =
(length aprog, Im Q [rs] @ ga-md — rs-pos — 1 @ suf-Im)
and h: rec-ci f = (a, aa, ba)
rec-ci (Mn n f) = (aprog, rs-pos, a-md)
rec-calc-rel (Mn n f) lm rs
rec-cale-rel f (Im Q [rs]) 0
Va<rs. (3 v. rec-calc-rel f (Im Q [z]) v A 0 < v)
n = length lm
Tz < rs
shows Jstp. abe-steps-1 (0, Im Q 0 # ga-md — Suc rs-pos @ suf-lm)
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aprog stp = (0, lm Q z # ga-md — Suc rs-pos @ suf-lm)
apply (insert h, induct x,
rule-tac © = 0 in exl, simp add: abc-steps-zero, simp)
proof —
fix z
assume kI:
I stp. abe-steps-1 (0, lm @Q 0 # ga-md — Suc rs-pos @ suf-lm)
aprog stp = (0, Im Q z # ga-md — Suc rs-pos @ suf-lm)
and k2: rec-ci (Mn (length Im) f) = (aprog, rs-pos, a-md)
rec-calc-rel (Mn (length Im) f) lm rs
rec-calc-rel f (Im Q [rs]) 0
Va<rs.(3 v. rec-cale-rel f (Im Q [z]) v A v > 0)
n = length Im
Sucx < rs
rec-ci f = (a, aa, ba)
hence £2:
I stp. abe-steps-1 (0, lm @ x # gamd — rs-pos — 1 @ suf-lm) aprog
stp = (0, Im Q Suc z # gamd — rs-pos — 1 @ suf-lm)

apply(erule-tac = = in allE)

apply (auto)

apply(rule-tac z = z in mn-ind-step)
apply (rule-tac ind, auto)

done
from k1 and k2 show

I stp. abe-steps-1 (0, lm @ 0 # ga-md — Suc rs-pos @ suf-lm)
aprog stp = (0, Im Q Suc x # ga-md — Suc rs-pos @ suf-Im)

apply (auto)

apply (rule-tac x = stp + stpa in exl, simp only: abc-steps-add)

done

qed

lemma [simp]:
[rec-ci f = (a, aa, ba);
rec-ci (Mn n f) = (aprog, rs-pos, a-md);
rec-calc-rel (Mn n f) Im rs;
length lm = n]
= abe-lm-v (Im @ rs # 00Md — SUCTSPOS @ gyfm) (Suc n) = 0
apply(auto simp: abc-lm-v.simps nth-append)
done

lemma [simp]:
[rec-ci f = (a, aa, ba);
rec-ci (Mn n f) = (aprog, rs-pos, a-md);
rec-calc-rel (Mn n f) Im rs;
length lm = n]
= abe-lm-s (Im @ rs # M4 — SUCTSPOS @ guf Im) (Suc n) 0 =
Im @ rs # 0Mmd — SuCT5pos @ gyf Im
apply (auto simp: abc-lm-s.simps list-update-append)
done
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lemma mn-length:
[rec-ci f = (a, aa, ba);
rec-ci (Mn n f) = (aprog, rs-pos, a-md)]
= length aprog = length a + 5
apply(simp add: rec-ci.simps, erule-tac conjE)
apply (drule-tac eq-switch, drule-tac eg-switch, simp)
done

lemma mn-final-step:

assumes ind:

Naprog a-md rs-pos rs suf-Im Im.

[rec-ci f = (aprog, rs-pos, a-md);

rec-cale-rel fIm rs] =

Istp. abc-steps-1 (0, Im Q gamd — r5-pos @ suf-lm) aprog stp =

(length aprog, Im Q [rs] @ gamd — rs-pos — 1 @ suf-lm)
and h: rec-ci f = (a, aa, ba)
rec-ci (Mn n f) = (aprog, rs-pos, a-md)
rec-calc-rel (Mn n f) Im rs
rec-cale-rel f (Im Q [rs]) 0

shows Jstp. abc-steps-1 (0, Im Q rs # ga-md — Suc rs-pos @ suf-lm)
aprog stp = (length aprog, Im Q rs # ga-md — Suc rs-pos @ suf-lm)

proof —

from h and ind have k1:
dstp. abe-steps-1 (0, Ilm Q rs # ga-md — Suc rs-pos @ suf-lm)

aprog stp = (length a, Im Q rs # ga-md — Suc rs-pos @ suf-lm)
thm mn-calc-f
apply (insert mn-calc-f[of f a aa ba n aprog
rs-pos a-md Im rs 0 suf-lm], simp)
apply (subgoal-tac aa = Suc n, simp add: exponent-cons-iff )
apply (subgoal-tac rs-pos = n, simp, simp)
done

from h have k2: length lm = n
apply (subgoal-tac rs-pos = n)
apply(drule-tac f = Mn n [ in para-pattern, simp, simp, simp)
done

from h and k2 have k3:

I stp. abe-steps-l (length a, Im Q rs # ga-md — Suc rs-pos @ suf-lm)
aprog stp = (length a + 5, Ilm @ rs # ga-md — Suc rs-pos @ suf-lm)
apply(rule-tac x = Suc 0 in exl,

simp add: abc-step-l.simps abe-steps-1.simps)
done

from h have kj: length aprog = length a + 5
apply(simp add: mn-length)

done
from k! and k8 and k4 show ?thesis
apply (auto)
apply(rule-tac x = stp + stpa in exl, simp add: abe-steps-add)
done
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qed

lemma mn-case:
assumes ind:
Naprog a-md rs-pos rs suf-lm Im.
[rec-ci f = (aprog, rs-pos, a-md); rec-calc-rel fIm rs] =
I stp. abe-steps-1 (0, lm @ gamd — 15-pos @ suf-lm) aprog stp =
(length aprog, Im Q@ [rs] Q ga-md — rs-pos — 1 @ suf-lm)
and h: rec-ci (Mn n f) = (aprog, rs-pos, a-md)
rec-calc-rel (Mn n f) Im rs
shows T stp. abc-steps-1 (0, Im Q gamd — r5-pos @ suf-lm) aprog stp
= (length aprog, lm Q [rs] @ gamd — rs-pos — 1 @ suf-lm)
apply (case-tac rec-ci f, simp)
apply (insert h, rule-tac calc-mn-reverse, simp)
proof —
fixabcw
assume h: rec-ci f = (a, b, ¢)
rec-ci (Mn n f) = (aprog, rs-pos, a-md)
rec-calc-rel (Mn n f) Im rs
rec-calc-rel f (Im Q [rs]) 0
Vaz<rs. Jv. rec-calc-rel f (Im Q [z]) v A 0 < v
n = length Im
hence k1:
I stp. abe-steps-1 (0, Im Q 0 # ga-md — Suc rs-pos @ suf-lm) aprog
stp = (0, Im Q rs # ga-md — Suc rs-pos @ suf-Im)
thm mn-ind-steps
apply (auto intro: mn-ind-steps ind)
done
from h have k2:
Istp. abe-steps-1 (0, lm Q rs # ga-md — Suc rs-pos q suf-lm) aprog
stp = (length aprog, Im Q rs # ga-md — Suc rs-pos @ suf-lm)
apply (auto intro: mn-final-step ind)
done
from kI and k2 show
I stp. abe-steps-1 (0, lm @ ga-md — r5-pos @ suf-lm) aprog stp =
(length aprog, Im @ rs # ga-md — Suc rs-pos @ suf-lm)
apply (auto, insert h)
apply (subgoal-tac Suc rs-pos < a-md)
apply(rule-tac * = stp + stpa in exl,
simp only: abe-steps-add exponent-cons-iff , simp, simp)
done
qed

lemma z-rs: rec-calc-rel z Ilm rs = rs = 0
apply (rule-tac calc-z-reverse, auto)

done

lemma z-case:
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[rec-ci z = (aprog, rs-pos, a-md); rec-calc-rel z Im rs]
= Jstp. abe-steps-1 (0, Im Q@ gamd — r5-pos g suf-lm) aprog stp =
(length aprog, Im @ [rs] @ ga-™md — 15005 — 1 @ guf Im)
apply(simp add: rec-ci.simps rec-ci-z-def , auto)
apply (rule-tac x = Suc 0 in ezl, simp add: abc-steps-l.simps
abc-fetch.simps abe-step-1.simps z-rs)
done
thm addition.simps

thm addition.simps
thm rec-ci-s-def
fun addition-inv :: nat x nat list = nat = nat = nat =
nat list = bool
where
addition-inv (as, Im’) m n p lm =
(let sn =Im ! nin
let sm =1Im ! min
im!p=20A
(if as = 0 then 3 z. 2 < Im ! m A Ilm' = Im[m := z,
n:=(sn+ sm —z),p
else if as = 1 then 3 z. z < Im ! m A Im' = Im[m := z,
n:=(sn+sm—xz—1),p:=(sm—2z— 1)
elseif as = 2then 3 z.z <Im ! m A lm’ =
n:=(sn+sm—z),p:=(sm—1xz— 1)
else if as = 3 then 3 z. z < Im ! m A Ilm’
n:=(sn + sm — z), p := (sm — z)]
else if as = 4 then 3 z. z < Im ! m A Im' = Im[m := z,
n:= (sn 4+ sm), p := (sm — z)
else if as = 5 then 3 .z < Im ! m A lm' = Im[m := z,
n:= (sn + sm), p:=(sm —x — 1)]
else if as = 6 then 3 .z <Im ! m A lm’ =
Im[m := Suc x, n := (sn + sm), p := (sm — z — 1)]
else if as = 7 then Im’ = Ilm[m := sm, n := (sn + sm)]
else False))

fun addition-stagel :: nat X nat list = nat = nat = nat
where
addition-stagel (as, lm) m p =
(ifas =0V as=1Vas =2V as = 3 then 2
else if as = 4 V as = 5 V as = 6 then 1
else 0)

fun addition-stage2 :: nat X nat list = nat = nat = nat
where
addition-stage2 (as, lm) m p =
(if 0 < as A as < 3 thenlm ! m
elseif 4 < as N as < 6 thenlm!p
else 0)
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fun addition-stage3 :: nat x nat list = nat = nat = nat

where

addition-stage3 (as, Im) m p =
(if as = 1 then 4
else if as = 2 then 8
else if as = 3 then 2
else if as = 0 then 1
else if as = 5 then 2
else if as = 6 then 1
else if as = 4 then 0
else 0)

fun addition-measure :: ((nat x nat list) X nat x nat) =
(nat x nat X nat)
where
addition-measure ((as, Im), m, p) =
(addition-stagel (as, lm) m p,
addition-stage2 (as, Im) m p,
addition-stage3 (as, Im) m p)

definition addition-LE :: (((nat x nat list) x nat x nat) X
((nat x nat list) X nat x nat)) set
where addition-LE = (inv-image lez-triple addition-measure)

lemma [simp|: wf addition-LE
by (simp add: wf-inv-image wf-lex-triple addition-LE-def)

declare addition-inv.simps[simp del]

lemma addition-inv-init:
[m # n; max m n < p; length Im > p; Im | p = 0] =
addition-inv (0, Im) m n p Im
apply(simp add: addition-inv.simps)
apply(rule-tac x = Ilm ! m in exl, simp)
done

thm addition.simps

lemma [simp]: abc-fetch 0 (addition m n p) = Some (Dec m 4)
by (simp add: abc-fetch.simps addition.simps)

lemma [simp]: abc-fetch (Suc 0) (addition m n p) = Some (Inc n)
by (simp add: abc-fetch.simps addition.simps)

lemma [simp]: abc-fetch 2 (addition m n p) = Some (Inc p)
by (simp add: abc-fetch.simps addition.simps)

lemma [simp]: abc-fetch 3 (addition m n p) = Some (Goto 0)
by (simp add: abc-fetch.simps addition.simps)
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lemma [simp]|: abc-fetch 4 (addition m n p) = Some (Dec p 7)
by (simp add: abc-fetch.simps addition.simps)

lemma [simp]: abc-fetch 5 (addition m n p) = Some (Inc m)
by (simp add: abc-fetch.simps addition.simps)

lemma [simp]: abe-fetch 6 (addition m n p) = Some (Goto 4)
by (simp add: abc-fetch.simps addition.simps)

lemma [simp]:
[m# n;p <lengthlm;lm!p=0;,m<p;n<pz<im!m;0<z|
= Jza<im ! m.Imm:=z,n:=Im!n+Im!m— z,
pi=Im!m—2z,m:=2z— Suc0] =
Im[m = za, n :==1Im ! n+ Im! m — Suc za,
p:=1Im ! m — Suc za
apply (case-tac x, simp, simp)
apply (rule-tac x = nat in exl, simp add: list-update-swap
list-update-overwrite)
done

lemma [simp]:
[m # n;p <lengthlm;Im!p=0;m<p;n<p;z<Iim!m]
= Jza<im ! m. Imm =z, n:=Im!n+Im!m — Sucz,
p:=Im!m—Sucz,n:=Im!n+Im!m-— z
=Imm :=za, n:=Im!n+Im!m — za,
p:=1Im ! m — Suc za]
apply(rule-tac x = x in ezl
stmp add: list-update-swap list-update-overwrite)
done

lemma [simp]:
[m # n; p <lengthlm; Im!p=0;,m<p;n<p;,z<im!m]
= Jza<im !m.Imm:=z,n:=Im!n+Im!m— x,
p:=In!m— Sucz,p:=In!m— z
=Imm :=za, n:=Im!n+Im!m— za,
p:=1Im! m — za
apply(rule-tac x = x in exl, simp add: list-update-overwrite)
done

lemma [simp]:
[m # n; p < length Im; Im ! p = (0:nat); m < p;n < p; ¢ < Im ! m]
= Jza<im ! m.Imm:=z,n:=Im!n+in!m — z,
p:=1Im!m—z] =
Im[m :=za, n:=Im!n+ Im!m — za,
p:=Im! m — za
apply (rule-tac © = x in exl, simp)
done
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lemma [simp]:
[m # n; p < length Im; Im ! p = 0; m < p; n < p;
z<Im!m;im!m+# z]
= Jza<im ! m. Imm =z, n:=Im!n+Im! m,
p:=1Im!m—z, p:=Im!m— Suc z]
=Im[m :=2za, n:=Im!'!n+Im!m,
p = Im ! m — Suc za
apply(rule-tac x = z in exl, simp add: list-update-overwrite)
done

lemma [simp]:
[m # n;p <lengthlm;lm ! p=0;m<p;n<p;z<im!m]
= Jza<im ! m.Imm: =z, n:=Im ! n+ Im! m,
p:=1Im!m — Sucz, m:= Suc z]
= Im[m = Suc za, n :=1Im ! n + Im ! m,
p:=1Im ! m — Suc za]
apply(rule-tac x = x in ezl
simp add: list-update-swap list-update-overwrite)
done

lemma [simp]:
[m # n;p <lengthlm; Im!p=0;,m<p;n<p;,z<im!m]
= Fza<im ! m. Im[m := Sucz, n:=1Ilm ! n+ Im! m,
p:=1Im ! m — Sucz]
=Imm:=za,n:=Im!n+Im!m,p:=Imn!m— zd
apply (rule-tac © = Suc z in exl, simp)
done

lemma addition-halt-lemma:

[m # n; max m n < p; length Im > p; Im | p = 0] =

Vna. = (A as, Im’) (m, p). as = 7)

(abe-steps-1 (0, Im) (addition m n p) na) (m, p) A

addition-inv (abe-steps-1 (0, Im) (addition m n p) na) m n p Im

— addition-inv (abe-steps-1 (0, Im) (addition m n p)
(Suc na)) mn p lm
A ((abe-steps-1 (0, Im) (addition m n p) (Suc na), m, p),
abc-steps-1 (0, Im) (addition m n p) na, m, p) € addition-LE
apply (rule alll, rule impl, simp add: abe-steps-ind)
apply (case-tac (abe-steps-1 (0, Im) (addition m n p) na), simp)
apply (auto split:if-splits simp add: addition-inv.simps
abe-steps-zero)
apply (simp-all add: abc-steps-1.simps abe-steps-zero)
apply (auto simp add: addition-LE-def lex-triple-def lex-pair-def
abc-step-1.simps addition-inv.simps
abc-lm-v.simps abe-Im-s.simps nth-append
split: if-splits)

apply (rule-tac © = x in exl, simp)
done
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lemma addition-ex:
[m # n; max m n < p; length Im > p; Im | p = 0] =
3 stp. (A (as, Im’). as = 7 A addition-inv (as, Im’) m n p Im)
(abc-steps-1 (0, Im) (addition m n p) stp)
apply (insert halt-lemma2[of addition-LE
A ((as, Im”), m, p). as = 7
A stp. (abe-steps-1 (0, Im) (addition m n p) stp, m, p)
A ((as, Im”), m, p). addition-inv (as, Im’) m n p Im],
simp add: abc-steps-zero addition-inv-init)
apply (drule-tac addition-halt-lemma, simp, simp, simp,
simp, erule-tac exE)
apply(rule-tac x = na in ezl
case-tac (abc-steps-1 (0, Im) (addition m n p) na), auto)
done

lemma [simp]: length (addition m n p) = 7
by (simp add: addition.simps)

lemma [elim]: addition 0 (Suc 0) 2 =[] = RR
by (simp add: addition.simps)

lemma [simp]: (02)[0 := n] = [n, 0:nat]
apply (subgoal-tac 2 = Suc 1,

simp only: replicate.simps exponent-def)
apply (auto)
done

lemma [simp]:
I stp. abe-steps-l (0, n # 0% @ suf-lm)
(addition 0 (Suc 0) 2 [+] [Inc (Suc 0)]) stp =
(8, n # Sucn # 0 # suf-lm)

apply (rule-tac bm = n # n # 0 # suf-lm in abc-append-exc2, auto)
apply (insert addition-ex[of 0 Suc 0 2 n # 0% @ suf-lm],

simp add: nth-append numeral-2-eq-2, erule-tac exE)
apply (rule-tac x = stp in exl,

case-tac (abe-steps-1 (0, n # 02 @ suf-Im)

(addition 0 (Suc 0) 2) stp),

stmp add: addition-inv.simps nth-append list-update-append numeral-2-eq-2)
apply(simp add: nth-append numeral-2-eq-2, erule-tac exE)
apply (rule-tac x = Suc 0 in exl,

simp add: abc-steps-1.simps abc-fetch.simps

abc-steps-zero abe-step-1.simps abe-lm-s.simps abe-lm-v.simps)
done

lemma s-case:
[rec-ci s = (aprog, rs-pos, a-md); rec-calc-rel s Im rs]
= Jstp. abe-steps-1 (0, Im Q@ ga-md — rs-pos g suf-lm) aprog stp =
(length aprog, Im @ [rs] Q gamd — rs-pos — 1 @ suf-lm)
apply (simp add: rec-ci.simps rec-ci-s-def, auto)
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apply (rule-tac calc-s-reverse, auto)
done

lemma [simp]:
[n < length lm; Im ! n = rs]
= Jstp. abe-steps-1 (0, lm Q 0 # 0 #suf-Im)
(addition n (length Im) (Suc (length Im))) stp
= (7,Im Q rs # 0 # suf-lm)
apply (insert addition-ex[of n length Im
Suc (length Im) Im @Q 0 # 0 # suf-Im])
apply(simp add: nth-append, erule-tac exE)
apply (rule-tac x = stp in exl)
apply(case-tac abc-steps-1 (0, Im @ 0 # 0 # suf-lm) (addition n (length lm)
(Suc (length Im))) stp, simp)
apply (simp add: addition-inv.simps)
apply (insert nth-append[of Im 0 # 0 # suf-lm n], simp)
done

lemma [simp]: 0% = [0, 0:nat]
apply (auto simp: exponent-def numeral-2-eq-2)
done

lemma id-case:

[rec-ci (id m n) = (aprog, rs-pos, a-md);

rec-cale-rel (id m n) Im rs]
= Jstp. abe-steps-1 (0, Im Q@ ga-md — rs-pos g suf-lm) aprog stp =
(length aprog, Im @ [rs] @ g@™md — 15-pos — 1. @ gyf Im)

apply (simp add: rec-ci.simps rec-ci-id.simps, auto)
apply (rule-tac calc-id-reverse, simp, simp)
done

lemma list-tl-induct:
[P []; N\a list. Plist = P (list Q [a::a])] =
P ((list::'a list))
apply (case-tac length list, simp)
proof —
fix nat
assume ind: Aa list. P list = P (list @ [a])
and h: length list = Suc nat P []
from h show P list
proof (induct nat arbitrary: list, case-tac lista, simp, simp)
fix lista a listaa
from h show P [a]
by (insert ind[of [|], simp add: h)
next
fix nat list
assume nind: Alist. [length list = Suc nat; P [|]] = P list
and g: length (list:: 'a list) = Suc (Suc nat)
from ¢ show P (list::’a list)

cexliii



apply (insert nind|[of butlast list], simp add: h)
apply (insert ind|of butlast list last list], simp)
apply (subgoal-tac butlast list Q [last list] = list, simp)
apply (case-tac list::'a list, simp, simp)
done
qed
qed

thm list.induct

lemma nth-eq-butlast-nth: [length ys > Suc k] =

ys | k = butlast ys ! k
apply (subgoal-tac 3 zs y. ys = zs Q [y], auto simp: nth-append)
apply (rule-tac z = butlast ys in exl, rule-tac z = last ys in exl)
apply(case-tac ys =[], simp, simp)
done

lemma [simp]:

[V k<Suc (length list). rec-calc-rel ((list @ [a]) ! k) Im (ys ! k);
length ys = Suc (length list)]
= Vk<length list. rec-calc-rel (list | k) Im (butlast ys ! k)

apply (rule alll, rule impl)

apply(erule-tac = = k in allE, simp add: nth-append)

apply (subgoal-tac ys | k = butlast ys | k, simp)

apply (rule-tac nth-eq-butlast-nth, arith)

done

thm cn-merge-gs.simps
lemma cn-merge-gs-tl-app:
en-merge-gs (gs Q [g]) pstr =
cn-merge-gs gs pstr [+] cn-merge-gs [g] (pstr + length gs)
apply (induct gs arbitrary: pstr, simp add: cn-merge-gs.simps, simp)
apply(case-tac a, simp add: abc-append-commute)
done

lemma cn-merge-gs-length:
length (cn-merge-gs (map rec-ci list) pstr) =
>- (ap, pos, n)<map rec-ci list. length ap) + 8 * length list
apply (induct list arbitrary: pstr, simp, simp)
apply (case-tac rec-ci a, simp)
done

lemma [simp]: Suc n < pstr = pstr + x — n > 0
by arith

lemma [simp]:

[Suc (pstr + length list) < a-md;
length ys = Suc (length list);
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length Im = n;
Suc n < pstr]
— (ys ! length list # OPSt" — Sucn @ pytlast ys @
pa-md — (pstr + length list) g suf-lm) |
(pstr + length list — n) = (0 :: nat)
apply (insert nth-append|of ys | length list # 0PS'" — Sucn @
butlast ys pa-md — (pstr + length list) g suf-lm
(pstr + length list — n)], simp add: nth-append)
done

lemma [simp]:
[Suc (pstr + length list) < a-md;
length ys = Suc (length list);
length Im = n;
Suc n < pstr]
— (Im Q@ last ys # OPSIT — Sucn @ pytlast ys @
ga-md — (pstr + length list) q suf-lm)[pstr + length list :=
last ys, n := 0] =
Im @ 0:natPSir — n @ ys @ pamd — Suc (pstr + length list) g suf-lm
apply (insert list-update-length[of
Im @ last ys # 0PStr — SUC @ putlast ys 0
pa-md — Suc (pstr + length list) g suf-lm last ys|, simp)
apply(simp add: exponent-cons-iff )
apply (insert list-update-length[of Im
last ys OPStT — Suc @ pytlast ys @
last ys # pa-md — Suc (pstr + length list) g suf-lm 0], simp)
apply(simp add: exponent-cons-iff )
apply (case-tac ys = [], simp-all add: append-butlast-last-id)
done

lemma cn-merge-gs-ex:
[Az aprog a-md rs-pos rs suf-lm Im.
[z € set gs; rec-ci x = (aprog, rs-pos, a-md);
rec-calc-rel z Im 18]
= Jstp. abe-steps-1 (0, lm Q ga-md — r5-pos @ suf-lm) aprog stp
= (length aprog, Im @ [rs] @ gamd — 75-pos — 1. @ gyf-Im):;
pstr + length gs< a-md;
YV k<length gs. rec-calc-rel (gs ! k) Im (ys ! k);
length ys = length gs; length Im = n;
pstr > Max (set (Suc n # map (A(aprog, p, n). n) (map rec-ci gs)))]
= 3 stp. abe-steps-1 (0, Im Q gamd —n @ suf-Im)
(ecn-merge-gs (map rec-ci gs) pstr) stp
= (listsum (map ((A(ap, pos, n). length ap) o rec-ci) gs) +
3 x length gs, Im @ OPSI" — " @ ys @ ga-md — (pstr + length gs) @ suf-lm)
apply (induct gs arbitrary: ys rule: list-tl-induct)
apply(simp add: exponent-add-iff, simp)
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proof —
fix a list ys
assume ind: Az aprog a-md rs-pos rs suf-lm Im.
[x = aV z € set list; rec-ci x = (aprog, rs-pos, a-md);
rec-cale-rel z Im rs]
= Jstp. abe-steps-1 (0, lm Q ga-md — T5-pos @ suf-lm) aprog stp =
(length aprog, Im Q@ rs # ga-md — Suc rs-pos @ suf-lm)
and nd2:
Nys. [Nz aprog a-md rs-pos rs suf-lm Im.
[z € set list; rec-ci x = (aprog, rs-pos, a-md);
rec-calc-rel z lm rs]
= Jstp. abe-steps-1 (0, Im Q@ ga-md — rs-pos g suf-lm) aprog stp
= (length aprog, lm Q rs # ga-md — Suc rs-pos @ suf-lm);
V k<length list. rec-calc-rel (list ! k) Im (ys ! k);
length ys = length list]
= Jstp. abe-steps-1 (0, lm Q pamd —n @ suf-lm)
(cn-merge-gs (map rec-ci list) pstr) stp =
(listsum (map (M ap, pos, n). length ap) o rec-ci) list) +
8 x length list,
Im @ opstr — n @ ys @ pa-md — (pstr + length list) g suf-lm)
and h: Suc (pstr + length list) < a-md
YV k<Suc (length list).
rec-calc-rel ((list @Q [a]) ! k) Im (ys ! k)
length ys = Suc (length list)
length Im = n
Suc n < pstr A (M aprog, p, n). n) (rec-ci a) < pstr A
(V a€set list. (A(aprog, p, n). n) (rec-ci a) < pstr)
from h have ki:
I stp. abe-steps-1 (0, lm @ pamd —n @ suf-lm)
(cn-merge-gs (map rec-ci list) pstr) stp =
(listsum (map (M ap, pos, n). length ap) o rec-ci) list) +
3 % length list, Im @ OPS'" — " @ butlast ys @
pa-md — (pstr + length list) @ suf-lm)
apply (rule-tac ind2)
apply (rule-tac ind, auto)
done
from k1 and h show
I stp. abe-steps-1 (0, Im @ pamd —n @ suf-lm)

(en-merge-gs (map rec-ci list Q [rec-ci a]) pstr) stp =
(listsum (map ((M(ap, pos, n). length ap) o rec-ci) list) +
(Map, pos, n). length ap) (rec-ci a) + (3 + 3 = length list),

Im @ gPstr — n @ ys @ pamd — Suc (pstr + length list) g suf-lm)
apply(simp add: cn-merge-gs-tl-app)
thm abc-append-exc?
apply (rule-tac as =
(3" (ap, pos, n)«map rec-ci list. length ap) + 3 x length list
and bm = Im @ OPSI" — " @ butlast ys @
pa-md — (pstr + length list) g suf-lm
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and bs = (A(ap, pos, n). length ap) (rec-ci a) + 3
and bm' = Im @ PStr — " @ ys @ pa-md — Suc (pstr + length list) g
suf-lm in abc-append-exc2, simp)
apply(simp add: cn-merge-gs-length)
proof —
from h show
I bstp. abe-steps-1 (0, lm @ 0PI = ™ @ butlast ys @
ga-md — (pstr + length list) @ suf-Im)
((M(gprog, gpara, gn). gprog [+] recursive.empty gpara
(pstr + length list)) (rec-ci a)) bstp =
((M(ap, pos, n). length ap) (rec-ci a) + 3,
Im @ QPStr —n @ ys @ pa-md — Suc (pstr + length list) g suf-Im)
apply (case-tac rec-ci a, simp)
apply (rule-tac as = length aa and
bm = Im @ (ys ! (length list)) #
opstr — Suc n @ pyutlast ys @ ga-md — (pstr + length list) g suf-lm
and bs = 3 and bm' = Im @ OPSI" — " @ ys @
ga-md — Suc (pstr + length list) q suf-Im in abc-append-exc2)
proof —
fix aa b ¢
assume g: rec-ci a = (aa, b, ¢)
from h and g have k2: b = n
apply (erule-tac © = length list in allE, simp)
apply (subgoal-tac length Im = b, simp)
apply (rule para-pattern, simp, simp)
done
from h and ¢g and this show
Jastp. abe-steps-1 (0, Im @ OPSIT = @ putlast ys Q
pa-md — (pstr + length list) g suf-lm) aa astp =
(length aa, Im @ ys | length list # OPSIT — Sucn @
butlast ys Q ga-md — (pstr + length list) q suf-lm)
apply (subgoal-tac ¢ > Suc n)
apply (insert ind[of a aa b ¢ Im ys ! length list
OPSIr = ¢ @ putlast ys @ 9+md — (pstr + length list) q suf-Im], simp)
apply (erule-tac x = length list in allE,
stmp add: exponent-add-iff )
apply (rule-tac Suc-lel, rule-tac ci-ad-ge-paras, simp)
done
next
fix aa b ¢
show length aa = length aa by simp
next
fix aa b ¢
assume rec-ci a = (aa, b, ¢)
from h and this show
Fbstp. abe-steps-1 (0, lm @ ys ! length list #
opstr — Suc n @ pytlast ys @ pa-md — (pstr + length list) g suf-lm)
(recursive.empty b (pstr + length list)) bstp =
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(8, Im @ OPstr —n @ ys @ pa-md — Suc (pstr + length list) g suf-lm)
apply (insert empty-ex [of b pstr + length list
Im @ ys | length list # 0PS' — Suc n @ pytlast ys @
pa-md — (pstr + length list) g suf-lm), simp)
apply (subgoal-tac b = n)
apply(simp add: nth-append split: if-splits)
apply(erule-tac © = length list in allE, simp)
apply (drule para-pattern, simp, simp)
done
next
fix aa b ¢
show 3 = length (recursive.empty b (pstr + length list))
by simp
next
fix aa b aaa ba
show length aa + 3 = length aa + 3 by simp
next
fix aa b ¢
show empty b (pstr + length list) # ]
by (simp add: empty.simps)
qed
next
show (A(ap, pos, n). length ap) (rec-ci a) + 3 =
length ((M(gprog, gpara, gn). gprog [+]
recursive.empty gpara (pstr + length list)) (rec-ci a))
by (case-tac rec-ci a, simp)
next
show listsum (map ((A(ap, pos, n). length ap) o rec-ci) list) +
(A(ap, pos, n). length ap) (rec-ci a) + (3 + 38 * length list)=
(> (ap, pos, n)+map rec-ci list. length ap) + 3 * length list +
((Map, pos, n). length ap) (rec-ci a) + &) by simp
next
show (\(gprog, gpara, gn). gprog [+]
recursive.empty gpara (pstr + length list)) (rec-ci a) # |]
by (case-tac rec-ci a,
simp add: abc-append.simps abc-shift.simps)
qed
qged

declare drop-abc-lm-v-simp|[simp del]

lemma [simp]: length (mv-bozes aa ba n) = 3*n
by (induct n, auto simp: mu-bozes.simps)

lemma exp-suc: %0 = b @ [q]
by (simp add: exponent-def rep-ind del: replicate.simps)

lemma [simp]:
[Suc n < ba — aa; length Im2 = Suc n;
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length Im3 = ba — Suc (aa + n)]
= (last Im2 # Im3 Q butlast Im2 @ 0 # Im4) ! (ba — aa) = (0::nat)
proof —
assume h: Sucn < ba — aa
and g: length Im2 = Suc n length Im3 = ba — Suc (aa + n)
from h and g have k: ba — aa = Suc (length Im3 + n)
by arith
from k show
(last Im2 # Im3 Q butlast Im2 Q 0 # Im4) ! (ba — aa) = 0
apply (simp, insert g)
apply(simp add: nth-append)
done
qed

lemma [simp]: length Im1 = aa =
(Im1 @ 0™ Q last Im2 # Im3 Q butlast Im2 Q 0 # Im4) ! (aa + n) = last
Im2
apply(simp add: nth-append)
done

lemma [simp]: [Suc n < ba — aa; aa < ba] =

(ba < Suc (aa + (ba — Suc (aa + n) + n))) = False
apply arith
done

lemma [simp]: [Suc n < ba — aa; aa < ba; length Im1 = aa;
length Im2 = Suc n; length Im3 = ba — Suc (aa + n)]
= (Im1 @ 0™ @ last Im2 # Im3 Q butlast Im2 @ 0 # Im4) ! (ba + n) = 0
using nth-append|of Im1 Q 0::'a™ Q last Im2 # Im3 Q butlast Im?2
(0::'a) # Im4 ba + n]
apply (simp)
done

lemma [simp]:
[Suc n < ba — aa; aa < ba; length Im1 = aa; length Im2 = Suc n;
length Im3 = ba — Suc (aa + n)]

= (Im1 @ 0™ Q@ last Im2 # Im3 Q butlast Im2 Q (0::nat) # Im4)
[ba + n = last Im2, aa + n := 0] =
Im1 @0 # 0™ Q Im3 Q Im2 Q Im/

using list-update-append[of Im1 @ 0™ Q@ last Im2 # Im3 Q@ butlast Im2 0 # Im/

ba + n last Im2]

apply (simp)

apply (simp add: list-update-append)

apply (simp only: exponent-cons-iff exp-suc, simp)

apply (case-tac Im2, simp, simp)

done

lemma muv-bozes-ex:
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[n < ba — aa; ba > aa; length Im1 = aa;
length (Im2::nat list) = n; length Im& = ba — aa — n]
= 3 stp. abc-steps-1 (0, Im1 @ Im2 Q Im3 @Q 0™ @ Im/)
(muv-bozes aa ba n) stp = (8 * n, Im1 Q@ 0™ Q Im3 Q Im2 Q Im4)
apply (induct n arbitrary: Im2 Im8 Im4, simp)
apply(rule-tac x = 0 in exl, simp add: abc-steps-zero,
stmp add: mv-bozes.simps del: exp-suc-iff )
apply (rule-tac as = 3 *n and bm = Im1 Q 0" @ last Im2 # Im3 Q
butlast Im2 @ 0 # lm4 in abc-append-exc?, simp-all)
apply (simp only: exponent-cons-iff, simp only: exp-suc, simp)
proof —
fix n Im2 Im3 Im4
assume ind:
Nim2 im3 im4. [length Im2 = n; length Im3 = ba — (aa + n)] =
Istp. abe-steps-1 (0, Im1 @ Im2 @ Im3 @ 0™ @ Im4)
(mu-bozes aa ba n) stp = (8 *x n, Iml @Q 0™ @ Im3 Q Im2 Q Imj4)
and h: Suc n < ba — aa aa < ba length (Im1::nat list) = aa
length (Im2::nat list) = Suc n
length (Im3::nat list) = ba — Suc (aa + n)
from h show
Jastp. abe-steps-1 (0, Im1 @ Im2 @Q Im3 @ 0™ Q 0 # Im4)
(muv-bozes aa ba n) astp =
(8 % n, Iml @Q 0™ Q last Im2 # Im3 Q butlast Im2 Q 0 # Im/)
apply (insert ind[of butlast Im2 last Im2 # Im3 0 # Imj4],
simp)
apply (subgoal-tac Im1 @ butlast Im2 Q last Im2 # Im3 @ 0" @
0 # Imj =1Ilml QIm2 @ Im3 Q 0™ Q 0 # Im4, simp, simp)
apply(case-tac Im2 =[], simp, simp)
done
next
fix n Im2 Im8 Imj
assume h: Sucn < ba — aa
aa < ba
length (Im1::nat list) = aa
length (Im2::nat list) = Suc n
length (Im3::nat list) = ba — Suc (aa + n)
thus 3 bstp. abe-steps-l (0, Im1 @Q 0™ Q last Im2 # Im3 Q
butlast Im2 @Q 0 # Im4)
(recursive.empty (aa + n) (ba + n)) bstp
=(8,lm1 Q 0 # 0" Q Im3 Q Im2 Q ImJ)
apply (insert empty-ex[of aa + n ba + n
Im1 @ 0™ Q last Im2 # Im3 Q butlast Im2 Q 0 # Im4], simp)
done
qed

lemma [simp]: [Suc n < aa — ba; ba < aa; length Im1 = ba;
length Im2 = aa — Suc (ba + n); length Im3 = Suc n]
= (Im1 Q butlast Im3 Q@ 0 # Im2 @ 0™ Q last Im3 # Im4) ! (aa + n) = last
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Im3

using nth-append|of Im1 Q@ butlast Im3 Q 0 # Im2 Q 0™ last Im3 # Im4 aa + n]
apply (simp)

done

lemma [simp]: [Suc n < aa — ba; ba < aa; length Im1 = ba;
length Im2 = aa — Suc (ba + n); length Im3 = Suc n]
= (Im1 Q@ butlast Im8 Q 0 # Im2 Q 0™ @ last Im3 # Im4) ! (ba + n) = 0
apply (simp add: nth-append)
done

lemma [simp]: [Suc n < aa — ba; ba < aa; length Im1 = ba;
length Im2 = aa — Suc (ba + n); length Im3 = Suc n]

= (Im! Q butlast Im3 Q 0 # Im2 Q 0™ Q last Im3 # Im4)[ba + n := last
Im3, aa + n := 0]

=1Iml QIm3 Qlm2 Q 0 # 0™ Q Im4
using list-update-append|of Im1 Q butlast Im3 (0::'a) # Im2 Q 0::'a™ Q last Im3
4 Im)
apply (simp)
using list-update-append[of Im1 Q butlast Im3 Q last Im3 # Im2 @ 0::'a™

last Im3 # lm4 aa + n 0]

apply (simp)
apply (simp only: exp-ind-def [ THEN sym] exp-suc, simp)
apply (case-tac Im3, simp, simp)
done

lemma muv-bozes-ex?2:
[n < aa — ba;
ba < aa;
length (Im1::nat list) = ba;
length (Im2::nat list) = aa — ba — n;
length (Im3::nat list) = n]
= 3 stp. abc-steps-1 (0, Im1 @ 0™ Q Im2 @ Im3 @ Im/)
(muv-bozes aa ba n) stp =
(3 % n,Iml @QIm3 Qlm2 Q 0™ Q ImJ)
apply (induct n arbitrary: Im2 Im3 lmj, simp)
apply(rule-tac x = 0 in exl, simp add: abc-steps-zero,
stmp add: mv-bozes.simps del: exp-suc-iff )
apply (rule-tac as = 3 *n and bm = Iml Q butlast Im3 Q 0 # Im2 Q
0™ Q last Im3 # Im4 in abc-append-exc2, simp-all)
apply (simp only: exponent-cons-iff , simp only: exp-suc, simp)
proof —
fix n Im2 Im3 Imj,
assume nd:
Alm2 Im3 im4. [length Im2 = aa — (ba + n); length Im3 = n] =
I stp. abe-steps-1 (0, Im1 @ 0™ @ Im2 Q Im3 Q ImJ)
(muv-bozes aa ba n) stp =
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(8 xn,Iml @QIm3 QIm2 Q@ 0™ Q Im4)
and h: Sucn < aa — ba
ba < aa
length (Im1::nat list) = ba
length (Im2::nat list) = aa — Suc (ba + n)
length (Im3::nat list) = Suc n
from h show
Jastp. abc-steps-1 (0, Im1 @ 0™ @ 0 # Im2 Q Im3 Q Im4)
(muv-bozes aa ba n) astp =
(8 % n, ImI Q butlast Im3 Q 0 # Im2 @ 0™ Q last Im3 # Im4)
apply (insert ind[of 0 # Im2 butlast ImS3 last Im3 # Im4],
simp)
apply (subgoal-tac
Im1 @ 0™ Q 0 # Im2 Q butlast Im3 Q last Im3 # Im4 =
Iml @ 0™ Q@ 0 # Im2 Q Im3 Q Im4, simp, simp)
apply (case-tac Im3 =[], simp, simp)
done
next
fix n Im2 Im3 Im4,
assume h:
Sucn < aa — ba
ba < aa
length Im1 = ba
length (Im2::nat list) = aa — Suc (ba + n)
length (Im3::nat list) = Suc n
thus
Fbstp. abe-steps-1 (0, Im1 Q butlast Im3 @ 0 # Im2 @ 0" @
last Im3 # lm4)
(recursive.empty (aa + n) (ba + n)) bstp =
(3,im1 @Im3 QIm2 Q0 # 0™ Q Im4)
apply (insert empty-ex[of aa + n ba + n Im1 Q butlast Im3 Q
0 # Im2 @ 0™ Q last Im3 # Im4], simp)
done
qed

lemma cn-merge-gs-len:
length (cn-merge-gs (map rec-ci gs) pstr) =
(3" (ap, pos, n)<map rec-ci gs. length ap) + 3 * length gs
apply (induct gs arbitrary: pstr, simp, simp)
apply (case-tac rec-ci a, simp)
done

lemma [simp]: n < pstr =
Suc (pstr + length ys — n) = Suc (pstr + length ys) — n
by arith

lemma save-paras’:

[length Im = n; pstr > n; a-md > pstr + length ys + n]
— Tstp. abe-steps-1 (0, lm @ OPST" — " @ ys @
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pa-md — pstr — length ys g suf-lm)
(muv-bozes 0 (pstr + Suc (length ys)) n) stp
= (3 * n, 0Pstr @ ys @ 0 # Im @ pa-md — Suc (pstr + length ys + n) g

suf-lm)
thm mv-bozes-ex
apply (insert mv-bozes-ex[of n pstr + Suc (length ys) 0 [ Im

opstr — n g ys @ [0] pa-md — pstr — length ys — n — Suc 0 g suf-lm), simp)
apply (erule-tac exzE, rule-tac © = stp in exl,

simp add: exponent-add-iff)

apply(simp only: exponent-cons-iff, simp)
done

lemma [simp]:

(max ba (Maz (insert ba (((Maprog, p, n). n) o rec-ci) ‘ set gs))))
= (Maz (insert ba (((A(aprog, p, n). n) o rec-ci) * set gs)))

apply (rule min-maz.sup-absorb?2, auto)

done

lemma [simp]:
((M(aprog, p, n). n) ‘rec-ci ‘ set gs) =
(((Maprog, p, n). n) o rec-ci)  set gs)
apply (induct gs)
apply (simp, simp)
done

lemma ci-cn-md-def:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
rec-ci f = (a, aa, ba)]
= a-md = maz (Suc n) (Maz (insert ba (((A(aprog, p, n). n) o
rec-ci)  set gs))) + Suc (length gs) + n
apply(simp add: rec-ci.simps, auto)
done

lemma save-paras-prog-ex:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
rec-ci [ = (a, aa, ba);
pstr = Max (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # g5))]
= Jap bp cp.
aprog = ap [+] bp [+] cp A
length ap = (3 (ap, pos, n)<map rec-ci gs. length ap) +
3 x length gs N\ bp = mu-bozes 0 (pstr + Suc (length gs)) n
apply(simp add: rec-ci.simps)
apply (rule-tac z =
en-merge-gs (map rec-ci gs) (max (Suc n) (Maz (insert ba
(((Maprog, p, n). n) o rec-ci) *set gs)))) in exl,
stmp add: cn-merge-gs-len)
apply (rule-tac x =
mu-boxes (maz (Suc n) (Maz (insert ba (((A(aprog, p, n). n) o rec-ci) ‘ set gs))))
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0 (length gs) [+] a [+]recursive.empty aa (mazx (Suc n)
(Maz (insert ba (((A(aprog, p, n). n) o rec-ci) ‘ set gs)))) [+]
empty-bozes (length gs) [+] recursive.empty (maz (Suc n)
(Maz (insert ba (((A(aprog, p, n). n) o rec-ci) * set gs)))) n [+]
mu-bozes (Suc (mazx (Suc n) (Maz (insert ba (((A(aprog, p, n). n) o rec-ci)
‘set gs))) + length gs)) 0 n in exl, auto)
apply(simp add: abc-append-commute)
done

lemma save-paras:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
r$-pos = n;
Y k<length gs. rec-calc-rel (gs ! k) Im (ys ! k);
length ys = length gs;
length Im = n;
rec-ci f = (a, aa, ba);
pstr = Max (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (7 # g5))))]
= Jstp. abe-steps-l (O (ap, pos, n)<map rec-ci gs. length ap) +
3 % length gs, Im @ OPSI" — T @ ys @
pa-md — pstr — length ys g suf-lm) aprog stp =
(- (ap, pos, n)<map rec-ci gs. length ap) +
3 * length gs + 3 * n,
OPstT @ ys @ 0 # Im @ ga-md — Suc (pstr + length ys + n) Q suf-lm)
proof —
assume h:
rec-ci (Cn n f gs) = (aprog, rs-pos, a-md)
rS$-pos = n
Y k<length gs. rec-calc-rel (gs ! k) Im (ys ! k)
length ys = length gs
length Im = n
rec-ci f = (a, aa, ba)
and g: pstr = Maz (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # gs))))
from h and g have k1:
3 ap bp cp. aprog = ap [+] bp [+] cp A
length ap = (>_ (ap, pos, n)<map rec-ci gs. length ap) +
3 xlength gs A bp = muv-bozes 0 (pstr + Suc (length ys)) n
apply (drule-tac save-paras-prog-ez, auto)
done
from h have k2:
3 stp. abe-steps-1 (0, Im @ OPSTT — " @ ys @
pa-md — pstr — length ys g suf-lm)
(mu-bozes 0 (pstr + Suc (length ys)) n) stp =
(8 % n, oPstr @ ys @ 0 # Im @ pa-md — Suc (pstr + length ys + n) @
suf-lm)
apply (rule-tac save-paras’, simp, simp-all add: g)
apply(drule-tac a = a and aa = aa and ba = ba in
ci-cn-md-def , simp, simp)
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done
from kI show
Astp. abe-steps-1 ((3 (ap, pos, n)+map rec-ci gs. length ap) +
3 % length gs, Im @ 0PS" — " @ ys @
pa-md — pstr — length ys g suf-lm) aprog stp =
(3 (ap, pos, n)«map rec-ci gs. length ap) +
3 * length gs + 3 % n,
OPstr @ ys @ 0 # Im @ ga-md — Suc (pstr + length ys + n) @ suf-Im)
proof(erule-tac exE, erule-tac exE, erule-tac exE, erule-tac exE)
fix ap bp apa cp
assume aprog = ap [+] bp [+] cp A length ap =
(3 (ap, pos, n)+map rec-ci gs. length ap) + 3 * length gs
A bp = muv-bozes 0 (pstr + Suc (length ys)) n
from this and k2 show ?thesis
apply (simp)
apply (rule-tac abc-append-excl, simp, simp, simp)
done
ged
qed

lemma ci-cn-para-eq:

rec-ci (Cn n f gs) = (aprog, rs-pos, a-md) = rs-pos = n
apply (simp add: rec-ci.simps, case-tac rec-ci f, simp)
done

lemma calc-gs-prog-ex:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
rec-ci f = (a, aa, ba);
Mazx (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # gs)))) = psir]
= Jap bp. aprog = ap [+] bp A
ap = cn-merge-gs (map rec-ci gs) pstr
apply (simp add: rec-ci.simps)
apply (rule-tac © = muv-bozes 0 (Suc (max (Suc n)
(Maz (insert ba (((M(aprog, p, n). n) o rec-ci) set gs))) + length gs)) n [+]
muv-bozes (mazx (Suc n) (Mazx (insert ba
(((A(aprog, p, n). n) o rec-ci) ‘ set gs)))) 0 (length gs) [+]
a [+] recursive.empty aa (maz (Suc n)
(Maz (insert ba (((A(aprog, p, n). n) o rec-ci) ‘ set gs)))) [+]
empty-boxes (length gs) [+] recursive.empty (max (Suc n)
(Maz (insert ba ((A(aprog, p, n). n) o rec-ci) ‘ set gs)))) n [+]
mu-bozes (Suc (max (Suc n) (Max
(insert ba (((A(aprog, p, n). n) o rec-ci) ‘ set gs))) + length gs)) 0 n
in ex])
apply (auto simp: abc-append-commute)
done

lemma cn-calc-gs:
assumes ind:
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Nz aprog a-md rs-pos rs suf-lm Im.
[z € set gs;
rec-ci © = (aprog, rs-pos, a-md);
rec-calc-rel x Im 18]
= Jstp. abe-steps-1 (0, lm Q@ ga-md — r5-pos @ suf-lm) aprog stp =
(length aprog, Im @ [rs] @ g@™md = 15:p0s — 1. @ gyf-Im)
and h: rec-ci (Cn n fgs) = (aprog, rs-pos, a-md)
YV k<length gs. rec-calc-rel (gs ! k) Im (ys ! k)
length ys = length gs
length Im = n
rec-ci f = (a, aa, ba)
Maz (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # gs)))) = pstr
shows
I stp. abe-steps-1 (0, lm Q@ gamd — 15-pos @ suf-lm) aprog stp =
(> (ap, pos, n)<map rec-ci gs. length ap) + 3 * length gs,
Im @ oPstr — n @ ys @ pa-md —psir — length ys g suf-Im)
proof —
from h have k1:
3 ap bp. aprog = ap [+] bp A ap =
en-merge-gs (map rec-ci gs) pstr
by (erule-tac calc-gs-prog-ex, auto)
from h have jI: rs-pos = n
by (simp add: ci-cn-para-eq)
from h have j2: a-md > pstr
by (drule-tac « = a and aa = aa and ba = ba in
ci-cn-md-def , simp, simp)
from h have j3: pstr > n
by (auto)
from jI and j2 and j3 and h have £2:
I stp. abe-steps-1 (0, Im @ ga-md — T5-pos @ suf-lm)
(en-merge-gs (map rec-ci gs) pstr) stp
= (>_ (ap, pos, n)<—map rec-ci gs. length ap) + 3 * length gs,
Im @ gPstr —n @ ys @ pa-md — pstr — length ys @ suf-lm)
apply (simp)
apply (rule-tac en-merge-gs-ex, rule-tac ind, simp, simp, auto)
apply(drule-tac a = a and aa = aa and ba = ba in
ci-cn-md-def , simp, simp)
apply (rule min-maz.le-supI2, auto)
done
from kI show ?thesis
proof(erule-tac exE, erule-tac exE, simp)
fix ap bp
from k2 show
I stp. abc-steps-1 (0, Im Q@ ga-md — T5-pos @ suf-lm)
(en-merge-gs (map rec-ci gs) pstr [+] bp) stp =
(listsum (map (M ap, pos, n). length ap) o rec-ci) gs) +
3 * length gs,
Im @ PStr — n @ ys @ pa-md — (pstr + length ys) @ suf-lm)
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apply (insert abc-append-excl|of
Im @ @md — T5-POS @ gyf-Im
(en-merge-gs (map rec-ci gs) pstr)
length (cn-merge-gs (map rec-ci gs) pstr)
Im @ gPstr — 1 @ ys @ Oa-md — pstr — length ys @ suf-lm 0
[] bp], simp add: cn-merge-gs-len)

done

qed
qed

lemma reset-new-paras’”:
[length Im = n;
pstr > 0;
a-md > pstr + length ys + n;
pstr > length ys] =
I stp. abe-steps-1 (0, 0PI @ ys @ 0 # Im @ ga-md — Suc (pstr + length ys + n)
Q@
suf-lm) (muv-bozes pstr 0 (length ys)) stp =
(3 * length ys, ys Q@ 0Pstr @ # Im @ pa-md — Suc (pstr + length ys + n) @
suf-lm)
thm mv-bozes-ex2
apply (insert mv-bozes-ex2|of length ys pstr 0 ||
opstr — length ys ys
0 # Im @ ga-md — Suc (pstr + length ys + n) g suf-lm),
simp add: exponent-add-iff )
done

lemma [simp]:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
rec-calc-rel f ys rs; rec-ci f = (a, aa, ba);
pstr = Max (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # g5))))]
= length ys < pstr
apply (subgoal-tac length ys = aa, simp)
apply (subgoal-tac aa < ba A ba < pstr,
rule basic-trans-rules(22), auto)
apply (rule min-maz.le-supl2)
apply (auto)
apply (erule-tac para-pattern, simp)
done

lemma reset-new-paras-prog-ex:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
rec-ci f = (a, aa, ba);
Mazx (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # 45))) = psir]
= 3 ap bp cp. aprog = ap [+] bp [+] ¢p A
length ap = (3 (ap, pos, n)<map rec-ci gs. length ap) +

celvii



3 xlength gs + 3 x n A\ bp = mu-bozxes pstr 0 (length gs)
apply(simp add: rec-ci.simps)
apply (rule-tac x = cn-merge-gs (map rec-ci gs) (maz (Suc n)
(Maz (insert ba (((A(aprog, p, n). n) o rec-ci) ‘ set gs)))) [+]
mu-bozes 0 (Suc (maz (Suc n) (Maz (insert ba
(((Maprog, p, n). n) o rec-ci) ‘set gs))) + length gs)) n in exl,
stmp add: cn-merge-gs-len)
apply (rule-tac z = a [+]
recursive.empty aa (maz (Suc n) (Maz (insert ba
(((A(aprog, p, n). n) o rec-ci) * set gs)))) [+]
empty-bozes (length gs) [+] recursive.empty
(maz (Suc n) (Maz (insert ba (((A(aprog, p, n). n) o rec-ci) ‘ set gs)))) n
[+] mv-bozes (Suc (mazx (Suc n) (Maz (insert ba
(((M(aprog, p, n). n) o rec-ci) * set gs))) + length gs)) 0 n in exl,
auto simp: abc-append-commute)
done

lemma reset-new-paras:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
r$-pos = n;
YV k<length gs. rec-calc-rel (gs ! k) lm (ys ! k);
length ys = length gs;
length Im = n;
length ys = aa;
rec-ci f = (a, aa, ba);
pstr = Max (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # gs))))]
= T stp. abe-steps-1 (5> (ap, pos, n)<map rec-ci gs. length ap) +
3 * length gs + 3 % n,
oPstr @ ys @ 0 # Im @ pa-md — Suc (pstr + length ys + n) @ suf-lm) aprog
stp =
(> (ap, pos, n)<map rec-ci gs. length ap) + 6 = length gs + 3 * n,
ys @ 0Pstr @ ¢ # Im @ pa-md — Suc (pstr + length ys + n) @ suf-lm)
proof —
assume h:
rec-ci (Cn n f gs) = (aprog, rs-pos, a-md)
rS-pos = n
length ys = aa
Y k<length gs. rec-calc-rel (gs 1 k) Im (ys ! k)
length ys = length gs length lm = n
rec-ci f = (a, aa, ba)
and g: pstr = Maz (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # gs))))
thm rec-ci.simps
from i and g have k1:
3 ap bp cp. aprog = ap [+] bp [+] cp A length ap =
(3" (ap, pos, n)<map rec-ci gs. length ap) +
3 xlength gs + 3 % n A bp = mv-bozes pstr 0 (length ys)
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by (drule-tac reset-new-paras-prog-ex, auto)
from h have k2:
3 stp. abe-steps-1 (0, OPS @ ys @ 0 # Im @ ga-md — Suc (pstr + length ys + n)
Q@
suf-lm) (muv-boxes pstr 0 (length ys)) stp =
(3 * (length ys),
ys @ 0Pstr @ ¢ # Im @ pa-md — Suc (pstr + length ys + n) g suf-lm)
apply (rule-tac reset-new-paras’, simp)
apply (simp add: g)
apply(drule-tac a = a and aa = aa and ba = ba in ci-cn-md-def,
simp, simp add: g, simp)
apply (subgoal-tac length gs = aa A aa < ba A ba < pstr, arith,
simp add: para-pattern)
apply (insert g, auto intro: min-maz.le-supl2)
done
from kI show
Istp. abe-steps-l (O (ap, pos, n)<map rec-ci gs. length ap) + &
« length gs + 3 * n, oPstr @ ys @ 0 # Im @ pa-md — Suc (pstr + length ys + n)
Q@
suf-lm) aprog stp =
(O (ap, pos, n)<map rec-ci gs. length ap) + 6 * length gs +
3 %n,ys @ 0Pstr @ o 4 Im @ pga-md — Suc (pstr + length ys + n) g suf-lm)
proof(erule-tac exE, erule-tac exE, erule-tac exE, erule-tac exE)
fix ap bp apa cp
assume aprog = ap [+] bp [+] cp A length ap =
(O- (ap, pos, n)<map rec-ci gs. length ap) + 3 * length gs +
3 x n A bp = mv-bozxes pstr 0 (length ys)
from this and k2 show ?thesis
apply (simp)
apply (drule-tac as =
(> (ap, pos, n)<map rec-ci gs. length ap) + 3 * length gs +
3 xn and ap = ap and cp = c¢p in abc-append-excl, auto)
apply (rule-tac © = stp in exl, simp add: h)
using h
apply (simp)
done
qed
qed

thm rec-ci.simps

lemma calc-f-prog-ex:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
rec-ci [ = (a, aa, ba);
Max (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # g5)))) = pstr]
= 3 ap bp cp. aprog = ap [+] bp [+] ecp A
length ap = (3 (ap, pos, n)<map rec-ci gs. length ap) +
6 xlength gs + 3 xn A bp = a
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apply(simp add: rec-ci.simps)

apply (rule-tac © = cn-merge-gs (map rec-ci gs) (maz (Suc n) (Max (insert ba
((Aaprog, p, n). n) o rec-ci) * set g5)))) [+]
muv-bozes 0 (Suc (maz (Suc n) (Maz (insert ba

(((A(aprog, p, n). n) o rec-ci) ‘ set gs))) + length gs)) n [+]

mu-bozes (max (Suc n) (Maz (insert ba
(((Maprog, p, n). n) o rec-ci) set gs)))) 0 (length gs) in exl,
stmp add: cn-merge-gs-len)

apply (rule-tac © = recursive.empty aa (max (Suc n) (Max (insert ba
((A(aprog, p, n). n) o rec-ci) * set gs)))) [+]
empty-bozes (length gs) [+] recursive.empty (maz (Suc n) (
Max (insert ba (((A(aprog, p, n). n) o rec-ci) *set gs)))) n [+]
muv-bozes (Suc (max (Suc n) (Maz (insert ba
(((M(aprog, p, n). n) o rec-ci) * set gs))) + length gs)) 0 n in exl,

auto simp: abc-append-commaute)
done

lemma calc-cn-f:
assumes ind:
Az aprog a-md rs-pos rs suf-Im Im.
[v € set (f # gs);
rec-ci © = (aprog, rs-pos, a-md);
rec-calc-rel x Im rs]
= Jstp. abe-steps-1 (0, Im Q@ ga-md — r5-pos @ suf-lm) aprog stp =
(length aprog, Im @ [rs] @ g@md — 15-pos — 1. @ gyf Im)
and h: rec-ci (Cn n f gs) = (aprog, rs-pos, a-md)
rec-calc-rel (Cn n f gs) lm rs
length ys = length gs
rec-calc-rel f ys s
length Im = n
rec-ci f = (a, aa, ba)
and p: pstr = Maz (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # gs))))
shows dstp. abe-steps-1
(O (ap, pos, n)<—map rec-ci gs. length ap) + 6 x length gs + 3 * n,
ys @ 0Pstr @ ¢ # Im @ pa-md — Suc (pstr + length ys + n) g suf-lm) aprog stp

(O (ap, pos, n)<map rec-ci gs. length ap) + 6 * length gs +
8 x n + length a,
ys @ rs # 0PStr @ im @ ga-md — Suc (pstr + length ys + n) @ suf-lm)
proof —
from h have ki:
3 ap bp cp. aprog = ap [+] bp [+] ep A
length ap = (3 (ap, pos, n)<map rec-ci gs. length ap) +
6 xlength gs + 3 xn A bp = a
by (drule-tac calc-f-prog-ez, auto)
from h and kI show ?thesis
proof (erule-tac exE, erule-tac exE, erule-tac exE, erule-tac exE)
fix ap bp apa cp
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assume
aprog = ap [+] bp [+] cp A
length ap = (3 (ap, pos, n)+map rec-ci gs. length ap) +
6 x length gs + 3 xn A bp = a
from h and this show ?Zthesis
apply (simp, rule-tac abc-append-excl, simp-all)
apply (insert ind[of f a aa ba ys rs
gbstr — ba + length gs @ ¢ 4 Im @
pa-md — Suc (pstr + length gs + n) g suf-lm), simp)
apply (subgoal-tac ba > aa A aa = length gsA pstr > ba, simp)
apply (simp add: exponent-add-iff)
apply (case-tac pstr, simp add: p)
apply (simp only: exp-suc, simp)
apply (rule conjl, rule ci-ad-ge-paras, simp, rule conjl)
apply (subgoal-tac length ys = aa, simp,
rule para-pattern, simp, simp)
apply (insert p, simp)
apply (auto intro: min-max.le-supl2)
done
qed
qed

lemma [simp]:

pstr > length ys

— (ys Q rs # 0PS" @ Im @

ga-md — Suc (pstr + length ys + n) @ suf-lm) | pstr = (0:nat)
apply(simp add: nth-append)
done

lemma [simp]: pstr > length ys =
(ys @ rs # 0Pstr @ 1m @ pamd — Suc (pstr + length ys + n) @ suf-lm)
[pstr := rs, length ys := 0] =
ys @ gpstr — length ys g (rs:nat) # plength ys q 1, @ gpa-md — Suc (pstr + length ys + n)
Q@ suf-lm
apply (auto simp: list-update-append)
apply (case-tac pstr — length ys,simp-all)
using list-update-length[of
opstr — Suc (length ys) o plength ys @ 1 @
pa-md — Suc (pstr + length ys + n) g suf-lm 1]
apply (simp only: exponent-cons-iff exponent-add-iff, simp)
apply (subgoal-tac pstr — Suc (length ys) = nat, simp, simp)
done

lemma save-rs’:
[pstr > length ys]
— Jstp. abe-steps-1 (0, ys @ rs # 0PS" @ Im @
pa-md — Suc (pstr + length ys + n) g suf-Im)
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(recursive.empty (length ys) pstr) stp =
(3, ys @ opstr — (length ys) @ pg 4
plength ys @ 1, @ ga-md — Suc (pstr + length ys + n) @ suf-lm)
apply (insert empty-ex|[of length ys pstr
ys @ rs # 0Pt @ |m @ gamd — Suc(pstr + length ys + n) g suf-lm,
simp)
done

lemma save-rs-prog-ex:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
rec-ci f = (a, aa, ba);
Maz (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # g5)))) = psr]
= 3 ap bp cp. aprog = ap [+] bp [+] ecp A
length ap = (3 (ap, pos, n)<map rec-ci gs. length ap) +
6 xlength gs + 3 x n + length a
A bp = empty aa pstr
apply(simp add: rec-ci.simps)
apply (rule-tac x =
cn-merge-gs (map rec-ci gs) (maz (Suc n) (Max (insert ba
(((A(aprog, p, n). n) o rec-ci) * set gs))))
[+] mv-bozes 0 (Suc (max (Suc n) (Maz (insert ba
(((A(aprog, p, n). n) o rec-ci) ‘ set gs))) + length gs)) n [+]
mu-bozes (mazx (Suc n) (Maz (insert ba (((A(aprog, p, n). n) o rec-ci) ° set
95)))
0 (length gs) [+] a
in exl, simp add: cn-merge-gs-len)
apply (rule-tac x =
empty-boxes (length gs) [+]
recursive.empty (mazx (Suc n) (Maz (insert ba
((A(aprog, p, n). n) o rec-ci) * set gs)))) n [+]
mu-boxes (Suc (maz (Suc n) (Mazx (insert ba (((A(aprog, p, n). n) o rec-ci)
set gs)))
+ length gs)) 0 n in exl,
auto simp: abc-append-commute)
done

lemma save-rs:
assumes h:
rec-ci (Cn n f gs) = (aprog, rs-pos, a-md)
rec-cale-rel (Cn n f gs) lm rs
V k<length gs. rec-calc-rel (gs ' k) Im (ys ! k)
length ys = length gs
rec-calc-rel f ys s
rec-ci f = (a, aa, ba)
length lm = n
and pdef: pstr = Maz (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # gs))))
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shows dstp. abe-steps-1
(O (ap, pos, n)<—map rec-ci gs. length ap) + 6 * length gs
+ 3 % n + length a, ys @ rs # 0P @ Im @
ga-md — Suc (pstr + length ys + n) g suf-lm) aprog stp =
(> (ap, pos, n)«map rec-ci gs. length ap) + 6 * length gs
+ & xn + length a + 3,
ys @ gpstr — length ys @ pg 4 plength ys @ 1y @
pa-md — Suc (pstr + length ys + n) g suf-Im)
proof —
thm rec-ci.simps
from h and pdef have ki:
3 ap bp cp. aprog = ap [+] bp [+] cp A
length ap = (>_ (ap, pos, n)<map rec-ci gs. length ap) +
6 xlength gs + 3 *x n + length a A bp = empty (length ys) pstr
apply (subgoal-tac length ys = aa)
apply(drule-tac a = a and aa = aa and ba = ba in save-rs-prog-ex,
simp, simp, simp)
by (rule-tac para-pattern, simp, simp)
from kI show
dstp. abc-steps-1
(3 (ap, pos, n)<map rec-ci gs. length ap) + 6 * length gs + 3 * n
+ length a, ys @ rs # 0Pstr @ 1m @ ge-md — Suc (pstr + length ys + n)
Q suf-lm) aprog stp =
(3 (ap, pos, n)+<map rec-ci gs. length ap) + 6 = length gs + 3 * n
+ length a + 8, ys @ Pstr — length ys @ rg 4
plength ys @ 1, @ ga-md — Suc (pstr + length ys + n) @ suf-lm)
proof (erule-tac exE, erule-tac exE, erule-tac exE, erule-tac exE)
fix ap bp apa cp
assume aprog = ap [+] bp [+] cp A length ap =
(> (ap, pos, n)+map rec-ci gs. length ap) + 6 * length gs +
3« n + length a A bp = recursive.empty (length ys) pstr
thus ?thesis
apply (simp, rule-tac abc-append-excl, simp-all)
apply (rule-tac save-rs’, insert h)
apply (subgoal-tac length gs = aa A pstr > ba A ba > aa,
arith)
apply (simp add: para-pattern, insert pdef, auto)
apply (rule-tac min-mazx.le-supl2, simp)
done
qed
qed

lemma [simp]: length (empty-boxes n) = 2%n
apply (induct n, simp, simp)
done

lemma empty-step-ex: length Im = n —

Istp. abe-steps-1 (0, Im Q Suc x # suf-lm) [Dec n 2, Goto 0] stp
= (0, Ilm Q z # suf-lm)
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apply (rule-tac x = Suc (Suc 0) in ezl
simp add: abc-steps-1.simps abe-step-1.simps abe-fetch.simps
abc-lm-v.simps abe-lm-s.simps nth-append list-update-append)
done

lemma empty-box-ex:
[length Im = n] =
3 stp. abe-steps-1 (0, Im @ z # suf-lm) [Dec n 2, Goto 0] stp =
(Suc (Suc 0), Im @ 0 # suf-Im)
apply (induct x)
apply (rule-tac x = Suc 0 in exl,
simp add: abc-steps-l.simps abe-fetch.simps abe-step-1.simps
abc-lm-v.simps nth-append abe-lm-s.simps, simp)
apply (drule-tac = = and suf-Im = suf-lm in empty-step-ex,
erule-tac exE, erule-tac exE)
apply (rule-tac x = stpa + stp in exl, simp add: abe-steps-add)
done

lemma [simp]: drop n lm = a # list = list = drop (Suc n) Im
apply (induct n arbitrary: Im a list, simp)

apply (case-tac Im, simp, simp)

done

lemma empty-bozes-ex: [length Im > n]
= Jstp. abe-steps-1 (0, Im) (empty-bozes n) stp =
(2%n, 0™ @ drop n lm)
apply (induct n, simp, simp)
apply (rule-tac abc-append-exc2, auto)
apply(case-tac drop n lm, simp, simp)
proof —
fix n stp a list
assume h: Suc n < length lm drop n lm = a # list
thus 3 bstp. abc-steps-1 (0, 0™ Q a # list) [Dec n 2, Goto 0] bstp =
(Suc (Suc 0), 0 # 0™ @ drop (Suc n) Im)
apply (insert empty-boz-ex[of 0™ n a list], simp, erule-tac exE)
apply(rule-tac x = stp in exl, simp, simp only: exponent-cons-iff )
apply(simp add: exponent-def rep-ind del: replicate.simps)
done
qed

lemma empty-paras-prog-ex:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
rec-ci f = (a, aa, ba);
Max (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # 45))) = psir]
= 3 ap bp cp. aprog = ap [+] bp [+] ¢p A
length ap = (3 (ap, pos, n)<map rec-ci gs. length ap) +
6 xlength gs + 8 * n + length a + 3 A bp = empty-bozes (length gs)
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apply(simp add: rec-ci.simps)
apply (rule-tac x = cn-merge-gs (map rec-ci gs) (maz (Suc n)
(Maz (insert ba (((A(aprog, p, n). n) o rec-ci)  set gs)))) [+]
mu-boxzes 0 (Suc (maz (Suc n) (Maz
(insert ba (((A(aprog, p, n). n) o rec-ci) ‘ set gs))) + length gs)) n
[+] mv-bozes (maz (Suc n) (Maz (insert ba
(((Maprog, p, n). n) o rec-ci) *set gs)))) 0 (length gs) [+]
a [+] recursive.empty aa (maz (Suc n)
(Maz (insert ba ((A(aprog, p, n). n) o rec-ci)  set gs))))
in exl, simp add: cn-merge-gs-len)
apply (rule-tac x = recursive.empty (mazx (Suc n) (Max (insert ba
(((Maprog, p, n). n) o rec-ci) set gs)))) n [+]
muv-bozes (Suc (max (Suc n) (Maz (insert ba
(((M(aprog, p, n). n) o rec-ci) * set gs))) + length gs)) 0 n in exl,
auto simp: abc-append-commaute)
done

lemma empty-paras:
assumes h:
rec-ci (Cn n f gs) = (aprog, rs-pos, a-md)
rec-calc-rel (Cn n f gs) lm rs
YV k<length gs. rec-calc-rel (gs ' k) Im (ys ! k)
length ys = length gs
rec-calc-rel f ys s
rec-ct f = (a, aa, ba)
and pdef: pstr = Maz (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # gs))))
and starts: ss = (>_ (ap, pos, n)<map rec-ci gs. length ap) +
6 x length gs + 3 * n + length a + &
shows dstp. abe-steps-I
(ss, ys @ gpstr — length ys @ g # plength ys
Q Jm @ gemd — Suc (pstr + length ys + n) @ suf-lm) aprog stp =
(ss + 2 « length gs, 0PSIT @ rs # olength ys @ 1 @
pa-md — Suc (pstr + length ys + n) @ suf-Im)
proof —
from h and pdef and starts have k1:
3 ap bp cp. aprog = ap [+] bp [+] cp A
length ap = (3 (ap, pos, n)<map rec-ci gs. length ap) +
6 xlength gs + 3 x n + length a + &
A bp = empty-bozes (length ys)
by (drule-tac empty-paras-prog-ex, auto)
from h have jI: aa < ba
by (simp add: ci-ad-ge-paras)
from h have j2: length gs = aa
by (drule-tac f = f in para-pattern, simp, simp)
from h and pdef have j3: ba < pstr
apply simp
apply (rule-tac min-max.le-supI2, simp)
done
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from k1 show %thesis
proof (erule-tac exE, erule-tac exE, erule-tac exE, erule-tac exE)
fix ap bp apa cp
assume aprog = ap [+] bp [+] ep A
length ap = (3 (ap, pos, n)<map rec-ci gs. length ap) +
6 x length gs + 8 x n + length a + 8 N
bp = empty-bozes (length ys)
thus ?thesis
apply (simp, rule-tac abc-append-excl, simp-all add: starts h)
apply (insert empty-bozes-ex[of
length gs ys @ QPStr — (length gs) @ s #
plength gs @ 1y @ ga-md — Suc (pstr + length gs + n) @ suf-Im),
simp add: h)
apply (erule-tac exE, rule-tac x = stp in ezl
simp add: exponent-def replicate.simps| THEN sym]
replicate-add[ THEN sym) del: replicate.simps)
apply (subgoal-tac pstr >(length gs), simp)
apply (subgoal-tac ba > aa A length gs = aa A pstr > ba, simp)
apply(simp add: j1 j2 j3)
done
qed
qged

lemma restore-rs-prog-ex:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
rec-ci f = (a, aa, ba);
Mazx (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # gs)))) = pstr;
ss = (3 (ap, pos, n)+map rec-ci gs. length ap) +
8 * length gs + 8 x n + length a + 3]
= 3 ap bp cp. aprog = ap [+] bp [+] cp A length ap = ss A
bp = empty pstr n
apply(simp add: rec-ci.simps)
apply (rule-tac x = cn-merge-gs (map rec-ci gs) (maz (Suc n)
(Maz (insert ba (((A(aprog, p, n). n) o rec-ci)  set gs)))) [+]
muv-bozes 0 (Suc (maz (Suc n) (Maz (insert ba (((M(aprog, p, n). n)
o rec-ci) ‘ set gs))) + length gs)) n [+]
muv-bozes (mazx (Suc n) (Mazx (insert ba
((Maprog, p, n). 1) o rec-ci) * set gs)))) 0 (length gs) [+]
a [+] recursive.empty aa (maz (Suc n)
(Maz (insert ba (((A(aprog, p, n). n) o rec-ci)  set gs)))) [+]
empty-bozes (length gs) in exl, simp add: cn-merge-gs-len)
apply (rule-tac x = muv-boxes (Suc (maz (Suc n)
(Maz (insert ba (((A(aprog, p, n). n) o rec-ci) ‘ set gs)))
+ length gs)) 0 n
in exl, auto simp: abc-append-commute)
done
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lemma ezp-add: a®T¢ = ab @ ¢
apply(simp add: exponent-def replicate-add)
done

lemma [simpl: n < pstr = (0P5")[n := rs] @ [0:nat] = 0™ @ rs # OPSIr — 1
using list-update-length[of 0™ 0::nat 0P ~ Suc n 7s]

apply (simp add: exp-ind-def[THEN sym] exp-add[THEN sym)] exp-suc| THEN sym))
done

lemma restore-rs:
assumes h: rec-ci (Cn n f gs) = (aprog, rs-pos, a-md)
rec-calc-rel (Cn n f gs) lm rs
V k<length gs. rec-calc-rel (gs ' k) Im (ys ! k)
length ys = length gs
rec-calc-rel f ys s
rec-ci f = (a, aa, ba)
and pdef: pstr = Maz (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # gs))))
and starts: ss = (>_ (ap, pos, n)<map rec-ci gs. length ap) +
8 x length gs + 8 * n + length a + 8
shows Jstp. abe-steps-1
(ss, OPST" @ rs # olength ys @ 1y @
ga-md — Suc (pstr + length ys + n) g suf-lm) aprog stp =
(ss + 8, 0™ Q rs # gpstr —n @ glength ys @ 1y @
ga-md — Suc (pstr + length ys + n) @ suf-lm)
proof —
from h and pdef and starts have k1:
3 ap bp cp. aprog = ap [+] bp [+] cp A length ap = ss A
bp = empty pstr n
by (drule-tac restore-rs-prog-ex, auto)
from k1 show ?thesis
proof (erule-tac exE, erule-tac exE, erule-tac exE, erule-tac exE)
fix ap bp apa cp
assume aprog = ap [+] bp [+] cp A length ap = ss A
bp = recursive.empty pstr n
thus ?thesis
apply(simp, rule-tac abc-append-excl, simp-all add: starts h)
apply (insert empty-ex|of pstr n 0PSIT @ rs # olength gs @
Im @ gemd — Suc (pstr + length gs + n) @ suf-lm), simp)
apply(subgoal-tac pstr > n, simp)
apply (erule-tac ezE, rule-tac © = stp in exl,
simp add: nth-append list-update-append)
apply (simp add: pdef)
done
qed
qed
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lemma [simp|:zs # [| = length xs > Suc 0
by (case-tac zs, auto)

lemma [simp]: n < maz (Suc n) (maz ba (Maz (((A(aprog, p, n). n) o
rec-ci) ‘ set gs)))
by (simp)

lemma restore-paras-prog-ez:
[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);
rec-ci f = (a, aa, ba);
Maz (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # g)))) = psir:
ss = (O (ap, pos, n)<map rec-ci gs. length ap) +
8 * length gs + 8 x n + length a + 6]
= 3 ap bp cp. aprog = ap [+] bp [+] cp A length ap = ss A
bp = mu-boxes (pstr + Suc (length gs)) (0::nat) n
apply(simp add: rec-ci.simps)
apply (rule-tac x = cn-merge-gs (map rec-ci gs) (maz (Suc n)
(Maz (insert ba (((A(aprog, p, n). n) o rec-ci) ‘ set gs))))
[+] mv-bozes 0 (Suc (maz (Suc n)
(Maz (insert ba (((AM(aprog, p, n). n) o rec-ci) * set gs)))
+ length gs)) n [+] muv-bozes (max (Suc n)
(Maz (insert ba (((A(aprog, p, n). n) o rec-ci) ‘ set gs)))) 0 (length gs) [+]
a [+] recursive.empty aa (maz (Suc n)
(Maz (insert ba (((A(aprog, p, n). n) o rec-ci)  set gs)))) [+]
empty-boxes (length gs) [+]
recursive.empty (maz (Suc n) (Max (insert ba
(((Maprog, p, n). n) o rec-ci) ‘set ¢s)))) n in exl, simp add: cn-merge-gs-len)
apply(rule-tac x = [] in exl, auto simp: abc-append-commute)
done

lemma restore-paras:
assumes h: rec-ci (Cn n f gs) = (aprog, rs-pos, a-md)
rec-cale-rel (Cn n f gs) lm rs
V k<length gs. rec-calc-rel (gs ! k) Im (ys ! k)
length ys = length gs
rec-calc-rel f ys s
rec-ci f = (a, aa, ba)
and pdef:
pstr = Max (set (Suc n # ba # map (A(aprog, p, n). n)
(map rec-ci (f # gs))))
and starts: ss = (>_ (ap, pos, n)<map rec-ci gs. length ap) +
8 x length gs + 3 x n + length a + 6
shows Jstp. abe-steps-1 (ss, 0" @ rs # QPStr — n+ length ys @
Im @ @@md — Suc (pstr + length ys + n) g suf-lm)
aprog stp = (ss + 3 * n, Im Q rs # gamd — Sucn g suf-lm)
proof —
thm rec-ci.simps
from h and pdef and starts have k1:
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3 ap bp cp. aprog = ap [+] bp [+] cp A length ap = ss A
bp = muv-bozes (pstr + Suc (length gs)) (0::nat) n
by (drule-tac restore-paras-prog-ex, auto)
from kI show ?thesis
proof (erule-tac exE, erule-tac exE, erule-tac exE, erule-tac exE)
fix ap bp apa cp
assume aprog = ap [+] bp [+] cp A length ap = ss A
bp = muv-bozes (pstr + Suc (length gs)) 0 n
thus ?thesis
apply (simp, rule-tac abc-append-excl, simp-all add: starts h)
apply (insert mv-bozes-ex2[of n pstr + Suc (length gs) 0 []
rs # gpstr — n + length gs 1,
pa-md — Suc (pstr + length gs + n) @ suf-lm), simp)
apply (subgoal-tac pstr > n A
a-md > pstr + length gs + n A length lm = n , simp add: exponent-add-iff

h)
using h pdef
apply (simp)
apply (frule-tac a = a and
aa = aa and ba = ba in ci-cn-md-def, simp, simp)
apply (subgoal-tac length Im = rs-pos,
simp add: ci-cn-para-eq, erule-tac para-pattern, simp)
done
qed
qed

lemma ci-cn-length:

[rec-ci (Cn n f gs) = (aprog, rs-pos, a-md);

rec-cale-rel (Cn n f gs) lm rs;

rec-ci f = (a, aa, ba)]

= length aprog = (3 (ap, pos, n)+map rec-ci gs. length ap) +

8 x length gs + 6 x n + length a + 6

apply (simp add: rec-ci.simps, auto simp: cn-merge-gs-len)
done

lemma cn-case:
assumes ind:
Nz aprog a-md rs-pos rs suf-lm Im.
[z € set (f # gs);
rec-ci © = (aprog, rs-pos, a-md);
rec-cale-rel x lm 1s]
= Jstp. abe-steps-1 (0, Im Q@ ga-md — rs-pos g suf-lm) aprog stp =
(length aprog, lm @ [rs] @ g@md — 15-pos — 1. @ gyf Im)
and h: rec-ci (Cn n f gs) = (aprog, rs-pos, a-md)
rec-calc-rel (Cn n f gs) lm rs

shows Jstp. abe-steps-1 (0, Im Q gamd — 15-pos @ suf-lm) aprog stp
= (length aprog, Im Q [rs] @ ga-md — rs-pos — 1 @ suf-lm)
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apply (insert h, case-tac rec-ci f, rule-tac calc-cn-reverse, simp)
proof —
fix a bcuys
let ?pstr = Max (set (Suc n # ¢ # (map (M aprog, p, n). n)
(map rec-ci (f # g5))))
let ?gs-len = listsum (map (X (ap, pos, n). length ap)
(map rec-ci (gs)))
assume g: rec-ci (Cn n f gs) = (aprog, rs-pos, a-md)
rec-calc-rel (Cn n f gs) lm s
V k<length gs. rec-calc-rel (gs ! k) Im (ys ! k)
length ys = length gs
rec-calc-rel f ys rs

n = length Im
rec-ci f = (a, b, ¢)
hence k1:

3 stp. abe-steps-1 (0, Im @ ga-md — rs-pos g suf-lm) aprog stp =
(2gs-len + 3 * length gs, Im Q@ ofpstr —n @ ys @
pa-md — Ppstr — length ys g suf-lm)
apply(rule-tac « = a and aa = b and ba = ¢ in cn-calc-gs)
apply (rule-tac ind, auto)
done
thm rec-ci.simps
from ¢ have £2:
3 stp. abe-steps-1 (2gs-len + 3 * length gs, Im Q@
O?pstr ~ 7@ ys @ paomd — fpstr — length ys @ suf-lm) aprog stp =
(Zgs-len + 3 x length gs + 3 * n, 07pstr @ ys @ 0 # Im Q
pamd — Suc (?pstr + length ys + n ) @ suf-lm)
thm save-paras
apply (erule-tac ba = ¢ in save-paras, auto intro: ci-cn-para-eq)
done
from ¢ have £3:
3 stp. abe-steps-l (?gs-len + 3 * length gs + 3 * n,
0 ?pstr @ ys @ 0 # Im @ pa-md — Suc (?pstr + length ys + n) @ suf-lm) aprog
stp =
(%gs-len + 6 = length gs + 3 *x n,
ys @ 0?pstr @ # Im @ pamd — Suc (?pstr + length ys + n) g suf-lm)
apply (erule-tac ba = ¢ in reset-new-paras,
auto intro: ci-cn-para-eq)
using para-patternfof f a b ¢ ys rs]
apply (simp)
done
from g have k4:
dstp. abe-steps-l (?gs-len + 6 * length gs + & x n,
ys @ 0?pstr @ ¢ # Im @ ga-md — Suc (?pstr + length ys + n) @q suf-lm) aprog
stp =
(%gs-len + 6 * length gs + 3 x n + length a,
ys @ rs 4 0%Pstr @ m @ ga-md — Suc (Ppstr + length ys + n) @ suf-lm)
apply (rule-tac ba = ¢ in cale-cn-f, rule-tac ind, auto)
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done
thm rec-ci.simps
from g h have k5:
3 stp. abe-steps-l (?gs-len + 6 * length gs + 8 % n + length a,
ys @ rs # 0?pstr @ 1m @ ge-md — Suc (#pstr + length ys + n) @ suf-lm)
aprog stp =
(%gs-len + 6 * length gs + 3 * n + length a + 3,
ys @ O?pstr — length ys @ g 4 plength ys @ 1 @
pa-md — Suc (?pstr + length ys + n) g suf-lm)
apply (rule-tac save-rs, auto simp: h)
done
thm rec-ci.simps
thm empty-bozes.simps
from ¢ have k6:
3 stp. abe-steps-l (?gs-len + 6 * length gs + 3 * n +
length a + 3, ys @ (7Pstr — length ys @ rg 2 glength ys @ 1y, @
pa-md — Suc (?pstr + length ys + n) @ suf-Im)
aprog stp =
(%gs-len + 8 * length gs + 3 *n + length a + 3,
0¢Pstr @ g 4 plength ys @ 1y @
pa-md —Suc (?pstr + length ys + n) @ suf-Im)
apply (drule-tac suf-Im = suf-Im in empty-paras, auto)
apply (rule-tac © = stp in exl, simp)
done
from ¢ have k7:
3 stp. abe-steps-l (?gs-len + 8 * length gs + 8 *n +
length a + 3, 0%Pstr @ rs # glength ys @ 1 @
pa-md —Suc (?pstr + length ys + n) @ suf-lm) aprog stp =
(2gs-len + 8 = length gs + 3 = n + length a + 6,
0" @ rs # p?pstr — n q glength ys @ 1 @
pa-md —Suc (Zpstr + length ys + n) @ suf-Im)
apply (drule-tac suf-Im = suf-Im in restore-rs, auto)
apply(rule-tac x = stp in exl, simp)
done
from g have k8: 3 stp. abc-steps-l (?gs-len + 8 * length gs +
3 xn + length a + 6,
0" @ rs # p?fpstr —n q glength ys @ 1 @
pa-md —Suc (?pstr + length ys + n) Q suf-lm) aprog stp =
(Zgs-len + 8 « length gs + 6 * n + length a + 6,
Im @ rs # gomd — Sucn g suf-lm)
apply (drule-tac suf-Im = suf-Im in restore-paras, auto)
apply(simp add: exponent-add-iff)
apply(rule-tac x = stp in exl, simp)
done
from ¢ have jI:
length aprog = ?gs-len + 8 * length gs + 6 * n + length a + 6
by(drule-tac a« = a and aa = b and ba = c¢ in ci-cn-length,
simp, simp, simp)
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from ¢ have j2: rs-pos = n
by (simp add: ci-cn-para-eq)

from kI and k2 and k3 and k4 and k5 and k6 and k7 and kS8
and jI and j2 show
I stp. abe-steps-1 (0, Im @ ga-md — rs-pos g suf-lm) aprog stp =
(length aprog, Im @ [rs] @ 0@ ™md — 15pos — 1. @ gyf )
apply (auto)
apply(rule-tac x = stp + stpa + stpb + stpc +

stpd + stpe + stpf + stpg in exl, simp add: abc-steps-add)
done
qged

Correctness of the complier (terminate case), which says if the execution of a
recursive function recf terminates and gives result, then the Abacus program
compiled from recf termintes and gives the same result. Additionally, to
facilitate induction proof, we append anything to the end of Abacus memory.

lemma aba-rec-equality:
[rec-ci recf = (ap, arity, fp);
rec-calc-rel recf args r]
— (3 stp. (abe-steps-1 (0, args @ 0P = Y @ anything) ap stp) =
(length ap, args@Q[r]@0/P = arity — 1. @ gpything))
apply (induct arbitrary: ap fp arity r anything args
rule: rec-ci.induct)
prefer 5
proof (case-tac rec-ci g, case-tac rec-ci f, simp)
fix n f g ap fp arity v anything args a b ¢ aa ba ca
assume f-ind:
Nap fp arity r anything args.
[aa = ap A ba = arity A ca = fp; rec-calc-rel f args ] =
I stp. abe-steps-1 (0, args Q ofp — arity @ anything) ap stp =
(length ap, args @ r # 0fP = Suc arity @ gpything)
and g-ind:
Nz za y b ya ap fp arity r anything args.
[z = (aa, ba, ca); za = aa A y = (ba, ca); zb = ba A ya = ca;
a=ap ANb=arity \ ¢ = fp; rec-calc-rel g args ]
= Jstp. abe-steps-l (0, args Q ofp — arity @ anything) ap stp =
(length ap, args Q r # 0fp — Suc arity @ anything)
and h: rec-ci (Prn fg) = (ap, arity, fp)
rec-calc-rel (Prn fg) args r
rec-ci g = (a, b, ¢)
rec-ci f = (aa, ba, ca)
from h have nf-ind:
N\ args r anything. rec-calc-rel f args r =
stp. abc-steps-1 (0, args @ 0% — ba @ anything) aa stp =
(length aa, args @ r # 0°* — Suc ba @ anything)
and ng-ind:
N\ args v anything. rec-calc-rel g args r =
Istp. abe-steps-1 (0, args @ 0€ ~ ba anything) a stp =
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(length a, args @ r # 0¢ — SUC b @ anything)
apply (insert f-ind[of aa ba ca], simp)
apply (insert g-ind[of (aa, ba, ca) aa (ba, ca) ba ca a b c|,
simp)
done
from nf-ind and ng-ind and h show
I stp. abe-steps-1 (0, args Q ofp — arity @ anything) ap stp =
(length ap, args Q r # 0fp — Suc arity @ anything)
apply (auto intro: nf-ind ng-ind pr-case)
done
next
fix ap fp arity r anything args
assume h:
rec-ci z = (ap, arity, fp) rec-calc-rel z args r
thus I stp. abe-steps-l (0, args @ ofp — arity @ anything) ap stp =
(length ap, args @ [r] @ 0/ = arity — 1 @ gnything)
by (rule-tac z-case)
next
fix ap fp arity r anything args
assume h:
rec-ci s = (ap, arity, fp)
rec-calc-rel s args r
thus .
I stp. abe-steps-1 (0, args Q ofp — arity @ anything) ap stp =
(length ap, args @ [r] @ 0/P = arity — 1 @ gnything)
by (erule-tac s-case, simp)
next
fix m n ap fp arity r anything args
assume h: rec-ci (id m n) = (ap, arity, fp)
rec-calc-rel (id m n) args r
thus Jsip. abe-steps-1 (0, args @ ofp — arity @ anything) ap stp
= (length ap, args Q [r] @ ofp — arity — 1 @ anything)
by (erule-tac id-case)
next
fix n f gs ap fp arity r anything args
assume ind: Az ap fp arity r anything args.
[+ € set (f # gs);
rec-ci & = (ap, arity, fp);
rec-calc-rel x args r]
= Jstp. abe-steps-l (0, args Q ofp — arity @ anything) ap stp =
(length ap, args @ [r] @ 0/P — arity — 1 @ gnything)
and h: rec-ci (Cn n f gs) = (ap, arity, fp)
rec-calc-rel (Cn n f gs) args r
from h show ‘
I stp. abe-steps-1 (0, args Q ofp — arity @ anything)
ap stp = (length ap, args @ [r] @ ofp — arity — 1@ gnything)
apply(rule-tac cn-case, rule-tac ind, auto)
done
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next
fix n f ap fp arity r anything args
assume ind:
Nap fp arity r anything args.
[rec-ci f = (ap, arity, fp); rec-calc-rel f args r] =
I stp. abe-steps-1 (0, args Q ofp — arity @ anything) ap stp =
(length ap, args @ [r] @ 0/ — oty — 1 @ gnything)
and h: rec-ci (Mn n f) = (ap, arity, fp)
rec-calc-rel (Mn n f) args r
from h show ‘
Istp. abe-steps-1 (0, args Q ofp — arity @ anything) ap stp =
(length ap, args @Q [r] @ o/ — arity — 1@ gnything)
apply (rule-tac mn-case, rule-tac ind, auto)
done
qed

thm abc-append-state-in-exc
lemma abc-append-uhaltl:

IV stp. (A (ss, €). ss < length bp) (abe-steps-1 (0, Im) bp stp);

p = ap [+] bp [+] cp]
=V stp. (A (ss, €). ss < length p)
(abc-steps-1 (length ap, Im) p stp)

apply (auto)
apply (erule-tac x = stp in allE, auto)
apply (frule-tac ap = ap and cp = c¢p in abc-append-state-in-exc, auto)
done

lemma abc-append-unhalt?2:
[abc-steps-1 (0, am) ap stp = (length ap, Im); bp # [|;
Vo stp. (X (ss, €). ss < length bp) (abc-steps-1 (0, Im) bp stp);
p = ap [+] bp [+] cp]
=V stp. (A (ss, €). ss < length p) (abe-steps-1 (0, am) p stp)
proof —
assume h:
abc-steps-1 (0, am) ap stp = (length ap, Im)
bp # ||
Y stp. (X (ss, €). ss < length bp) (abe-steps-1 (0, lm) bp stp)
p=ap [+] bp [+] cp
have 3 stp. (abc-steps-1 (0, am) p stp) = (length ap, Im)
using h
thm abc-add-excl
apply(simp add: abc-append.simps)
apply (rule-tac abc-add-excl, auto)
done
from this obtain stpa where g1:
(abc-steps-1 (0, am) p stpa) = (length ap, Im) ..
moreover have ¢g2: vV stp. (A (ss, e). ss < length p)
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(abc-steps-1 (length ap, Ilm) p stp)
using A
apply (erule-tac abc-append-uhalt!, simp)
done
moreover from g/ and ¢g2 have
Y stp. (X (ss, e). ss < length p)
(abc-steps-1 (0, am) p (stpa + stp))
apply(simp add: abe-steps-add)
done
thus V stp. (A (ss, €). ss < length p)
(abe-steps-1 (0, am) p stp)
apply (rule-tac alll, auto)
apply(case-tac stp > stpa)
apply (erule-tac & = stp — stpa in allE, simp)
proof —
fix stp a b
assume ¢3: abc-steps-l (0, am) p stp = (a, b)
— stpa < stp
thus a < length p
using g1 h
apply (case-tac a < length p, simp, simp)
apply (subgoal-tac 3 d. stpa = stp + d)
using abe-state-keep[of p a b stpa — stp]
apply (erule-tac exE, simp add: abc-steps-add)
apply (rule-tac © = stpa — stp in exl, simp)
done
qged
qed

Correctness of the complier (non-terminating case for Mn). There are many
cases when a recursive function does not terminate.
Uiversal Turing Machine, we only need to prove the case for Mn and Chn.
This lemma is for Mn. For Mn n f, this lemma describes what happens when
f always terminates but always does not return zero, so that Mn has to loop

forever.

lemma Mn-unhalt:
assumes mn-7f: rf = Mnn f
and compiled-mnrf: rec-ci rf = (aprog, rs-pos, a-md)
and compiled-f: rec-ci f = (aprog’, rs-pos’, a-md’)
and args: length Im = n

For the purpose of

and unhalt-condition: ¥ y. (3 rs. rec-calc-rel f (Im @ [y]) rs A rs # 0)
shows V stp. case abc-steps-1 (0, Im @ gamd — 15-pos @ suf-lm)

aprog stp of (ss, e) = ss < length aprog

using mn-rf compiled-mnrf compiled-f args unhalt-condition

proof (rule-tac alll)
fix stp
assume h: rf = Mn n f
rec-ci rf = (aprog, rs-pos, a-md)
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rec-ci f = (aprog’, rs-pos’, a-md’)
YVy. Ars. rec-cale-rel f (Im Q [y]) rs A rs # 0 length Im = n
thm mn-ind-step
have Jstpa > stp. abe-steps-1 (0, lm Q 0 # ga-md — Suc rs-pos @ suf-lm) aprog
stpa
= (0, Im Q stp # ga-md — Suc rs-pos @ suf-lm)
proof (induct stp, auto)
show T stpa. abe-steps-1 (0, Im @ 0 # ga-md — Suc rs-pos @ suf-lm)
aprog stpa = (0, Ilm @ 0 # ga-md — Suc rs-pos @ suf-lm)
apply(rule-tac x = 0 in exl, simp add: abe-steps-l.simps)
done
next
fix stp stpa
assume ¢g1: stp < stpa
and g2: abc-steps-1 (0, Im Q 0 # ga-md — Suc rs-pos @ suf-lm)
aprog stpa
= (0, Im Q stp # ga-md — Suc rs-pos @ suf-lm)
have 3 rs. rec-calc-rel f (Im Q [stp]) rs A rs # 0
using h
apply (erule-tac x = stp in allE, simp)
done
from this obtain rs where ¢3:
rec-calc-rel f (Im Q [stp]) rs A rs # 0 ..
hence 3 stpb. abc-steps-1 (0, Im Q stp # ga-md — Suc rs-pos @
suf-lm) aprog stpb
= (0, Im Q Suc stp # ga-md — Suc rs-pos @ suf-lm)
using h
apply (rule-tac mn-ind-step)
apply (rule-tac aba-rec-equality, simp, simp)
proof —
show rec-ci f = ((aprog’, rs-pos’, a-md’)) using h by simp
next
show rec-ci (Mn n f) = (aprog, rs-pos, a-md) using h by simp
next
show rec-calc-rel f (Im @ [stp]) rs using g3 by simp
next
show 0 < rs using ¢3 by simp
next
show Suc rs-pos < a-md
using g3 h
apply (auto)
apply(frule-tac f = f in para-pattern, simp, simp)
apply(simp add: rec-ci.simps, auto)
apply (subgoal-tac Suc (length Im) < a-md’)
apply (arith)
apply(simp add: ci-ad-ge-paras)
done
next
show rs-pos’ = Suc rs-pos
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using g3 h
apply (auto)
apply(frule-tac f = f in para-pattern, simp, simp)
apply (simp add: rec-ci.simps)
done
qed
thus 3 stpa>Suc stp. abe-steps-1 (0, Im @ 0 # ga-md — Suc rs-pos @
suf-lm) aprog stpa
= (0, Ilm Q Suc stp # ga-md — Suc rs-pos @ suf-lm)
using ¢2
apply (erule-tac exE)
apply (case-tac stpb = 0, simp add: abe-steps-1.simps)
apply (rule-tac © = stpa + stpb in exl, simp add:
abc-steps-add)
using g1
apply (arith)
done
qed
from this obtain stpa where
stp < stpa A abe-steps-1 (0, lm @ 0 # ga-md — Suc rs-pos @ suf-lm)
aprog stpa = (0, Ilm Q stp # ga-md — Suc rs-pos @ suf-lm) ..
thus case abe-steps-1 (0, Im @ gamd — r5-pos @ suf-lm) aprog stp
of (ss, e) = ss < length aprog
apply(case-tac abe-steps-1 (0, lm @ ga-md — T5-pos @ suf-lm) aprog
stp, simp, case-tac a > length aprog,
simp, simp)
apply (subgoal-tac 3 d. stpa = stp + d, erule-tac exE)
apply (subgoal-tac Im Q@ gamd — TSPOS @ suflm = Im @ 0 #
ga-md — Suc rs-pos @ suf-Im, simp add: abc-steps-add)
apply(frule-tac as = a and Im = b and stp = d in abc-state-keep,
simp)
using A
apply(simp add: rec-ci.simps, simp,
simp only: exp-ind-def[THEN sym])
apply (case-tac rs-pos, simp, simp)
apply(rule-tac * = stpa — stp in exl, simp, simp)
done
qed

lemma abc-append-cons-eq[intro!]:
[ap = bp; cp = dp] = ap [+] cp = bp [+] dp
by simp

lemma cn-merge-gs-split:
[i < length gs; rec-ci (gs'i) = (ga, gb, gc)] =
cn-merge-gs (map rec-ci gs) p =
en-merge-gs (map rec-ci (take i gs)) p [+] ga [+]
empty gb (p + 1) [+]
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cn-merge-gs (map rec-ci (drop (Suc i) gs)) (p + Suc 1)
apply (induct i arbitrary: gs p, case-tac gs, simp, simp)
apply (case-tac gs, simp, case-tac rec-ci a,

simp add: abc-append-commute| THEN sym))
done

Correctness of the complier (non-terminating case for Mn). There are many

cases when a recursive function does not terminate. For the purpose of

Uiversal Turing Machine, we only need to prove the case for Mn and Ch.

This lemma is for Cn. For Cn f g1 ¢2 ...gi, gi+1, ... gn, this lemma

describes what happens when every one of g1, ¢2, ... ¢i terminates, but

gi+1 does not terminate, so that whole function Cn f g1 g2 ...gi, gi+1,
. gn does not terminate.

lemma cn-gi-uhalt:
assumes cn-recf: rf = Cn n f gs
and compiled-cn-recf: rec-ci vf = (aprog, rs-pos, a-md)
and args-length: length Im = n
and ezist-unhalt-recf: i < length gs gi = gs ! i
and complied-unhalt-recf: rec-ci gi = (ga, gb, gc) gb = n
and all-halt-before-gi: ¥ j < 4. (3 rs. rec-calc-rel (gs!j) Im rs)
and unhalt-condition: N\ slm.V stp. case abc-steps-l (0, lm @ 09¢ ~ 9 @ slm)
ga stp of (se, e) = se < length ga
shows V sip. case abe-steps-1 (0, Im Q gamd — T5-pos @ suflm) aprog
stp of (ss, e) = ss < length aprog
using cn-recf compiled-cn-recf args-length exist-unhalt-recf complied-unhalt-recf
all-halt-before-gi unhalt-condition
proof(case-tac rec-ci f, simp)
fixabc
assume hi: 7f = Cnn fgs
rec-ci (Cn n f gs) = (aprog, rs-pos, a-md)
length Im = n
gi = gs i
rec-ci (gs!i) = (ga, n, gc)
gb = n rec-ci f = (a, b, ¢)
and h2: Vj<i. Irs. rec-calc-rel (gs ! j) Im rs
i < length gs
and ind:
N slm. ¥ stp. case abc-steps-l (0, Im @ 09¢ — ™ Q slm) ga stp of (se, e) = se
< length ga
have h3: rs-pos = n
using h1
by (rule-tac ci-cn-para-eq, simp)
let ?ggs = take i gs
have 3 ys. (length ys = i A
(V k < i. rec-calc-rel (%ggs | k) Im (ys ! k)))
using h2
apply (induct i, simp, simp)
apply(erule-tac exE)
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erule-tac © = ia in allE, simp)

erule-tac exE)

rule-tac © = ys Q [z] in exl, simp add: nth-append, auto)
subgoal-tac k = length ys, simp, simp)

apply
apply
apply
apply
done
from this obtain ys where g1:
(length ys = @ A (V k < 4. rec-calc-rel (?ggs ! k)
Im (ys ! k))) ..
let ?pstr = Max (set (Suc n # ¢ # map (M aprog, p, n). n)
(map rec-ci (f # gs))))
have 3 sip. abe-steps-1 (0, lm @ gamd —n @ suflm)
(ecn-merge-gs (map rec-ci ?ggs) ?pstr) stp =
(listsum (map (M ap, pos, n). length ap) o rec-ci) ?ggs) +
3 * length ?ggs, Im @ pfpstr —n g ys @ pa-md —(#pstr + length ?g9s) @
suflm)
apply(rule-tac cn-merge-gs-ex)
apply (rule-tac aba-rec-equality, simp, simp)
using h1
apply(simp add: rec-ci.simps, auto)
using g1
apply (simp)
using h2 g1
apply (simp)
apply (rule-tac min-mazx.le-supl2)
apply (rule-tac Max-ge, simp, simp, rule-tac disjI2)
apply (subgoal-tac aa € set gs, simp)
using h2
apply(rule-tac A = set (take i gs) in subsetD,
simp add: set-take-subset, simp)
done
thm cn-merge-gs.simps
from this obtain stpa where ¢2:
abe-steps-1 (0, Im @ 0™ =1 @ sufim)
(en-merge-gs (map rec-ci 29gs) ?pstr) stpa =
(listsum (map ((A(ap, pos, n). length ap) o rec-ci) 2ggs) +
3 % length %ggs, Im @ ofpstr —n g ys @ pa-md —(?pstr + length ?g9s) @
suflm) .
moreover have
3 ¢p. aprog = (en-merge-gs
(map rec-ci ?9gs) ?pstr) [+] ga [+] cp
using hl
apply(simp add: rec-ci.simps)
apply (rule-tac © = empty n (Zpstr + i) [+]
(en-merge-gs (map rec-ci (drop (Suc i) gs)) (?pstr + Suc 7))
[+]muv-bozes 0 (Suc (maz (Suc n) (Maz (insert ¢
(((M(aprog, p, n). n) o rec-ci)  set gs))) +
length gs)) n [+] mv-bozes (maz (Suc n) (Maz (insert c
(((M(aprog, p, n). n) o rec-ci) * set gs)))) 0 (length gs) [+]
a [+] recursive.empty b (mazx (Suc n)

e e e T
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(Maz (insert ¢ (((Maprog, p, n). n) o rec-ci) ‘ set gs)))) [+]
empty-boxes (length gs) [+] recursive.empty (mazx (Suc n)
(Maz (insert ¢ (((Maprog, p, n). n) o rec-ci) ‘ set gs)))) n [+]
muv-bozes (Suc (max (Suc n) (Max (insert ¢
(((M(aprog, p, n). n) o rec-ci) ‘ set gs))) + length gs)) 0 n in exl)
apply(simp add: abc-append-commute [THEN sym))
apply(auto)
using cn-merge-gs-split[of i gs ga length lm gc
(maz (Suc (length Im))
(Maz (insert ¢ (((A(aprog, p, n). n) o rec-ci) ‘ set gs))))]
h2
apply (simp)
done
from this obtain cp where ¢3:
aprog = (cn-merge-gs (map rec-ci ?ggs) ?pstr) [+] ga [+] cp ..
show V stp. case abe-steps-1 (0, Im @ gamd — r5-pos @ suflm)
aprog stp of (ss, e) = ss < length aprog
proof (rule-tac abc-append-unhalt2)
show abe-steps-1 (0, Im @ 0@™d = T5-P0s @ gyfim) (
cn-merge-gs (map rec-ci 2gqs) ?pstr) stpa =
(length ((cn-merge-gs (map rec-ci ?ggs) ?pstr)),
Im @ ofpstr — n @ ys @ pa-md —(#pstr + length ?g9s) @ sufim)
using h3 g2
apply(simp add: cn-merge-gs-length)
done
next
show ga # ||
using h1
apply(simp add: rec-ci-not-null)
done
next
show V stp. case abc-steps-l (0, Im Q 0%pstr —n @ yg
@ gamd — (?pstr + length (take i gs)) @ sufim) ga stp of
(ss, €) = ss < length ga
using ind[of 0 ?pstr —gc @ ys @ pa-md — (Zpstr + length (take i gs))

Q sufim]
apply (subgoal-tac Im @ 07pstr —m @ yg

@ ga-md — (?pstr + length (take i gs)) @ suflm

=Im @9~ "a@

0 fpstr —gc @ ys @ ga-md — (#pstr + length (take i gs)) @ suflm, simp)
apply(simp add: exponent-def replicate-add| THEN sym])
apply (subgoal-tac gc > n A ?pstr > gc)
apply (erule-tac conjE)
apply (simp add: h1)
using h1
apply (auto)
apply (rule-tac min-mazx.le-supl2)
apply (rule-tac Maz-ge, simp, simp)
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apply (rule-tac disjI2)
using h2
thm rev-image-eql
apply (rule-tac © = gsli in rev-image-eql, simp, simp)
done

next

show aprog = cn-merge-gs (map rec-ci (take i gs))
fpstr [+] ga [+] cp

using g3 by simp

ged

qed

lemma abc-rec-halt-eq’:
[rec-ci re = (ap, ary, fp);
rec-calc-rel re args r]
— (3 stp. (abe-steps-1 (0, args @ 0P = A7) ap stp) =
(length ap, argsQ[r]@o/p — ary — 1y)
using aba-rec-equality[of re ap ary fp args r [|]
by simp

thm abc-step-1.simps

definition dummy-abc :: nat = abc-inst list
where

dummy-abc k = [Inc k, Dec k 0, Goto 3]

lemma abc-rec-halt-eq’”:
[rec-ci re = (aprog, rs-pos, a-md);
rec-calc-rel re Im rs]
= (3 stp Im’ m. (abe-steps-1 (0, lm) aprog stp) =
(length aprog, Im') A abc-list-crsp Im’ (Im Q rs # 0™))
apply (frule-tac abc-rec-halt-eq’, auto)
apply (drule-tac abe-list-crsp-steps)
apply (rule-tac rec-ci-not-null, simp)
apply (erule-tac exE, rule-tac x = stp in exl,
auto simp: abc-list-crsp-def)
done

lemma [simp]: length (dummy-abc (length Im)) = 3
apply(simp add: dummy-abe-def)
done

lemma [simp|: dummy-abc (length Im) # |]
apply (simp add: dummy-abc-def)
done

lemma dummy-abc-steps-ex:

Jbstp. abe-steps-1 (0, Im") (dummy-abe (length Im)) bstp =
((Suc (Suc (Suc 0))), abe-lm-s Ilm’ (length Im) (abe-lm-v Im’ (length Im)))

celxxxi



apply (rule-tac © = Suc (Suc (Suc 0)) in exl)

apply(auto simp: abc-steps-l.simps abc-step-l.simps
dummy-abc-def abe-fetch.simps)

apply (auto simp: abc-lm-s.simps abe-lm-v.simps nth-append)

apply (simp add: butlast-append)

done

lemma [elim]:
ImQ@Qrs # 0™=Im'Q 0" =
Im. abc-lm-s Im’ (length Im) (abc-lm-v Im’ (length Im)) =
Im @ rs # 0™
proof(cases length lm’ > length Im)
case True
assume h: lm @Q rs # 0™ = Im’ Q 0" length Im < length Im’
hence m > n
apply (drule-tac list-length)
apply (simp)
done
hence 3 d. m =d + n
apply (rule-tac £ = m — n in exl, simp)
done
from this obtain d where m = d + n ..
from h and this show Zthesis
apply(auto simp: abc-lm-s.simps abe-Im-v.simps
exponent-def replicate-add)
done
next
case Fulse
assume h:lm Q rs # 0™ = Im’ @ 0"
and g¢: - length Im < length Im’
have take (Suc (length lm)) (Im Q rs # 0™) =
take (Suc (length Im)) (Im’ @ 0™)
using h by simp
moreover have n > (Suc (length Im) — length Im’)
using h g
apply (drule-tac list-length)
apply (simp)
done
ultimately show
Im. abe-lm-s Im' (length Im) (abc-lm-v Im’ (length Im)) =
Im Q rs # 0™
using g h
apply(simp add: abc-lm-s.simps abc-lm-v.simps
exponent-def min-def)
apply(rule-tac z = 0 in exl,
simp add:replicate-append-same replicate-Suc[ THEN sym]
del:replicate-Suc)
done
qed
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lemma [elim]:

abe-list-crsp Im’ (Im @ rs # 0™)

= Im. abe-lm-s Im’ (length Im) (abe-lm-v Im’ (length Im))

=1Im Qrs # 0™
apply (auto simp: abc-list-crsp-def)
apply(simp add: abe-lm-v.simps abc-lm-s.simps)
apply(rule-tac x = m + n in exl,
simp add: exponent-def replicate-add)

done

lemma abc-append-dummy-complie:
[rec-ci recf = (ap, ary, fp);
rec-calc-rel recf args r;
length args = k]
= (3 stp m. (abc-steps-1 (0, args) (ap [+] dummy-abe k) stp) =
(length ap + 3, args @ r # 0™))
apply (drule-tac abc-rec-halt-eq"’, auto simp: numeral-3-eq-3)
proof —
fix stp Im’' m
assume h: rec-calc-rel recf args r
abe-steps-1 (0, args) ap stp = (length ap, Im’)
abe-list-crsp Im' (args @ r # 0™)
thm abc-append-exc?
thm abc-Im-s.simps
have Jstp. abc-steps-1 (0, args) (ap [+]
(dummy-abe (length args))) stp = (length ap + 3,
abc-lm-s Im’ (length args) (abe-lm-v Im’ (length args)))
using A
apply (rule-tac bm = Im' in abc-append-exc2,
auto intro: dummy-abc-steps-ex simp: numeral-3-eq-3)
done
thus 3 stp m. abc-steps-1 (0, args) (ap [+]
dummy-abe (length args)) stp = (Suc (Suc (Suc (length ap))), args @ r # 0™)
using A
apply (erule-tac exE)
apply(rule-tac x = stpa in exl, auto)
done
qed

lemma [simp]: length (dummy-abc k) = 3
apply(simp add: dummy-abe-def)
done

lemma [simp]: length args = k = abc-lm-v (args Q@ r # 0™) k = r

apply (simp add: abc-lm-v.simps nth-append)
done
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lemma t-compiled-by-rec:
[rec-ci recf = (ap, ary, fo);
rec-calc-rel recf args r;
length args = k;
ly = layout-of (ap [+] dummy-abe k);
mop-ss = start-of ly (length (ap [+] dummy-abc k));
tp = tm-of (ap [+] dummy-abe k)]
= 3 stp m l. steps (Suc 0, Bk # Bk # ires, <args> @Q BEK™) (tp Q (tMp k
(mop-ss — 1))) stp
= (0, BK™ @ Bk # Bk # ires, 0cSU¢ " @ Bk
using abc-append-dummy-complie|of recf ap ary fp args r k]
apply (simp)
apply (erule-tac exE)+
apply (frule-tac tprog = tp and as = length ap + 3 and n = k
and ires = ires and rn = rn in abacus-turing-eq-halt, simp-all, simp)
apply (erule-tac exE)+
apply (simp)
apply (rule-tac x = stpa in exl, rule-tac z = ma in exl, rule-tac x = | in exl,
simp)
done

thm tms-of .simps

lemma [simp]:
list-all (A(acn, s). s < Suc (Suc (Suc (Suc (Suc (Suc (2 * n))))))) zs =
list-all (M(acn, s). s < Suc (Suc (Suc (Suc (Suc (Suc (Suc (Suc (2 * n)))))))))
s
apply (induct zs, simp, simp)
apply(case-tac a, simp)
done

lemma tshift-append: tshift (zs @ ys) n = tshift zs n Q tshift ys n
apply (simp add: tshift.simps)
done

lemma [simp]: length (tMp n ss) = 4 xn + 12
apply (auto simp: tMp.simps tshift-append shift-length mp-up-def)
done

lemma length-tm-even[intro]: 3z. length (tm-of ap) = 2x*zx
apply (subgoal-tac t-ncorrect (tm-of ap))

apply(simp add: t-ncorrect.simps, auto)

done

lemma [simp]: k < length ap = tms-of ap | k =

ci (layout-of ap) (start-of (layout-of ap) k) (ap ! k)
apply(simp add: tms-of .simps tpairs-of .simps)
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done

lemma [elim]: [k < length ap; ap | k = Inc n;
(a, b) € set (abacus.tshift (abacus.tshift tinc-b (2 * n))
(start-of (layout-of ap) k — Suc 0))]
= b < start-of (layout-of ap) (length ap)
apply (subgoal-tac b < start-of (layout-of ap) (Suc k))
apply (subgoal-tac start-of (layout-of ap) (Suc k) < start-of (layout-of ap) (length
ap) )
apply (arith)
apply (case-tac Suc k = length ap, simp)
apply (rule-tac start-of-le, simp)
apply(auto simp: tinc-b-def tshift.simps start-of .simps
layout-of .simps length-of .simps startof-not0)
done

lemma findnth-le[elim]: (a, b) € set (abacus.tshift (findnth n) (start-of (layout-of
ap) k — Suc 0))
= b < Suc (start-of (layout-of ap) k + 2 * n)
apply (induct n, simp add: findnth.simps tshift.simps)
apply (simp add: findnth.simps tshift-append, auto)
apply (auto simp: tshift.simps)
done

lemma [elim]: [k < length ap; ap ! k = Inc n; (a, b) €

set (abacus.tshift (findnth n) (start-of (layout-of ap) k — Suc 0))]

= b < start-of (layout-of ap) (length ap)
apply (subgoal-tac b < start-of (layout-of ap) (Suc k))
apply (subgoal-tac start-of (layout-of ap) (Suc k) < start-of (layout-of ap) (length
ap) )
apply (arith)
apply(case-tac Suc k = length ap, simp)
apply (rule-tac start-of-le, simp)
apply (subgoal-tac b < start-of (layout-of ap) k + 2xn + 1 A

start-of (layout-of ap) k + 2x«n + 1 < start-of (layout-of ap) (Suc k), auto)

apply (auto simp: tinc-b-def tshift.simps start-of .simps

layout-of .simps length-of .simps startof-not0)
done

lemma start-of-eq: length ap < as = start-of (layout-of ap) as = start-of (layout-of
ap) (length ap)

apply (induct as, simp)

apply (case-tac length ap < as, simp add: start-of .simps)

apply (subgoal-tac as = length ap)

apply (simp add: start-of .simps)

apply arith

done
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lemma start-of-all-le: start-of (layout-of ap) as < start-of (layout-of ap) (length
ap)
apply (subgoal-tac as > length ap V as = length ap V as < length ap,
auto simp: start-of-eq start-of-le)
done

lemma [elim]: [k < length ap;
ap ! k = Dec n e;
(a, b) € set (abacus.tshift (findnth n) (start-of (layout-of ap) k — Suc 0))]
= b < start-of (layout-of ap) (length ap)

apply (subgoal-tac b < start-of (layout-of ap) k + 2xn + 1 A

start-of (layout-of ap) k + 2x«n + 1 < start-of (layout-of ap) (Suc k) A

start-of (layout-of ap) (Suc k) < start-of (layout-of ap) (length ap), auto)
apply (simp add: tshift.simps start-of .simps

layout-of .simps length-of .simps startof-not0)

apply (rule-tac start-of-all-le)
done

thm length-of .simps
lemma [elim]: [k < length ap; ap | k = Dec n e; (a, b) € set (abacus.tshift
(abacus.tshift tdec-b (2 x n))
(start-of (layout-of ap) k — Suc 0))]
= b < start-of (layout-of ap) (length ap)
apply (subgoal-tac 2+n + start-of (layout-of ap) k + 16 < start-of (layout-of ap)
(length ap) A start-of (layout-of ap) k > 0)
prefer 2
apply (subgoal-tac 2 x n + start-of (layout-of ap) k + 16 = start-of (layout-of
ap) (Suc k)
A start-of (layout-of ap) (Suc k) < start-of (layout-of ap) (length
ap))
apply (simp add: startof-not0, rule-tac conjl)
apply(simp add: start-of .simps layout-of .simps length-of .simps)
apply (rule-tac start-of-all-le)
apply (auto simp: tdec-b-def tshift.simps)
done

lemma tms-any-less: [k < length ap; (a, b) € set (tms-of ap ! k)] = b < start-of
(layout-of ap) (length ap)

apply (simp)

apply (case-tac ap'k, simp-all add: ci.simps tshift-append, auto intro: start-of-all-le)
done

lemma concat-in: i < length (concat zs) = Ik < length xs. concat zs | i € set
(zs 1 k)

apply (induct zs rule: list-tl-induct, simp, simp)

apply(case-tac i < length (concat list), simp)

apply (erule-tac exE, rule-tac © = k in exl)

apply (simp add: nth-append)

apply (rule-tac © = length list in exl, simp)

apply(simp add: nth-append)
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done

lemma [simp]: length (tms-of ap) = length ap
apply (simp add: tms-of .simps tpairs-of .simps)
done

lemma in-tms: i < length (tm-of ap) = 3 k < length ap. (tm-of ap ! i) € set
(tms-of ap ! k)

apply (simp add: tm-of .simps)

using concat-in[of i tms-of ap]

by simp

lemma all-le-start-of : list-all (A(acn, s). s < start-of (layout-of ap) (length ap))
(tm-of ap)

apply (simp add: list-all-length)

apply (rule-tac alll, rule-tac impI)

apply (drule-tac in-tms, auto elim: tms-any-less)

done

lemma length-ci: [k < length ap; length (cily y (ap ! k)) = 2 * qa]
= layout-of ap ! k = qa
apply(case-tac ap ! k)
apply (auto simp: layout-of .simps ci.simps
length-of .simps shift-length tinc-b-def tdec-b-def)
done

lemma [intro]: length (cily y i) mod 2 = 0

apply(auto simp: ci.simps shift-length tinc-b-def tdec-b-def
split: abe-inst.splits)

done

lemma [intro]: listsum (map (length o (M, y). cily z y)) zs) mod 2 = 0
apply (induct zs rule: list-tl-induct, simp)

apply (case-tac a, simp)

apply (subgoal-tac length (ci ly aa b) mod 2 = 0)

apply (auto)

done

lemma zip-pre:
(length ys) < length ap —
zip ys ap = zip ys (take (length ys) (ap::'a list))
proof (induct ys arbitrary: ap, simp, case-tac ap, simp)
fix a ys ap aa list
assume ind: A\(ap::'a list). length ys < length ap =
zip ys ap = zip ys (take (length ys) ap)
and h: length (a # ys) < length ap (ap::’a list) = aa # (list::’a list)
from h show zip (a # ys) ap = zip (a # ys) (take (length (a # ys)) ap)
using ind|of list]
apply (simp)
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done
qed

lemma start-of-listsum:
[k < length ap; length ss = k] = start-of (layout-of ap) k =
Suc (listsum (map (length o (AN(z, y). cily z y)) (zip ss ap)) div 2)
proof (induct k arbitrary: ss, simp add: start-of .simps, simp)
fix k ss
assume ind: A\ss. length ss = k = start-of (layout-of ap) k =
Suc (listsum (map (length o (A(z, y). cily z y)) (zip ss ap)) div 2)
and h: Suc k < length ap length (ss:nat list) = Suc k
have 3 ys y. ss = ys Q [y]
using A
apply(rule-tac x = butlast ss in exl,
rule-tac © = last ss in exl)

apply(case-tac ss =[], auto)
done

from this obtain ys y where k1: ss = (ys::nat list) Q [y]
by blast

from h and this have k2:
start-of (layout-of ap) k =
Suc (listsum (map (length o (A(z, y). ci ly x y)) (zip ys ap)) div 2)
apply (rule-tac ind, simp)
done
have k3: zip ys ap = zip ys (take k ap)
using zip-pre[of ys ap] k1 h
apply (simp)
done
have k4: (zip [y] (drop (length ys) ap)) = [(y, ap ! length ys)]
using k1 h
apply (case-tac drop (length ys) ap, simp)
apply (subgoal-tac hd (drop (length ys) ap) = ap ! length ys)
apply (simp)
apply (rule-tac hd-drop-conv-nth, simp)
done
from kI and h k2 k3 k/ show start-of (layout-of ap) (Suc k) =
Suc (listsum (map (length o (A(z, y). cily z y)) (zip ss ap)) div 2)
apply(simp add: zip-appendl start-of .simps)
apply (subgoal-tac
listsum (map (length o (A (z, y). cily z y)) (zip ys (take k ap))) mod 2 = 0

A
length (cily y (aplk)) mod 2 = 0)
apply (auto)
apply (rule-tac length-ci, simp, simp)
done
qed

lemma length-start-of-tm: start-of (layout-of ap) (length ap) = Suc (length (tm-of
ap) div 2)
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apply(simp add: tm-of .simps length-concat tms-of .simps tpairs-of .simps)
apply (rule-tac start-of-listsum, simp, simp)
done

lemma tm-even: length (tm-of ap) mod 2 = 0
apply (subgoal-tac t-ncorrect (tm-of ap), auto)
apply(simp add: t-ncorrect.simps)

done

lemma [elim]: list-all (A(acn, s). s < Suc q) xs
= list-all (M(acn, s). s < ¢+ (2*n + 6)) s
apply(simp add: list-all-length)
apply (auto)
done

lemma [simp]: length mp-up = 12

apply(simp add: mp-up-def)
done

lemma [elim]: [na < 4 * n; tshift (mop-bef n) ¢! na = (a, )] = b < ¢+ (2

xn+ 6)

apply (induct n, simp, simp add: mop-bef .simps nth-append tshift-append shift-length)

apply(case-tac na < 4*n, simp, simp)

apply (subgoal-tac na = 4+*n V na =1+ 4*xnV na = 2 + 4*n V na = 3 + 4xn,
auto simp: shift-length)

apply (simp-all add: tshift.simps)

done

lemma mp-up-all-le: list-all (A(acn, s). s < ¢+ (2 * n + 6))
[(R, Suc (Suc (2 * n + q))), (R, Suc (2 *xn + q)),
(L, 5+ 2% n+ q), (W0, Suc (Suc (Suc (2 xn + q)))), (R, 4 + 2 xn + q),
(W0, Suc (Suc (Suc (2 x n + q)))), (R, Suc (Suc (2 x n + q))),
(W0, Suc (Suc (Suc (2 *n + q)))), (L, 5§ + 2 *n + q),
(L6 +2%n+q) (R 0), (L6+2xn+ q)
apply (auto)
done

lemma [intro]: list-all (M(acn, s). s < g+ (2 xn + 6)) (tMp n q)

apply (auto simp: list-all-length tMp.simps tshift-append nth-append shift-length)
apply (auto simp: tshift.simps mp-up-def )

apply (subgoal-tac na — 4xn > 0 A na — 4 *xn < 12, auto split: nat.splits)
apply (insert mp-up-all-le[of g n])

apply(simp add: list-all-length)

apply(erule-tac z = na — 4 * n in ollE, simp add: numeral-3-eq-3)

done

lemma t-compiled-correct:
[tp = tm-of ap; ly = layout-of ap; mop-ss = start-of ly (length ap)] =
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t-correct (tp @Q tMp n (mop-ss — Suc 0))
using tm-even|of ap| length-start-of-tm[of ap] all-le-start-of [of ap]
apply (auto simp: t-correct.simps iseven-def)
apply (rule-tac = q + 2xn + 6 in exl, simp)
done

end

theory UF
imports Main rec-def turing-basic GCD abacus
begin

This theory file constructs the Universal Function rec-F, which is the UTM
defined in terms of recursive functions. This rec-F' is essentially an inter-
preter of Turing Machines. Once the correctness of rec-F is established,
UTM can easil be obtained by compling rec-F' into the corresponding Tur-
ing Machine.

11 Univeral Function

11.1 The construction of component functions
This section constructs a set of component functions used to construct rec-F.

The recursive function used to do arithmatic addition.

definition rec-add :: recf
where
rec-add = Pr 1 (id 1 0) (Cn 3 s [id 3 2])

The recursive function used to do arithmatic multiplication.

definition rec-mult :: recf
where
rec-mult = Pr 1 z (Cn 8 rec-add [id 3 0, id 3 2])

The recursive function used to do arithmatic precede.

definition rec-pred :: recf
where
rec-pred = Cn 1 (Pr 1z (id 3 1)) [id 10, id 1 0]

The recursive function used to do arithmatic subtraction.
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definition rec-minus :: recf
where
rec-minus = Pr 1 (id 1 0) (Cn 3 rec-pred [id 3 2])

constn n is the recursive function which computes nature number n.

fun constn :: nat = recf
where
constn 0 = z |
constn (Suc n) = Cn 1 s [constn n]

Signal function, which returns 1 when the input argument is greater than 0.
definition rec-sg :: recf
where

rec-sg = Cn 1 rec-minus [constn 1,
Cn 1 rec-minus [constn 1, id 1 0]]

rec-less compares its two arguments, returns 1 if the first is less than the
second; otherwise returns 0.

definition rec-less :: recf
where
rec-less = Cn 2 rec-sq [Cn 2 rec-minus [id 2 1, id 2 0])

rec-not inverse its argument: returns I when the argument is 0; returns 0
otherwise.

definition rec-not :: recf
where
rec-not = Cn 1 rec-minus [constn 1, id 1 0]

rec-eq compares its two arguments: returns 1 if they are equal; return 0
otherwise.
definition rec-eq :: recf
where
rec-eq = Cn 2 rec-minus [Cn 2 (constn 1) [id 2 0],
Cn 2 rec-add [Cn 2 rec-minus [id 2 0, id 2 1],
Cn 2 rec-minus [id 2 1, id 2 0]]]

rec-conj computes the conjunction of its two arguments, returns 1 if both
of them are non-zero; returns 0 otherwise.
definition rec-conj :: recf

where

rec-conj = Cn 2 rec-sg [Cn 2 rec-mult [id 2 0, id 2 1]]

rec-disj computes the disjunction of its two arguments, returns 0 if both of
them are zero; returns 0 otherwise.

definition rec-disj :: recf
where
rec-disj = Cn 2 rec-sg [Cn 2 rec-add [id 2 0, id 2 1])
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Computes the arity of recursive function.

fun arity :: recf = nat

where
arity z = 1
| arity s = 1

| arity (id m n) = m

| arity (Cnn fgs) =n

| arity (Prn fg) = Sucn
| arity (Mnn f) =n

get-fstn-args n (Suc k) returns [id n 0, id n 1, id n 2, ..., id n k], the
effect of which is to take out the first Suc k arguments out of the n input
arguments.

fun get-fstn-args :: nat = nat = recf list
where
get-fstn-args n 0 = ||
| get-fstn-args n (Suc y) = get-fstn-args n y Q [id n y]

rec-sigma [ returns the recursive functions which sums up the results of f:
(rec_sigmaf)(z,y) = f(2,0) + f(z,1) + - + f(z,y)

fun rec-sigma :: recf = recf
where
rec-sigma 1f =
(let vl = arity rf in
Pr (vl —1)(Cn (vl — 1) rf (get-fstn-args (vl — 1) (vl — 1) @
[Cn (vl — 1) (constn 0) [id (vl — 1) 0]]))
(Cn (Suc vl) rec-add [id (Suc vl) vl,
Cn (Suc vl) rf (get-fstn-args (Suc vl) (vl — 1)
Q [Cn (Suc vl) s [id (Suc vl) (vl — 1)]D]))

rec-exec is the interpreter function for reursive functions. The function is
defined such that it always returns meaningful results for primitive recursive
functions.

function rec-exec :: recf = nat list = nat
where
rec-exec z s = 0 |
rec-exec s s = (Suc (zs ! 0)) |
rec-exec (id m n) s = (zs ! n) |
rec-exec (Cn n f gs) xs =
(let ys = (map (X a. rec-exec a xs) gs) in
rec-ezec f ys) |
rec-exec (Prn fg) xs =
(if last zs = 0 then
rec-ezec f (butlast xs)
else rec-exec g (butlast zs @ [last zs — 1] @
[rec-exec (Prn f g) (butlast zs Q [last zs — 1])])) |
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rec-exec (Mn n f) xs = (LEAST x. rec-exec f (zs Q [z]) = 0)
by pat-completeness auto
termination
proof
show wf (measures [\ (r, zs). size v, (A (r, xs). last xs)])
by auto
next
fix n fgs sz
assume (z::recf) € set gs
thus ((z, xs), Cn n f gs, zs) €
measures [A(r, xs). size v, A(r, xs). last zs]
by (induct gs, auto)
next
fix n fgszsz
assume z = map (Aa. rec-exec a 18) gs
Nz. © € set gs = rec-exec-dom (x, xs)
thus ((f, ), Cnn f gs, zs) €
measures [A(r, zs). size v, A(r, xs). last xs]
by (auto)
next
fix n fgxs
show ((f, butlast xzs), Prn f g, zs) €
measures [A(r, zs). size v, A(r, xs). last xs]
by auto
next
fix n fgws
assume last xs # (0::nat) thus
((Prn fg, butlast xs Q [last zs — 1]), Prn f g, xs)
€ measures [A(r, xs). size v, A(r, xs). last zs]
by auto
next
fix n fg ws
show ((g, butlast zs Q [last zs — 1] Q [rec-exec (Pr n f g) (butlast xs Q [last xs
— 1),
Pron fg, xs) € measures [A(r, xs). size v, X(r, zs). last xs]
by auto
next
fix n fasz
show ((f, zs Q [z]), Mn n f, zs) €
measures [A(r, xs). size v, A(r, xs). last zs]
by auto
qged

declare rec-exec.simps[simp del] constn.simps|simp del]

Correctness of rec-add.

lemma add-lemma: )\ z y. rec-exec rec-add [z, y] = = + y
by (induct-tac y, auto simp: rec-add-def rec-exec.simps)

Correctness of rec-mult.
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lemma mult-lemma: \ z y. rec-exec rec-mult [z, y] = = * y
by (induct-tac y, auto simp: rec-mult-def rec-exec.simps add-lemma)

Correctness of rec-pred.

lemma pred-lemma: N\ z. rec-exec rec-pred [z] = x — 1
by (induct-tac x, auto simp: rec-pred-def rec-exec.simps)
Correctness of rec-minus.

lemma minus-lemma: \ = y. rec-exec rec-minus [z, y] = x — y
by (induct-tac y, auto simp: rec-exec.simps rec-minus-def pred-lemma)

Correctness of rec-sg.

lemma sg-lemma: N\ z. rec-exec rec-sg [z] = (if £ = 0 then 0 else 1)
by (auto simp: rec-sg-def minus-lemma rec-exec.simps constn.simps)

Correctness of constn.

lemma constn-lemma: rec-exec (constn n) [z] = n
by (induct n, auto simp: rec-exec.simps constn.simps)

Correctness of rec-less.

lemma less-lemma: \ x y. rec-exec rec-less [z, y] =
(if x < y then 1 else 0)

by (induct-tac y, auto simp: rec-exec.simps
rec-less-def minus-lemma sg-lemma)

Correctness of rec-not.

lemma not-lemma:
N\ z. rec-exec rec-not [z] = (if z = 0 then 1 else 0)
by (induct-tac x, auto simp: rec-exec.simps rec-not-def
constn-lemma minus-lemma)

Correctness of rec-eq.

lemma eg-lemma: N\ z y. rec-exec rec-eq [z, y] = (if © = y then 1 else 0)
by (induct-tac y, auto simp: rec-exec.simps rec-eq-def constn-lemma add-lemma
minus-lemma)

Correctness of rec-cony.

lemma conj-lemma: A\ = y. rec-exec rec-conj [z, y| = (if . = 0 V y = 0 then 0
else 1)
by (induct-tac y, auto simp: rec-exec.simps sg-lemma rec-conj-def mult-lemma)

Correctness of rec-disj.

lemma disj-lemma: )\ x y. rec-exec rec-disj [z, y] = (if t = 0 A y = 0 then 0
else 1)
by (induct-tac y, auto simp: rec-disj-def sg-lemma add-lemma rec-exec.simps)

primrec recf n is true iff recf is a primitive recursive function with arity n.
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inductive primerec :: recf = nat = bool
where
prime-z[intro|: primerec z (Suc 0) |
prime-s[intro]: primerec s (Suc 0) |
prime-id[intro!]: [n < m] = primerec (id m n) m |
prime-cnlintrol]: [primerec f k; length gs = k;
V i < length gs. primerec (gs ! i) m; m = n]
= primerec (Cn n f gs) m |
prime-pr|[introl]: [primerec f n;
primerec g (Suc (Suc n)); m = Suc n]
= primerec (Prn fg) m

inductive-cases prime-cn-reverse’[elim]: primerec (Cn n f gs) n
inductive-cases prime-mn-reverse: primerec (Mn n f) m
inductive-cases prime-z-reverselelim]: primerec z n
inductive-cases prime-s-reverselelim]: primerec s n
inductive-cases prime-id-reverse[elim|: primerec (id m n) k
inductive-cases prime-cn-reverselelim|: primerec (Cn n f gs) m
inductive-cases prime-pr-reverselelim]: primerec (Prn f g) m

declare mult-lemmalsimp| add-lemmalsimp] pred-lemma|simp)
minus-lemmalsimp] sg-lemma[simp] constn-lemmalsimp]
less-lemmalsimp] not-lemma[simp] eq-lemma[simp]
conj-lemma[simp] disj-lemma|simp]

Sigma is the logical specification of the recursive function rec-sigma.

function Sigma :: (nat list = nat) = nat list = nat
where
Sigma g s = (if last xs = 0 then g xs
else (Sigma g (butlast xs Q [last zs — 1]) +

g @s))
by pat-completeness auto
termination
proof
show wf (measure (A (f, xs). last zs)) by auto
next
fix g zs

assume last (zs::nat list) # 0
thus ((g, butlast zs Q [last xs — 1]), g, 3)
€ measure (A(f, zs). last zs)
by auto
qed

declare rec-exec.simps|[simp del] get-fstn-args.simps[simp del]
arity.simps[simp del] Sigma.simps[simp del]
rec-sigma.simps[simp del]

lemma [simp]: arity z = 1

by (simp add: arity.simps)

CCXCV



lemma rec-pr-0-simp-rewrite:
rec-exec (Prn fg) (zs @ [0]) = rec-exec f xs
by (simp add: rec-exec.simps)

lemma rec-pr-0-simp-rewrite-single-param:
rec-exec (Prn f g) [0] = rec-exec f ||
by (simp add: rec-exec.simps)

lemma rec-pr-Suc-simp-rewrite:
rec-exec (Prn fg) (zs @Q [Suc z]) =
rec-ezec g (xs Q [z] @
[rec-exec (Prn f g) (zs Q [z])])
by (simp add: rec-exec.simps)

lemma rec-pr-Suc-simp-rewrite-single-param:
rec-exec (Prn fg) ([Suc z]) =
rec-ezec g ([z] @Q [rec-exec (Prn fg) ([z])])
by (simp add: rec-exec.simps)

lemma Sigma-0-simp-rewrite-single-param:

Sigma f [0] = f [0]
by (simp add: Sigma.simps)

lemma Sigma-0-simp-rewrite:
Sigma f (zs Q [0]) = f (xs @ [0])
by (simp add: Sigma.simps)

lemma Sigma-Suc-simp-rewrite:
Sigma f (zs @ [Suc z]) = Sigma f (zs @ [z]) + f (xs @ [Suc z])
by (simp add: Sigma.simps)

lemma Sigma-Suc-simp-rewrite-single:
Sigma f ([Suc 2]) = Sigma f ([s]) + / ([Sue 2]
by (simp add: Sigma.simps)

lemma [simp]: (zs @ ys) ! (Suc (length zs)) = ys ! 1
by (simp add: nth-append)

lemma get-fstn-args-take: [length xs = m; n < m] =
map (X f. rec-ezec f xs) (get-fstn-args m n)= take n s
proof (induct n)
case 0 thus ?case
by (simp add: get-fstn-args.simps)
next
case (Suc n) thus ?case
by (simp add: get-fstn-args.simps rec-exec.simps
take-Suc-conv-app-nth)
qed
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lemma [simp]: primerec fn = arity f = n
apply(case-tac f)
apply (auto simp: arity.simps )
apply (erule-tac prime-mn-reverse)
done

lemma rec-sigma-Suc-simp-rewrite:
primerec [ (Suc (length zs))
= rec-exec (rec-sigma f) (xs Q [Suc z]) =
rec-exec (rec-sigma f) (zs Q [z]) + rec-exec f (zs Q [Suc z])
apply (induct z)
apply (auto simp: rec-sigma.simps Let-def rec-pr-Suc-simp-rewrite
rec-exec.simps get-fstn-args-take)
done

The correctness of rec-sigma with respect to its specification.

lemma sigma-lemma:
primerec rg (Suc (length xs))
= rec-exec (rec-sigma rq) (xs Q [z]) = Sigma (rec-exec rq) (xs Q [z])
apply (induct x)
apply(auto simp: rec-exec.simps rec-sigma.simps Let-def
get-fstn-args-take Sigma-0-simp-rewrite
Sigma-Suc-simp-rewrite)

done
rec-accum [ (z1, 22, ..., an, k) = f(z1, 22, ..., zn, 0) * f(z1, 22, ...
an, 1) % ... f(zl, 22, ..., zn, k)
fun rec-accum :: recf = recf
where

rec-accum rf =
(let vl = arity rf in
Pr (vl — 1) (Cn (vl — 1) rf (get-fstn-args (vl — 1) (vl — 1) @
[Cn (vl — 1) (constn 0) [id (vl — 1) 0]]))
(Cn (Suc vl) rec-mult [id (Suc vl) (vl),
Cn (Suc vl) rf (get-fstn-args (Suc vl) (vl — 1)
@ [Cn (Suc vl) s [id (Suc vl) (vl — 1)]]D]))

Accum is the formal specification of rec-accum.

function Accum :: (nat list = nat) = nat list = nat

where

Accum f xs = (if last zs = 0 then f xs

else (Accum f (butlast xs Q [last zs — 1]) *
f zs))

by pat-completeness auto
termination
proof

show wf (measure (\ (f, zs). last xs))

by auto
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next
fix f xs
assume last xs # (0::nat)
thus ((f, butlast zs Q [last zs — 1]), f, zs) €
measure (A(f, xs). last xs)
by auto
qed

lemma rec-accum-Suc-simp-rewrite:
primerec [ (Suc (length xs))
= rec-exec (rec-accum f) (zs Q [Suc z]) =
rec-exec (rec-accum f) (zs @ [z]) x rec-exec f (zs @ [Suc z])
apply (induct z)
apply(auto simp: rec-sigma.simps Let-def rec-pr-Suc-simp-rewrite
rec-exec.simps get-fstn-args-take)
done

The correctness of rec-accum with respect to its specification.

lemma accum-lemma :
primerec 19 (Suc (length xs))
= rec-exec (rec-accum rg) (zs Q [z]) = Accum (rec-exec rg) (zs Q [z])
apply (induct x)
apply (auto simp: rec-exec.simps rec-sigma.simps Let-def
get-fstn-args-take)
done

declare rec-accum.simps [simp del]

rec-all t f (z1, z2, ..., zn) computes the charactrization function of the
following FOL formula: (V = < ¢(z1, 22, ..., zn). (f(zI, 22, ..., zn, x) >

0))

fun rec-all :: recf = recf = recf
where
rec-all vt rf =
(let vl = arity rf in
Cn (vl — 1) rec-sg [Cn (vl — 1) (rec-accum rf)
(get-fstn-args (vl — 1) (vl — 1) Q [rt])])

lemma rec-accum-ex: primerec rf (Suc (length xs)) =
(rec-exec (rec-accum rf) (zs Q [z]) = 0) =
(3 t < z. rec-ezec rf (zs Q [t]) = 0)

apply (induct z, simp-all add: rec-accum-Suc-simp-rewrite)

apply (simp add: rec-exec.simps rec-accum.simps get-fstn-args-take,
auto)

apply(rule-tac x = ta in exl, simp)

apply(case-tac t = Suc x, simp-all)

apply (rule-tac © = t in exl, simp)

done
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The correctness of rec-all.

lemma all-lemma:

[primerec rf (Suc (length xs));

primerec 1t (length zs)]

= rec-exec (rec-all vt rf) xs = (if (V = < (rec-exec 1t zs). 0 < rec-exec rf (xs

@ [z])) then 1
else 0)

apply (auto simp: rec-all.simps)
apply (simp add: rec-exec.simps map-append get-fstn-args-take split: if-splits)
apply (drule-tac © = rec-exec rt xs in rec-accum-ex)
apply (case-tac rec-exec (rec-accum 1f) (zs Q [rec-exec 1t xs]) = 0, simp-all)
apply (erule-tac exE, erule-tac x = t in allE, simp)
apply(simp add: rec-exec.simps map-append get-fstn-args-take)
apply (drule-tac © = rec-exec 1t xs in rec-accum-ex)
apply (case-tac rec-exec (rec-accum rf) (xs Q [rec-exec 1t zs]) = 0, simp, simp)
apply(erule-tac x = z in allE, simp)
done

rec-ex t f (xl1, z2, ..., zn) computes the charactrization function of the
following FOL formula: (3 =z < t(z1, 22, ..., zn). (f(=1, 22, ..., zn, x) >
0))

fun rec-ex :: recf = recf = recf
where
rec-ex rt rf =
(let vl = arity rf in
Cn (vl — 1) rec-sg [Cn (vl — 1) (rec-sigma rf)
(get-fstn-args (vl — 1) (vl — 1) @ [rt])])

lemma rec-sigma-ex: primerec rf (Suc (length xs))
= (rec-exec (rec-sigma 1f) (xs Q [z]) = 0) =
(V t < z. rec-exzec rf (zs Q [t]) = 0)

apply (induct z, simp-all add: rec-sigma-Suc-simp-rewrite)
apply(simp add: rec-exec.simps rec-sigma.simps

get-fstn-args-take, auto)
apply (case-tac t = Suc x, simp-all)
done

The correctness of ex-lemma.

lemma ex-lemma:
[primerec vf (Suc (length xs));
primerec 1t (length xs)]
= (rec-exec (rec-ex rt rf) xs =
(if (3 z < (rec-exec rt xs). 0 <rec-exec rf (rs Q [z])) then 1
else 0))
apply(auto simp: rec-ex.simps rec-exec.simps map-append get-fstn-args-take
split: if-splits)
apply (drule-tac © = rec-exec 1t xs in rec-sigma-ex, simp)
apply (drule-tac © = rec-exec 1t xs in rec-sigma-ex, simp)
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done

Defintiion of Min[R] on page 77 of Boolos’s book.

fun Minr :: (nat list = bool) = nat list = nat = nat
where Minr Rr xs w = (let setx = {y | y. (y < w) A Rr (zs Q [y])} in
if (setx = {}) then (Suc w)
else (Min setz))

declare Minr.simps[simp del] rec-all.simps[simp del]

The following is a set of auxilliary lemmas about Minr.

lemma Minr-range: Minr Rr zs w < w V Minr Rr xs w = Suc w
apply (auto simp: Minr.simps)

apply (subgoal-tac Min {z. x < w A Rr (xs Q [z])} < z)

apply (erule-tac order-trans, simp)

apply (rule-tac Min-le, auto)

done

lemma [simp]: {z. z < Suc w A Rr (zs Q [z])}
= (if Rr (zs Q [Suc w]) then insert (Suc w)
{z. 2 < w A Rr (zs Q [z])}
else {x. ¢ < w A Rr (zs Q [z])})
by (auto, case-tac x = Suc w, auto)

lemma [simp]: Minr Rr zs w < w = Minr Rr zs (Suc w) = Minr Rr s w
apply(simp add: Minr.simps, auto)

apply (case-tac Vz<w. = Rr (xzs Q [z]), auto)

done

lemma [simp]: Vz<w. = Rr (zs Q [z]) =
{z.2 <wA Rr(zs @Q[z])} ={}
by auto

lemma [simp]: [Minr Rr s w = Suc w; Rr (zs Q [Suc w])] =
Minr Rr s (Suc w) = Suc w

apply (simp add: Minr.simps)

apply(case-tac Vz<w. = Rr (xzs Q [z]), auto)

done

lemma [simp]: [Minr Rr s w = Suc w; = Rr (zs Q [Suc w])] =
Minr Rr zs (Suc w) = Suc (Suc w)

apply(simp add: Minr.simps)
apply (case-tac Vz<w. = Rr (xzs Q [z]), auto)
apply (subgoal-tac Min {x. x < w A Rr (zs Q [z])} €

{z. 2 < w A Rr (zs Q [z])}, simp)
apply (rule-tac Min-in, auto)
done

lemma Minr-Suc-simp:
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Minr Rr xs (Suc w) =
(if Minr Rr zs w < w then Minr Rr zs w
else if (Rr (zs @ [Suc w])) then (Suc w)
else Suc (Suc w))
by (insert Minr-range[of Rr zs w], auto)

rec-Minr is the recursive function used to implement Minr: if Rr is im-
plemented by a recursive function recf, then rec-Minr recf is the recursive
function used to implement Minr Rr

fun rec-Minr :: recf = recf
where
rec-Minr rf =
(let vl = arity rf
in let rqg = rec-all (id vl (vl — 1)) (Cn (Suc vl)
rec-not [Cn (Suc vl) rf
(get-fstn-args (Suc vl) (vl — 1) @
[id (Suc u1) (D))

in rec-sigma rq)

lemma length-getpren-params|simp]: length (get-fstn-args m n) = n
by (induct n, auto simp: get-fstn-args.simps)

lemma length-app:

(length (get-fstn-args (arity rf — Suc 0)
(arity rf — Suc 0)
@ [Cn (arity rf — Suc 0) (constn 0)
[recf.id (arity rf — Suc 0) 0]]))
= (Suc (arity rf — Suc 0))

apply (simp)

done

lemma primerec-accum: primerec (rec-accum rf) n = primerec vf n
apply(auto simp: rec-accum.simps Let-def)

apply (erule-tac prime-pr-reverse, simp)

apply (erule-tac prime-cn-reverse, simp only: length-app)

done

lemma primerec-all: primerec (rec-all rt rf) n =
primerec vt n A primerec rf (Suc n)
apply (simp add: rec-all.simps Let-def )
apply (erule-tac prime-cn-reverse, simp)
apply (erule-tac prime-cn-reverse, simp)
apply(erule-tac x = n in allE, simp add: nth-append primerec-accum)
done

lemma min-Suc-Suc[simp]: min (Suc (Suc z)) © = x
by auto

declare numeral-3-eq-3[simp]
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lemma [intro]: primerec rec-pred (Suc 0)
apply(simp add: rec-pred-def)

apply (rule-tac prime-cn, auto)

apply (case-tac i, auto intro: prime-id)
done

lemma [intro]: primerec rec-minus (Suc (Suc 0))
apply (auto simp: rec-minus-def)
done

lemma [intro]: primerec (constn n) (Suc 0)
apply (induct n)
apply(auto simp: constn.simps intro: prime-z prime-cn prime-s)
done

lemma [intro]: primerec rec-sg (Suc 0)
apply(simp add: rec-sg-def)
apply (rule-tac k = Suc (Suc 0) in prime-cn, auto)
apply(case-tac i, auto)
apply (case-tac ia, auto intro: prime-id)
done

lemma [simp]: length (get-fstn-args m n) = n
apply (induct n)
apply (auto simp: get-fstn-args.simps)
done

lemma primerec-getpren[elim]: [i < n; n < m] = primerec (get-fstn-args m n
i) m

apply (induct n, auto simp: get-fstn-args.simps)

apply(case-tac i = n, auto simp: nth-append intro: prime-id)

done

lemma [intro]: primerec rec-add (Suc (Suc 0))
apply (simp add: rec-add-def)

apply (rule-tac prime-pr, auto)

done

lemma [intro]:primerec rec-mult (Suc (Suc 0))
apply (simp add: rec-mult-def )

apply (rule-tac prime-pr, auto intro: prime-z)
apply (case-tac i, auto intro: prime-id)

done

lemma [elim]: [primerec rf n; n > Suc (Suc 0)] =
primerec (rec-accum 1f) n

apply (auto simp: rec-accum.simps)

apply(simp add: nth-append, auto)
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apply(case-tac i, auto intro: prime-id)
apply(auto simp: nth-append)
done

lemma primerec-all-iff :
[primerec rt n; primerec vf (Suc n); n > 0] =
primerec (rec-all vt vf) n
apply(simp add: rec-all.simps, auto)
apply (auto, simp add: nth-append, auto)
done

lemma [simp]: Rr (zs Q [0]) =
Min {z. z = (0:nat) A Rr (zs Q [z])} = 0
by (rule-tac Min-eql, simp, simp, simp)

lemma [intro]: primerec rec-not (Suc 0)
apply(simp add: rec-not-def)

apply (rule prime-cn, auto)
apply(case-tac i, auto intro: prime-id)
done

lemma Min-falsel [simp]: [- Min {uu. vu < w A 0 < rec-exec rf (xs Q [uu])} <
w;
z < w; 0 < rec-exec 7f (zs Q [z])]
= Fulse
apply (subgoal-tac finite {uu. vu < w A 0 < rec-exec rf (zs @ [uul)})
apply (subgoal-tac {uu. uu < w A 0 < rec-ezec rf (zs @ [uu])} # {}
apply(simp add: Min-le-iff, simp)
apply(rule-tac x = x in exl, simp)
apply (simp)
done

~—

lemma sigma-minr-lemma:
assumes prrf: primerec rf (Suc (length xs))
shows UF.Sigma (rec-exec (rec-all (recf.id (Suc (length xs)) (length xs))
(Cn (Suc (Suc (length xs))) rec-not
[Cn (Suc (Suc (length xs))) rf (get-fstn-args (Suc (Suc (length zs)))
(length zs) Q [recf.id (Suc (Suc (length xs))) (Suc (length xs))])])))
(5 @ [w]) =
Minr (Aargs. 0 < rec-exec rf args) xs w
proof (induct w)
let ?rt = (recf.id (Suc (length xzs)) ((length xs)))
let ?rf = (Cn (Suc (Suc (length xs)))
rec-not [Cn (Suc (Suc (length xs))) rf
(get-fstn-args (Suc (Suc (length xs))) (length xs) @
[recf.id (Suc (Suc (length xs)))
(Suc ((length zs)))])])
let ?rq = (rec-all ?rt ?rf)
have prrf: primerec ?rf (Suc (length (zs @ [0]))) A
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primerec ?rt (length (zs @ [0]))
apply (auto simp: prrf nth-append)+
done
show Sigma (rec-exec (rec-all ?rt ?rf)) (zs @ [0])
= Minr (Aargs. 0 < rec-exec rf args) xs 0
apply(simp add: Sigma.simps)
apply(simp only: prrf all-lemma,
auto simp: rec-exec.simps get-fstn-args-take Minr.simps)
apply (rule-tac Min-eql, auto)
done
next
fix w
let ?rt = (recf.id (Suc (length zs)) ((length xs)))
let ?rf = (Cn (Suc (Suc (length xs)))
rec-not [Cn (Suc (Suc (length xs))) rf
(get-fstn-args (Suc (Suc (length xs))) (length zs) @
[recf.id (Suc (Suc (length xs)))
(Suc ((length 25)))))
let %rq = (rec-all ?rt ?rf)
assume nd:
Sigma (rec-exec (rec-all ?rt ?rf)) (zs Q [w]) = Minr (Aargs. 0 < rec-exec rf
args) s w
have prrf: primerec ?rf (Suc (length (zs Q [Suc w]))) A
primerec ?rt (length (xs @ [Suc w]))
apply (auto simp: prrf nth-append)+
done
show UF.Sigma (rec-exec (rec-all ?rt 9rf))
(zs Q [Suc w]) =
Minr (Xargs. 0 < rec-exec rf args) zs (Suc w)
apply (auto simp: Sigma-Suc-simp-rewrite ind Minr-Suc-simp)
apply (simp-all only: prrf all-lemma)
apply(auto simp: rec-exec.simps get-fstn-args-take Let-def Minr.simps split:

if-splits)
apply (drule-tac Min-falsel, simp, simp, simp)
apply(case-tac x = Suc w, simp, simp)
apply (drule-tac Min-falsel, simp, simp, simp)
apply (drule-tac Min-falsel, simp, simp, simp)
done

qed

The correctness of rec-Minr.

lemma Minr-lemma:
[primerec rf (Suc (length zs))]
= rec-exec (rec-Minr rf) (zs Q [w]) =
Minr (X args. (0 < rec-exec vf args)) xs w
proof —
let ?rt = (recf.id (Suc (length zs)) ((length xs)))
let ?rf = (Cn (Suc (Suc (length zs)))
rec-not [Cn (Suc (Suc (length xs))) rf

cceiv



(get-fstn-args (Suc (Suc (length xs))) (length xs) @
[recf.id (Suc (Suc (length xs)))

(Suc ((length 25))))])

let ?rq = (rec-all ?rt rf)

assume h: primerec vf (Suc (length s))

have hi1: primerec ?rq (Suc (length xs))
apply (rule-tac primerec-all-iff)
apply (auto simp: h nth-append)+
done

moreover have arity rf = Suc (length zs)
using h by auto

ultimately show rec-exec (rec-Minr rf) (zs @ [w]) =
Minr (X args. (0 < rec-exec rf args)) xs w
apply(simp add: rec-exec.simps rec-Minr.simps arity.simps Let-def

sigma-lemma all-lemma)
apply (rule-tac sigma-minr-lemma)
apply(simp add: h)
done
qed

rec-le is the comparasion function which compares its two arguments, testing
whether the first is less or equal to the second.

definition rec-le :: recf
where
rec-le = Cn (Suc (Suc 0)) rec-disj [rec-less, rec-eq]

The correctness of rec-le.

lemma le-lemma:
Az y. rec-exec rec-le [z, y] = (if (z < y) then 1 else 0)
by (auto simp: rec-le-def rec-exec.simps)

Defintiion of Maxz[Rr] on page 77 of Boolos’s book.

fun Mazxr :: (nat list = bool) = nat list = nat = nat
where
Mazr Rr zs w = (let setz = {y. y < w A Rr (xs Q[y])} in
if setx = {} then 0
else Mazx setx)

rec-mazr is the recursive function used to implementation Mazr.

fun rec-mazxr :: recf = recf
where
rec-mazr rr = (let vl = arity rrin
let rt = id (Suc vl) (vl — 1) in
let rfl = Cn (Suc (Suc vl)) rec-le
[id (Suc (Suc vl))
((Suc ol)), id (Suc (Suc vl)) (vl)] in
let f2 = Cn (Suc (Suc vl)) rec-not
[Cn (Suc (Suc vl))
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rr (get-fstn-args (Suc (Suc vl))
(vl — 1)@
[id (Suc (Suc vl)) ((Suc ol))])] in
let rf = Cn (Suc (Suc vl)) rec-disj [rfl, rf2] in
let rq = rec-all rt rf in
let Qf = Cn (Suc vl) rec-not [rec-all rt rf]
in Cn vl (rec-sigma Qf) (get-fstn-args vl vl @
[id vl (vl — 1)]))

declare rec-mazxr.simps[simp del] Mazr.simps[simp del]
declare le-lemma[simp]

lemma [simp]: (min (Suc (Suc (Suc (z)))) (z)) = =
by simp

declare numeral-2-eq-2[simp]

lemma [intro]: primerec rec-disj (Suc (Suc 0))
apply(simp add: rec-disj-def, auto)
apply (auto)
apply (case-tac ia, auto intro: prime-id)
done

lemma [intro]: primerec rec-less (Suc (Suc 0))
apply(simp add: rec-less-def, auto)
apply (auto)
apply (case-tac ia , auto intro: prime-id)
done

lemma [intro]: primerec rec-eq (Suc (Suc 0))
apply(simp add: rec-eq-def)
apply (rule-tac prime-cn, auto)
apply(case-tac i, auto)
apply(case-tac ia, auto)
apply(case-tac [!] i, auto intro: prime-id)
done

lemma [intro]: primerec rec-le (Suc (Suc 0))
apply(simp add: rec-le-def)
apply (rule-tac prime-cn, auto)
apply (case-tac i, auto)
done

lemma [simp]:
length ys = Suc n = (take n ys @Q [ys ! n, ys ! n]) =
ys @ [ys ! n]
apply (simp)
apply (subgoal-tac 3 zs y. ys = zs Q [y], auto)
apply (rule-tac © = butlast ys in exl, rule-tac x = last ys in exl)
apply (case-tac ys = [], simp-all)
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done

lemma Maxr-Suc-simp:
Mazr Rr zs (Suc w) =(if Rr (xs @ [Suc w]) then Suc w
else Mazxr Rr xs w)
apply (auto simp: Mazr.simps)
apply (rule-tac maz-absorbl1)
apply (subgoal-tac (Maz {y. y < w A Rr (zs @ [y])} < (Suc w)) =
(Vael{y. y < w A Rr (zs Q [y])}. a < (Suc w)), simp)
apply (rule-tac Maz-le-iff , auto)
done

lemma [simp]: min (Suc n) n = n by simp

lemma Sigma-0:V i < n. (f (zs Q [i]) = 0) =

Sigma f (zs Q [n]) = 0
apply (induct n, simp add: Sigma.simps)
apply(simp add: Sigma-Suc-simp-rewrite)
done

lemma [elim]: VE<Suc w. f (zs @ [k]) = Suc 0
= Sigma [ (xs Q [w]) = Suc w

apply (induct w)

apply (simp add: Sigma.simps, simp)

apply (simp add: Sigma.simps)

done

lemma Sigma-maz-point: [V k < ma. f (zs @ [k]) = 1;
V k> ma. f (zs Q[k]) = 0; ma < w]
= Sigma | (xs Q [w]) = ma
apply (induct w, auto)
apply (rule-tac Sigma-0, simp)
apply(simp add: Sigma-Suc-simp-rewrite)
apply(case-tac ma = Suc w, auto)
done

lemma Sigma-Max-lemma:
assumes prrf: primerec vf (Suc (length xs))
shows UF.Sigma (rec-exec (Cn (Suc (Suc (length zs))) rec-not
[rec-all (recf.id (Suc (Suc (length xs))) (length xs))
(Cn (Suc (Suc (Suc (length xs)))) rec-disj
[Cn (Suc (Suc (Suc (length xs)))) rec-le
[recf.id (Suc (Suc (Suc (length xs)))) (Suc (Suc (length xs))),
recf .id (Suc (Suc (Suc (length zs)))) (Suc (length xs))],
Cn (Suc (Suc (Suc (length s)))) rec-not
[Cn (Suc (Suc (Suc (length xs)))) rf
(get-fstn-args (Suc (Suc (Suc (length xs)))) (length xs) Q
[recf.id (Suc (Suc (Suc (length xs)))) (Suc (Suc (length xs)))DID]))
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(25 @ [w]) @ [w]) =
Maxr (Aargs. 0 < rec-exec vf args) xs w
proof —
let ?rt = (recf.id (Suc (Suc (length xs))) ((length xs)))
let ?rf1 = Cn (Suc (Suc (Suc (length s))))
rec-le [recf.id (Suc (Suc (Suc (length xs))))
((Suc (Suc (length zs)))), recf.id
(Suc (Suc (Suc (length xs)))) ((Suc (length zs)))]
let 2rf2 = Cn (Suc (Suc (Suc (length xs5)))) rf
(get-fstn-args (Suc (Suc (Suc (length xs))))
(length zs) @
[recf.id (Suc (Suc (Suc (length xs))))
((Suc (Suc (length 5))))])
let ?rf8 = Cn (Suc (Suc (Suc (length xs)))) rec-not [?rf2]
let ?rf = Cn (Suc (Suc (Suc (length xs)))) rec-disj [?rf1, ?rf3]
let ?rq = rec-all ?rt ?rf
let ?notrq = Cn (Suc (Suc (length xs))) rec-not [ ?rq]
show ?thesis
proof(auto simp: Mazr.simps)
assume h: Vz<w. rec-exec rf (zs Q [z]) = 0
have primerec ?rf (Suc (length (zs Q [w, i]))) A
primerec ?rt (length (zs Q [w, i]))
using prrf
apply (auto)
apply (case-tac i, auto)
apply (case-tac ia, auto simp: h nth-append)
done
hence Sigma (rec-exec ?notrg) ((zsQlw])Q[w]) = 0
apply (rule-tac Sigma-0)
apply (auto simp: rec-exec.simps all-lemma
get-fstn-args-take nth-append h)
done
thus UF.Sigma (rec-exec ?notrq)
(zs Q [w, w]) = 0
by simp
next
fix »
assume h: ¢ < w 0 < rec-ezec rf (zs Q [z])
hence 3 ma. Maz {y. y < w A 0 < rec-ezec f (xs Q [y])} = ma
by auto
from this obtain ma where k1:
Maz {y. y < w A 0 < rec-exec rf (zs Q [y])} = ma ..
hence k2: ma < w A 0 < rec-ezxec rf (zs @Q [mal)
using h
apply (subgoal-tac
Maz {y. y < w A 0 < rec-ezec rf (xzs Q [y])} € {y. y < w A 0 < rec-ezec
rf (s @ [y])})
apply (erule-tac CollectE, simp)
apply (rule-tac Maz-in, auto)
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done
hence k3: V k < ma. (rec-exec ?notrq (zs Q [w, k]) = 1)
apply (auto simp: nth-append)
apply (subgoal-tac primerec ?rf (Suc (length (zs Q [w, k]))) A
primerec ?rt (length (zs Q [w, k])))
apply (auto simp: rec-exec.simps all-lemma get-fstn-args-take nth-append)
using prrf
apply (case-tac i, auto)
apply (case-tac ia, auto simp: h nth-append)
done
have k4: V k > ma. (rec-exzec ?notrq (xs Q [w, k]) = 0)
apply (auto)
apply (subgoal-tac primerec ?rf (Suc (length (zs Q [w, k]))) A
primerec ?rt (length (xs @ [w, k])))
apply (auto simp: rec-exec.simps all-lemma get-fstn-args-take nth-append)
apply (subgoal-tac x < Maz {y. y < w A 0 < rec-exec rf (zs Q [y])},
simp add: k1)
apply (rule-tac Maz-ge, auto)
using prrf
apply (case-tac i, auto)
apply (case-tac ia, auto simp: h nth-append)
done
from k3 k4 k1 have Sigma (rec-ezec ?notrq) ((zs @ [w]) @ [w]) = ma
apply (rule-tac Sigma-maz-point, simp, simp, simp add: k2)
done
from k1 and this show Sigma (rec-exec ?notrq) (zs Q [w, w]) =
Maz {y. y < w A 0 < rec-exec rf (zs Q [y])}
by simp
qed

qed

The correctness of rec-maxr.

lemma Maxr-lemma:

assumes h: primerec vf (Suc (length zs))
shows rec-exec (rec-maxr rf) (zs @ [w]) =
Maxr (X args. 0 < rec-exec rf args) zs w

proof —

from h have arity rf = Suc (length xs)
by auto
thus ?thesis
proof(simp add: rec-exec.simps rec-mazxr.simps nth-append get-fstn-args-take)
let ?rt = (recf.id (Suc (Suc (length xs))) ((length xs)))
let ?rf1 = Cn (Suc (Suc (Suc (length zs))))
rec-le [recf.id (Suc (Suc (Suc (length xs))))
((Suc (Suc (length xs)))), recf.id
(Suc (Suc (Suc (length xs)))) ((Suc (length xs)))]
let ?rf2 = Cn (Suc (Suc (Suc (length xs)))) rf
(get-fstn-args (Suc (Suc (Suc (length zs))))
(length zs) Q
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[recf.id (Suc (Suc (Suc (length xs))))
((Suc (Suc (length zs))))])
let 2rf3 = Cn (Suc (Suc (Suc (length xs)))) rec-not [?rf2]
let ?rf = Cn (Suc (Suc (Suc (length xs)))) rec-disj [?rf1, ?rf3)
let ?rq = rec-all ?rt ?rf
let ?notrq = Cn (Suc (Suc (length xs))) rec-not [?rq]
have prt: primerec ?rt (Suc (Suc (length xs)))
by (auto intro: prime-id)
have prrf: primerec ?rf (Suc (Suc (Suc (length xs))))
apply (auto)
apply (case-tac i, auto)
apply (case-tac ia, auto intro: prime-id)
apply(simp add: h)
apply(simp add: nth-append, auto intro: prime-id)
done
from prt and prrf have prrq: primerec ?rq
(Suc (Suc (length xs)))
by (erule-tac primerec-all-iff , auto)
hence prnotrp: primerec ?notrg (Suc (length ((zs @ [w]))))
by (rule-tac prime-cn, auto)
have g1: rec-exec (rec-sigma ?notrg) ((zs Q [w]) Q [w])
= Mazxr (Aargs. 0 < rec-exec 1f args) zs w
using prnotrp
using sigma-lemma
apply (simp only: sigma-lemma)
apply (rule-tac Sigma-Maz-lemma)
apply(simp add: h)

done
thus rec-exec (rec-sigma ?notrq)
(zs Q [w, w]) =
Mazr (Aargs. 0 < rec-exec rf args) zs w
apply (simp)
done
qed

qed

quo is the formal specification of division.

fun quo :: nat list = nat
where
quo [z, y] = (let Rr =
(X zs. ((zs ! (Suc 0) * zs ! (Suc (Suc 0))
< zs10) A zs! Suc 0 # (0::nat)))
in Mazr Rr [z, y] x)

declare quo.simps[simp del]

The following lemmas shows more directly the menaing of quo:

lemma [elim!]: y > 0 = quo [z, y] = z div y
proof(simp add: quo.simps Mazr.simps, auto,
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rule-tac Maz-eql, simp, auto)
fix za ya
assume h: y x ya < x y > 0
hence (y * ya) divy < z divy
by (insert div-le-mono[of y * ya x y], simp)
from this and h show ya < z div y by simp
next
fix za
show y * (z div y) < x
apply (subgoal-tac y * (z div y) + £ mod y = x)
apply(rule-tac k = x mod y in add-leD1, simp)
apply (simp)
done
qed

lemma [intro]: quo [z, 0] = 0
by (simp add: quo.simps Maxr.simps)

lemma quo-div: quo [z, y] = z div y
by (case-tac y=0, auto)

rec-noteq is the recursive function testing whether its two arguments are not
equal.

definition rec-noteq:: recf
where
rec-noteq = Cn (Suc (Suc 0)) rec-not [Cn (Suc (Suc 0))
rec-eq [id (Suc (Suc 0)) (0), id (Suc (Suc 0))
((Suc 0))]]

The correctness of rec-noteq.

lemma noteq-lemma:
N\ z y. rec-exec rec-noteq [z, y] =
(if z # y then 1 else 0)
by (simp add: rec-exec.simps rec-noteg-def)

declare noteg-lemmalsimp]

rec-quo is the recursive function used to implement quo

definition rec-quo :: recf
where
rec-quo = (let TR = Cn (Suc (Suc (Suc 0))) rec-conj
[Cn (Suc (Suc (Suc 0))) rec-le
[Cn (Suc (Suc (Suc 0))) rec-mult
[id (Suc (Suc (Suc 0))) (Suc 0),
id (Suc (Suc (Suc 0))) ((Suc (Suc 0)))],
id (Suc (Suc (Suc 0))) (0)],
Cn (Suc (Suc (Suc 0))) rec-noteq
[id (Suc (Suc (Suc 0))) (Suc (0)),
Cn (Suc (Suc (Suc 0))) (constn 0)
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[id (Suc (Suc (Suc 0))) (0)]]]
in Cn (Suc (Suc 0)) (rec-mazr rR)) [id (Suc (Suc 0))
(0),id (Suc (Suc 0)) (Suc (0)),

id (Suc (Suc 0)) (0)]

lemma [intro]: primerec rec-conj (Suc (Suc 0))
apply(simp add: rec-conj-def)
apply (rule-tac prime-cn, auto)+
apply(case-tac i, auto intro: prime-id)
done

lemma [intro]: primerec rec-noteq (Suc (Suc 0))
apply(simp add: rec-noteg-def)

apply (rule-tac prime-cn, auto)+

apply (case-tac i, auto intro: prime-id)

done

lemma quo-lemmal: rec-exec rec-quo [z, y] = quo [z, y]
proof(simp add: rec-exec.simps rec-quo-def)
let rR = (Cn (Suc (Suc (Suc 0))) rec-conj
[Cn (Suc (Suc (Suc 0))) rec-le
[Cn (Suc (Suc (Suc 0))) rec-mult
[recf.id (Suc (Suc (Suc 0))) (Suc (0)),
recf.id (Suc (Suc (Suc 0))) (Suc (Suc (0)))],
recf .id (Suc (Suc (Suc 0))) (0)],
Cn (Suc (Suc (Suc 0))) rec-noteq
[recf.id (Suc (Suc (Suc 0)))
(Suc (0)), Cn (Suc (Suc (Suc 0))) (constn 0)
[recf id (Suc (Sue (Suc 0))) (O)]])
have rec-exec (rec-mazr ?rR) ([z, y]@ [ z]) = Mazr (X args. 0 < rec-exec ?rR
args) [z, 9] =
proof(rule-tac Maxr-lemma, simp)
show primerec ?rR (Suc (Suc (Suc 0)))
apply (auto)
apply (case-tac i, auto)
apply (case-tac [!] ia, auto)
apply (case-tac i, auto)
done
qed
hence g1: rec-exec (rec-mazr ?rR) ([z, y, z]) =
Mazr (X args. if rec-exec ?rR args = 0 then False
else True) [z, y] ©
by simp
have ¢2: Maxzr (X args. if rec-exec ?rR args = 0 then False
else True) [z, y] * = quo [z, y]
apply (simp add: rec-exec.simps)
apply(simp add: Maxr.simps quo.simps, auto)
done
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from ¢! and g2 show
rec-exec (rec-mazr ?rR) ([z, y, z]) = quo [z, Y]
by simp
qed

The correctness of quo.

lemma quo-lemma2: rec-exec rec-quo [z, y] = z div y
using quo-lemmal[of x y| quo-div]of = y]
by simp

rec-mod is the recursive function used to implement the reminder function.

definition rec-mod :: recf
where
rec-mod = Cn (Suc (Suc 0)) rec-minus [id (Suc (Suc 0)) (0),
Cn (Suc (Suc 0)) rec-mult [rec-quo, id (Suc (Suc 0))
(Suc (0))]

The correctness of rec-mod:

lemma mod-lemma: N\ z y. rec-exec rec-mod [z, y| = (z mod y)
proof(simp add: rec-exec.simps rec-mod-def quo-lemma2)
fix zy
show z — z div y * y = = mod (y::nat)
using mod-div-equality2[of y x|
apply (subgoal-tac y * (z div y) = (z div y ) * y, arith, simp)
done
qged

lemmas for embranch function

type-synonym ftype = nat list = nat
type-synonym rtype = nat list = bool

The specifation of the mutli-way branching statement on page 79 of Boolos’s
book.

fun Embranch :: (ftype * rtype) list = nat list = nat
where
Embranch [| zs = 0 |
Embranch (gc # ges) xs = (
let (g, ¢) = gcin
if ¢ xs then g xs else Embranch gcs xs)

fun rec-embranch’ :: (recf * recf) list = nat = recf
where
rec-embranch’ [| vl = Cn vl z [id vl (vl — 1)] |
rec-embranch’ ((rg, rc) # rgcs) vl = Cn vl rec-add
[Cn vl rec-mult [rg, rc], rec-embranch’ rgcs vl]

rec-embrach is the recursive function used to implement Embranch.

fun rec-embranch :: (recf * recf) list = recf
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where
rec-embranch ((rg, rc) # rges) =
(let vl = arity rg in
rec-embranch’ ((rg, rc) # rgcs) vl)

declare Embranch.simps[simp del] rec-embranch.simps[simp del]

lemma embranch-all0:
[V j < length rcs. rec-exec (res ! j) xs = 0;
length rgs = length rcs;
res # [J;
list-all (X rf. primerec rf (length zs)) (rgs @ res)] =
rec-exec (rec-embranch (zip rgs res)) xs = 0
proof (induct rcs arbitrary: rgs, simp, case-tac rgs, simp)
fix a rcs rgs aa list
assume nd:
Nrgs. [Vj<length rcs. rec-exec (res | j) xs = 0;
length rgs = length rcs; res # [|;
list-all (\rf. primerec rf (length xs)) (rgs @Q res)] =
rec-exec (rec-embranch (zip rgs res)) xs = 0
and h: Vj<length (a # rcs). rec-exec ((a # res) 1 j) zs = 0
length rgs = length (a # rcs)
o # res # |
list-all (Arf. primerec rf (length xs)) (rgs @Q a # rcs)
rgs = aa # list
have g¢: rcs # [| = rec-exec (rec-embranch (zip list rcs)) zs = 0
using h
by (rule-tac ind, auto)
show rec-exec (rec-embranch (zip rg9s (a # rcs))) s = 0

proof(case-tac res = ||, simp)
show rec-exec (rec-embranch (zip rgs [a])) zs = 0
using h

apply(simp add: rec-embranch.simps rec-exec.simps)
apply (erule-tac x = 0 in dallE, simp)
done
next
assume rcs # ||
hence rec-exec (rec-embranch (zip list rcs)) xs = 0
using g by simp
thus rec-exec (rec-embranch (zip rgs (a # rcs))) s = 0
using h
apply (simp add: rec-embranch.simps rec-exec.simps)
apply (case-tac rcs,
auto simp: rec-exec.simps rec-embranch.simps)
apply (case-tac list,
auto simp: rec-exec.simps rec-embranch.simps)
done
qged
qed
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lemma embranch-ezec-0: [rec-exec aa xs = 0; zip rgs list # [|;
list-all (A rf. primerec rf (length xs)) ([a, aa] @ rgs Q list)]
= rec-exec (rec-embranch ((a, aa) # zip rgs list)) xs

= rec-exec (rec-embranch (zip rgs list)) xs
apply(simp add: rec-exec.simps rec-embranch.simps)
apply (case-tac zip rgs list, simp, case-tac ab,
simp add: rec-embranch.simps rec-exec.simps)

apply (subgoal-tac arity a = length zs, auto)

apply (subgoal-tac arity aaa = length xs, auto)

apply(case-tac rgs, simp, case-tac list, simp, simp)

done

lemma zip-null-iff: [length zs = k; length ys = k; zip xs ys = [|[] = axs =[] A ys
=

apply (case-tac xs, simp, simp)

apply (case-tac ys, simp, simp)

done

lemma zip-null-gr: [length xs = k; length ys = k; zipas ys #[|[] = 0 < k
apply (case-tac xs, simp, simp)
done

lemma Embranch-0:
[length rgs = k; length rcs = k; k > 0;
YV j < k. rec-exec (rcs | j) xs = 0] =
Embranch (zip (map rec-exec rgs) (map (Ar args. 0 < rec-exec r args) rcs)) xs
=0
proof (induct rgs arbitrary: rcs k, simp, simp)
fix a rgs rcs k
assume ind:
Nres k. [length rgs = k; length res = k; 0 < k; Vj<k. rec-exec (res | j) xs =
0]
= Embranch (zip (map rec-exec rgs) (map (Ar args. 0 < rec-exec r args) rcs))
zs =0
and h: Suc (length rgs) = k length rcs = k
Vij<k. rec-exec (res ! j) xs = 0
from h show
Embranch (zip (rec-exec a # map rec-exec rgs)
(map (Ar args. 0 < rec-exec r args) rcs)) zs = 0
apply (case-tac res, simp, case-tac rgs = ||, simp)
apply(simp add: Embranch.simps)
apply(erule-tac x = 0 in allE, simp)
apply(simp add: Embranch.simps)
apply(erule-tac ¢ = 0 in all-dupE, simp)
apply (rule-tac ind, simp, simp, simp, auto)
apply(erule-tac © = Suc j in allE, simp)
done
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qed

The correctness of rec-embranch.

lemma embranch-lemma:
assumes branch-num:
length rgs = n length rcs = nn > 0
and partition:
(3 i< n. (rec-exec (res Vi) zs=1 NN j<n j#i—
rec-exec (res | j) xs = 0)))
and prime-all: list-all (\ rf. primerec rf (length zs)) (rgs @ rcs)
shows rec-ezec (rec-embranch (zip rgs rcs)) xs =
Embranch (zip (map rec-exec rgs)
(map (X r args. 0 < rec-exec r args) rcs)) xs
using branch-num partition prime-all
proof (induct rgs arbitrary: rcs n, simp)
fix a rgs rcs n
assume ind:
Ares n. [length rgs = n; length res = n; 0 < n;
Fi<n. rec-exec (res i) xs = 1 N (Vj<n.j # i —> rec-exec (res ! j) zs = 0);
list-all (\rf. primerec rf (length xs)) (rgs @ res)]
= rec-exec (rec-embranch (zip rgs rcs)) xs =
Embranch (zip (map rec-exec rgs) (map (Ar args. 0 < rec-exec r args) rcs)) s
and h: length (a # 1g9s) = n length (res::recf list) = n 0 < n
Fi<n. rec-exec (res i) xs = 1 A
(Vij<n.j # i — rec-exec (res ! j) zs = 0)
list-all (Arf. primerec rf (length zs)) ((a # rgs) Q rcs)
from h show rec-exec (rec-embranch (zip (a # rgs) rcs)) zs =
Embranch (zip (map rec-exec (a # rgs)) (map (Ar args.
0 < rec-exec T args) rcs)) xs
apply(case-tac rcs, simp, simp)
apply (case-tac rec-exec aa xs = 0)
apply (case-tac [!] zip rgs list = ||, simp)
apply (subgoal-tac rgs = [| A list =[], simp add: Embranch.simps rec-exec.simps
rec-embranch.simps)
apply (rule-tac zip-null-iff , simp, simp, simp)
proof —
fix aa list
assume g:
Suc (length rgs) = n Suc (length list) = n
Fi<n. rec-exec ((aa # list) ! i) zs = Suc 0 A
(Vi<n.j # i — rec-exec ((aa # list) ! j) s = 0)
primerec a (length xs) A
list-all (Arf. primerec rf (length xs)) rgs A
primerec aa (length xs) A
list-all (Arf. primerec rf (length xs)) list
rec-exec aa s = 0 rcs = aa # list zip rgs list # []
have rec-exec (rec-embranch ((a, aa) # zip rgs list)) s
= rec-ezxec (rec-embranch (zip rgs list)) xs
apply (rule embranch-ezec-0, simp-all add: g)
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done
from g and this show rec-exec (rec-embranch ((a, aa) # zip rgs list)) xs =
Embranch ((rec-exec a, Aargs. 0 < rec-exec aa args) #
zip (map rec-exec 19s) (map (Ar args. 0 < rec-exec r args) list)) xs
apply (simp add: Embranch.simps)
apply(rule-tac n = n — Suc 0 in ind)
apply (case-tac n, simp, simp)
apply (case-tac n, simp, simp)
apply (case-tac n, simp, simp add: zip-null-gr )
(
(
(
(

apply (case-tac i, simp, simp)
apply (rule-tac x = nat in exl, simp)
apply (rule-tac alll, erule-tac x = Suc j in allE, simp)
done
next
fix aa list
assume g: Suc (length rgs) = n Suc (length list) = n
Ji<n. rec-exec ((aa # list) ! i) xs = Suc 0 A
(Vyj<n.j # i — rec-exzec ((aa # list) ! j) zs = 0)
primerec a (length xs) A list-all (Arf. primerec rf (length xs)) rgs A
primerec aa (length xs) A list-all (Arf. primerec rf (length xs)) list
rcs = aa # list rec-exec aa xs # 0 zip rgs list = ||
thus rec-exec (rec-embranch ((a, aa) # zip rgs list)) zs =
Embranch ((rec-exec a, Aargs. 0 < rec-exec aa args) #
zip (map rec-exec rgs) (map (Ar args. 0 < rec-exec T args) list)) xs
apply (subgoal-tac rgs = [| A list =[], simp)
prefer 2
apply (rule-tac zip-null-iff, simp, simp, simp)
apply(simp add: rec-exec.simps rec-embranch.simps Embranch.simps, auto)
done
next
fix aa list
assume g: Suc (length rgs) = n Suc (length list) = n
Ji<n. rec-exec ((aa # list) ! i) xs = Suc 0 A
(Vyj<n.j # i — rec-exec ((aa # list) ! j) xs = 0)
primerec a (length xs) A list-all (Arf. primerec rf (length xs)) rgs
A primerec aa (length xs) A list-all (Arf. primerec rf (length xs)) list
res = aa # list rec-exec aa xs # 0 zip 1gs list # []

have rec-exec aa rs = Suc 0
using g
apply (case-tac rec-exec aa xs, simp, auto)
done

moreover have rec-exec (rec-embranch’ (zip rgs list) (length xs)) zs = 0
proof —
have rec-embranch’ (zip rgs list) (length zs) = rec-embranch (zip rgs list)
using g
apply (case-tac zip rgs list, simp, case-tac ab)
apply(simp add: rec-embranch.simps)
apply (subgoal-tac arity aaa = length xs, simp, auto)
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apply (case-tac rgs, simp, simp, case-tac list, simp, simp)
done
moreover have rec-ezec (rec-embranch (zip rgs list)) xs = 0
proof (rule embranch-all0)
show Vj<length list. rec-exec (list ! j) s = 0
using g
apply (auto)
apply(case-tac i, simp)
apply(erule-tac ¢ = Suc j in allE, simp)
apply (simp)
apply (erule-tac = 0 in allE, simp)
done
next
show length rgs = length list
using g
apply (case-tac n, simp, simp)
done
next
show list # []
using g
apply (case-tac list, simp, simp)
done
next
show list-all (\rf. primerec rf (length xs)) (rgs Q list)
using g
apply auto
done
qed
ultimately show rec-exec (rec-embranch’ (zip rgs list) (length xs)) zs = 0
by simp
qed
moreover have
Embranch (zip (map rec-ezxec rgs)
(map (Ar args. 0 < rec-exec 1 args) list)) xs = 0
using g
apply (rule-tac k = length rgs in Embranch-0)
apply (simp, case-tac n, simp, simp)
apply (case-tac rgs, simp, simp)
apply (auto)
apply (case-tac i, simp)
apply (erule-tac x = Suc j in allE, simp)
apply (simp)
apply (rule-tac x = 0 in allE, auto)
done
moreover have arity a = length xs
using g
apply (auto)
done
ultimately show rec-ezec (rec-embranch ((a, aa) # zip rgs list)) zs =
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Embranch ((rec-exec a, Aargs. 0 < rec-exec aa args) #
zip (map rec-exec 1g9s) (map (Ar args. 0 < rec-exec r args) list)) xs
apply(simp add: rec-exec.simps rec-embranch.simps Embranch.simps)
done
qged
qed

prime m means n is a prime number.

fun Prime :: nat = bool
where
Primez=(1<zANMu<z Vov<z us*xv#z)))

declare Prime.simps [simp del]

lemma primerec-alll:
primerec (rec-all vt vf) n = primerec vt n
by (simp add: primerec-all)

lemma primerec-all2: primerec (rec-all vt vf) n =
primerec vf (Suc n)
by (insert primerec-all[of rt rf n], simp)

rec-prime is the recursive function used to implement Prime.

definition rec-prime :: recf

where

rec-prime = Cn (Suc 0) rec-conj

[Cn (Suc 0) rec-less [constn 1, id (Suc 0) (0)],
rec-all (Cn 1 rec-minus [id 1 0, constn 1])
(rec-all (Cn 2 rec-minus [id 2 0, Cn 2 (constn 1)

[id 2 0]]) (Cn 8 rec-noteq
[Cn 3 rec-mult [id 3 1, id 3 2], id 3 0]))]

declare numeral-2-eq-2[simp del] numeral-3-eq-3[simp del]

lemma exec-tmp:

rec-exec (rec-all (Cn 2 rec-minus [recf.id 2 0, Cn 2 (constn (Suc 0)) [recf.id 2
4l

(Cn 3 rec-noteq [Cn 3 rec-mult [recf.id 3 (Suc 0), recf.id 3 2], recf.id 3 0])) [z,
k] =

((if (Vw<rec-exec (Cn 2 rec-minus [recf.id 2 0, Cn 2 (constn (Suc 0)) [recf.id
2.0)) ([, k])-

0 < rec-exec (Cn 3 rec-noteq [Cn 8 rec-mult [recf.id 3 (Suc 0), recf.id 3 2],
recf.id 3 0])

([z, k] @ [w])) then I else 0))
apply (rule-tac all-lemma)
apply (auto)
apply (case-tac [!] i, auto)
apply (case-tac ia, auto simp: numeral-3-eq-3 numeral-2-eq-2)
done
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The correctness of Prime.

lemma prime-lemma: rec-exec rec-prime [z] = (if Prime x then 1 else 0)
proof(simp add: rec-exec.simps rec-prime-def )
let ?rt1 = (Cn 2 rec-minus [recf.id 2 0,
Cn 2 (constn (Suc 0)) [recf.id 2 0]])
let ?rf1 = (Cn 8 rec-noteq [Cn 3 rec-mult
[recf.id 8 (Suc 0), recf.id 3 2], recf.id 3 (0)])
let ?rt2 = (Cn (Suc 0) rec-minus
[recf.id (Suc 0) 0, constn (Suc 0)])
let ?rf2 = rec-all ?rt1 ?rf1
have hi1: rec-exec (rec-all ?rt2 2rf2) ([z]) =
(if (Vk<rec-exec ?rt2 ([z]). 0 < rec-exec ?rf2 ([z] Q [k])) then 1 else 0)
proof(rule-tac all-lemma, simp-all)
show primerec ?rf2 (Suc (Suc 0))
apply (rule-tac primerec-all-iff)
apply (auto)
apply (case-tac [!] i, auto simp: numeral-2-eq-2)
apply (case-tac ia, auto simp: numeral-3-eq-8)
done
next
show primerec (Cn (Suc 0) rec-minus
[recf.id (Suc 0) 0, constn (Suc 0)]) (Suc 0)
apply (auto)
apply (case-tac i, auto)
done
qed
from hl show
(Suc 0 <z — (rec-exec (rec-all ?rt2 ?2rf2) [z] = 0 —
= Prime z) A
(0 < rec-exec (rec-all ?rt2 ?rf2) [x] — Prime z)) A
(= Suc 0 < x — — Prime z A (rec-exec (rec-all ?rt2 ?rf2) [x] = 0
— = Prime x))
apply(auto simp:rec-exec.simps)
apply(simp add: exec-tmp rec-exec.simps)
proof —
assume Vk<z — Suc 0. (0:nat) < (if Yw<z — Suc 0.
0 < (if k * w # x then 1 else (0 :: nat)) then I else 0) Suc 0 < z
thus Prime x
apply(simp add: rec-exec.simps split: if-splits)
apply(simp add: Prime.simps, auto)
apply (erule-tac x = u in allE, auto)
(
(

apply (case-tac u, simp, case-tac nat, simp, simp)
apply (case-tac v, simp, case-tac nat, simp, simp)
done
next

assume - Suc 0 < z Prime x

thus False
apply(simp add: Prime.simps)
done
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next
fix k
assume rec-exec (rec-all ?rt1 ?rfl)
[z, k] = 0k <z — Suc 0 Prime x
thus Fulse
apply(simp add: exec-tmp rec-exec.simps Prime.simps split: if-splits)
done
next
fix k
assume rec-exec (rec-all ?rt1 ?rfl)
[z, k] = 0k <z — Suc 0 Prime z
thus Fulse
apply(simp add: exec-tmp rec-exec.simps Prime.simps split: if-splits)
done
qed
qed

definition rec-dummyfac :: recf
where
rec-dummyfac = Pr 1 (constn 1)
(Cn 3 rec-mult [id 3 2, Cn 3 s [id 3 1]])

The recursive function used to implment factorization.

definition rec-fac :: recf
where
rec-fac = Cn 1 rec-dummyfac [id 1 0, id 1 0]

Formal specification of factorization.

fun fac :: nat = nat (- [100] 99)
where
fac 0 =1 |
fac (Suc z) = (Suc z) * fac x

lemma [simp]: rec-exec rec-dummyfac [0, 0] = Suc 0
by (simp add: rec-dummyfac-def rec-exec.simps)

lemma rec-cn-simp: rec-exec (Cn n f gs) xs =
(let rgs = map (A g. rec-exec g xs) gs in
rec-ezec f rgs)

by (simp add: rec-exec.simps)

lemma rec-id-simp: rec-exec (id m n) xs = xs ! n
by (simp add: rec-exec.simps)

lemma fac-dummy: rec-exec rec-dummyfac [z, y] = y !

apply (induct y)
apply (auto simp: rec-dummyfac-def rec-exec.simps)
done

The correctness of rec-fac.
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lemma fac-lemma: rec-exec rec-fac [z] = x!
apply(simp add: rec-fac-def rec-exec.simps fac-dummy)
done

declare fac.simps[simp del]

Np z returns the first prime number after z.

fun Np ::nat = nat
where
Np z = Min {y. y < Suc (z!) ANz < y A Prime y}

declare Np.simps|[simp del] rec-Minr.simps[simp del]

rec-np is the recursive function used to implement Np.

definition rec-np :: recf
where
rec-np = (let Rr = Cn 2 rec-conj [Cn 2 rec-less [id 2 0, id 2 1],
Cn 2 rec-prime [id 2 1]]
in Cn 1 (rec-Minr Rr) [id 1 0, Cn 1 s [rec-fac]])

lemma [simp]: n < Suc (n!)

apply (induct n, simp)

apply(simp add: fac.simps)
apply(case-tac n, auto simp: fac.simps)
done

lemma divsor-ex:
[ Prime z; 2 > Suc 0] = (3 u > Suc 0. (3 v > Suc 0. u x v = z))
by (auto simp: Prime.simps)

lemma divsor-prime-ex: [- Prime x; x > Suc 0] =
3 p. Prime p A\ p dvd x
apply (induct = rule: wf-induct[where r = measure (A y. y)], simp)
apply (drule-tac divsor-ex, simp, auto)
apply (erule-tac x = u in allE, simp)
apply (case-tac Prime u, simp)
apply(rule-tac x = u in exl, simp, auto)
done

lemma [intro]: 0 < n!
apply (induct n)

apply (auto simp: fac.simps)
done

lemma fac-Suc: Suc n! = (Suc n) * (n!) by(simp add: fac.simps)
lemma fac-dvd: [0 < ¢; ¢ < n] = ¢ dvd n!

apply (induct n, simp)
apply(case-tac ¢ < n, simp add: fac-Suc)
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apply (subgoal-tac ¢ = Suc n, simp only: fac-Suc)
apply (rule-tac dvd-mult2, simp, simp)
done

lemma fac-dvd2: [Suc 0 < ¢; q dvd n!l; ¢ < n] = = ¢q dvd Suc (n!)
proof(auto simp: dvd-def)
fix k ka
assume hi: Suc 0 < qqg<n
and h2: Suc (¢ * k) = q * ka
have k < ka
proof —
have q x k < ¢ * ka
using h2 by arith
thus k < ka
using hl
by (auto)
qed
hence 3d. d > 0 A ka=d + k
by (rule-tac x = ka — k in exl, simp)
from this obtain d where d > 0 A ka =d + k ..
from h2 and this and h! show Fualse
by (simp add: add-mult-distrib2)
qged

lemma prime-ex: 3 p. n < p A p < Suc (n!) A Prime p
proof(cases Prime (n! + 1))
case True thus ?thesis
by (rule-tac x = Suc (n!) in exl, simp)
next
assume h: = Prime (n! + 1)
hence 3 p. Prime p A p dvd (n! + 1)
by (erule-tac divsor-prime-ex, auto)
from this obtain ¢ where k: Prime g A q dvd (n! + 1) ..
thus ?thesis
proof(cases ¢ > n)
case True thus ?thesis
using &
apply (rule-tac x = ¢ in exl, auto)
apply (rule-tac dvd-imp-le, auto)
done
next
case Fulse thus ?thesis
proof —
assume ¢g: 7 n < ¢
have j: ¢ > Suc 0
using k by(case-tac g, auto simp: Prime.simps)
hence ¢ dvd n!
using ¢
apply (rule-tac fac-dvd, auto)
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done

hence — ¢ dvd Suc (n!)
using ¢ j
by (rule-tac fac-dvd2, auto)

thus ?thesis
using k£ by simp

qed
qed
qed

lemma Suc-Suc-induct[elim!]: [i < Suc (Suc 0);
primerec (ys ! 0) n; primerec (ys ! 1) n] = primerec (ys ! i) n
by (case-tac i, auto)

lemma [intro]: primerec rec-prime (Suc 0)

apply (auto simp: rec-prime-def, auto)

apply (rule-tac primerec-all-iff , auto, auto)

apply (rule-tac primerec-all-iff , auto, auto simp:
numeral-2-eq-2 numeral-3-eq-3)

done

The correctness of rec-np.

lemma np-lemma: rec-exec rec-np [z] = Np x
proof(auto simp: rec-np-def rec-exec.simps Let-def fac-lemma)
let ?rr = (Cn 2 rec-conj [Cn 2 rec-less [recf.id 2 0,
recf.id 2 (Suc 0)], Cn 2 rec-prime [recf.id 2 (Suc 0)]])
let YR =X zs. 251 0 < 25! 1 A Prime (zs! 1)
have g1: rec-exec (rec-Minr ?rr) ([z] @ [Suc (z!)]) =
Minr (X args. 0 < rec-exec ?rr args) [z] (Suc (z!))
by (rule-tac Minr-lemma, auto simp: rec-exec.simps
prime-lemma, auto simp: numeral-2-eq-2 numeral-3-eq-3)
have g2: Minr (X args. 0 < rec-exec ?rr args) [z] (Suc (z!)) = Np
using prime-ex[of z]
apply (auto simp: Minr.simps Np.simps rec-exec.simps)
apply(erule-tac = p in allE, simp add: prime-lemma)
apply(simp add: prime-lemma split: if-splits)
apply (subgoal-tac
{uu. (Prime uu — (z < wu — wu < Suc (z!)) A z < uu) A Prime uu}
={y. y < Suc (z!) Az < y A Prime y}, auto)
done
from ¢! and g2 show rec-exec (rec-Minr ?rr) ([z, Suc (z!)]) = Np z
by simp
qed

rec-power is the recursive function used to implement power function.

definition rec-power :: recf
where
rec-power = Pr 1 (constn 1) (Cn 3 rec-mult [id 3 0, id 3 2])

The correctness of rec-power.
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lemma power-lemma: rec-exec rec-power [z, y] = z’y
by (induct y, auto simp: rec-exec.simps rec-power-def)

Pi k returns the k-th prime number.

fun Pi :: nat = nat
where
Pi0=2|
Pi (Suc x) = Np (Pi )

definition rec-dummy-pi :: recf
where
rec-dummy-pi = Pr 1 (constn 2) (Cn 3 rec-np [id 3 2])

rec-pi is the recursive function used to implement Pi.

definition rec-pi :: recf
where
rec-pi = Cn 1 rec-dummy-pi [id 1 0, id 1 0]

lemma pi-dummy-lemma: rec-exec rec-dummy-pi [z, y] = Piy
apply (induct y)

by (auto simp: rec-exec.simps rec-dummy-pi-def Pi.simps np-lemma)

The correctness of rec-pi.

lemma pi-lemma: rec-exec rec-pi [z] = Pix
apply(simp add: rec-pi-def rec-exec.simps pi-dummy-lemma)
done

fun loR :: nat list = bool
where
loR [z, y, u]| = (x mod (y u) = 0)

declare loR.simps[simp del]

Lo specifies the lo function given on page 79 of Boolos’s book. It is one
of the two notions of integeral logarithmatic operation on that page. The
other is lg.

fun lo :: nat = nat = nat
where
loxzy =(ifz>1ANy>1AN{u loR [z, y, u]} # {} then Max {u. loR [z, y,

ul}

else 0)
declare lo.simps[simp del]
lemma [elim]: primerec Tf n = n > 0

apply (induct rule: primerec.induct, auto)
done
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lemma primerec-sigmalintro!]:
[n > Suc 0; primerec vf n] =
primerec (rec-sigma rf) n
apply (simp add: rec-sigma.simps)
apply (auto, auto simp: nth-append)
done

lemma [introl]: [primerec vf n; n > 0] = primerec (rec-mazr rf) n
apply (simp add: rec-mazr.simps)

apply (rule-tac prime-cn, auto)

apply (rule-tac primerec-all-iff , auto, auto simp: nth-append)

done

lemma Suc-Suc-Suc-induct|elim!]:

[i < Suc (Suc (Suc (0::nat))); primerec (ys ! 0) n;

primerec (ys ! 1) n;

primerec (ys ! 2) n] = primerec (ys ! i) n
apply(case-tac i, auto, case-tac nat, simp, simp add: numeral-2-eq-2)
done

lemma [intro]: primerec rec-quo (Suc (Suc 0))

apply (simp add: rec-quo-def)

apply (tactic { resolve-tac [Q{thm prime-cn},
Q{thm prime-id}] 1)), auto+)-+

done

lemma [intro]: primerec rec-mod (Suc (Suc 0))

apply(simp add: rec-mod-def)

apply (tactic { resolve-tac [Q{thm prime-cn},
Q{thm prime-id}] 1)), auto+)-+

done

lemma [intro]: primerec rec-power (Suc (Suc 0))
apply(simp add: rec-power-def numeral-2-eq-2 numeral-3-eq-3)
apply (tactic { resolve-tac [@Q{thm prime-cn},
Q@{thm prime-id}, @{thm prime-pr}] 1), auto+)+
done

rec-lo is the recursive function used to implement Lo.

definition rec-lo :: recf
where
rec-lo = (let TR = Cn 3 rec-eq [Cn 3 rec-mod [id 3 0,
Cn 8 rec-power [id 3 1, id 3 2]],
Cn 3 (constn 0) [id 3 1]] in
let b = Cn 2 (rec-mazr rR) [id 2 0, id 2 1, id 2 0] in
let rcond = Cn 2 rec-conj [Cn 2 rec-less [Cn 2 (constn 1)
lid 2 0], id 2 0],
Cn 2 rec-less [Cn 2 (constn 1)
lid 2 0], id 2 1]] in
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let rcond2 = Cn 2 rec-minus
[Cn 2 (constn 1) [id 2 0], rcond]
in Cn 2 rec-add [Cn 2 rec-mult [rb, rcond),
Cn 2 rec-mult [Cn 2 (constn 0) [id 2 0], rcond2]))

lemma rec-lo-Maxr-lor:
[Suc 0 < z; Suc 0 < y] =
rec-exec rec-lo [x, y] = Mazr loR [z, y] ©
proof(auto simp: rec-exec.simps rec-lo-def Let-def
numeral-2-eq-2 numeral-3-eq-3)
let 9rR = (Cn (Suc (Suc (Suc 0))) rec-eq
[Cn (Suc (Suc (Suc 0))) rec-mod [recf.id (Suc (Suc (Suc 0))) 0,
Cn (Suc (Suc (Suc 0))) rec-power [recf.id (Suc (Suc (Suc 0)))
(Suc 0), recf.id (Suc (Suc (Suc 0))) (Suc (Suc 0))]],
Cn (Suc (Suc (Suc 0))) (constn 0) [recf.id (Suc (Suc (Suc 0))) (Suc 0)]])
have h: rec-exec (rec-mazr ?rR) ([z, y] @Q [z]) =
Mazr (X args. 0 < rec-exec ?rR args) [z, y] ©
by (rule-tac Mazr-lemma, auto simp: rec-exec.simps
mod-lemma power-lemma, auto simp: numeral-2-eq-2 numeral-3-eq-3)
have Mazxr loR [z, y| © = Mazxr (X args. 0 < rec-exec ?rR args) [z, y] ©
apply(simp add: rec-exec.simps mod-lemma power-lemma)
apply(simp add: Maxr.simps loR.simps)
done
from h and this show rec-exec (rec-mazr ?rR) [z, y, 2] =
Mazr loR [z, y] =
apply (simp)
done
qed

lemma [simp]: Maz {ya. ya = 0 A loR [0, y, ya]} = 0
apply (rule-tac Maz-eql, auto simp: loR.simps)
done

lemma [simp]: Suc 0 < y = Suc (Suc 0) < y * y
apply (induct y, simp)

apply (case-tac y, simp, simp)

done

lemma less-mult: [z > 05y > Suc 0] = z < y x z
apply (case-tac y, simp, simp)
done

lemma z-less-exp: [y > Suc 0] =z < y'x
apply (induct z, simp, simp)

apply (case-tac x, simp, auto)

apply (rule-tac y = y* y nat in le-less-trans, simp)
apply (rule-tac less-mult, auto)

done
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lemma le-mult: y # (0:nat) =z < z * y
by (induct y, simp, simp)

lemma uplimit-loR: [Suc 0 < z; Suc 0 < y; loR [z, y, za]] =
za < T

apply(simp add: loR.simps)

apply (rule-tac classical, auto)

apply (subgoal-tac za < y za)

apply (subgoal-tac y "xa < y za * ¢, simp)

apply (rule-tac le-mult, case-tac q, simp, simp)

apply (rule-tac x-less-exp, simp)

done

lemma [simp]: [za < x; loR [z, y, za]; Suc 0 < z; Suc 0 < y] =
{u. loR [z, y, u]} = {ya. ya < z A loR [z, y, ya]}

apply (rule-tac Collect-cong, auto)

apply (erule-tac uplimit-loR, simp, simp)

done

lemma Mazr-lo: [Suc 0 < z; Suc 0 < y] =

Mazr loR [z, ylz = oz y
apply (simp add: Mazr.simps lo.simps, auto)
apply(erule-tac x = za in allE, simp, simp add: uplimit-loR)
done

lemma lo-lemma’”: [Suc 0 < z; Suc 0 < y] =
rec-exec rec-lo [z, y] = lo x y
by (simp add: Mazr-lo rec-lo-Mazr-lor)

lemma lo-lemma’": [~ Suc 0 < z] = rec-exec rec-lo [z, y] = lo x y
apply (case-tac x, auto simp: rec-exec.simps rec-lo-def

Let-def lo.simps)
done

lemma lo-lemma’"": [- Suc 0 < y]| = rec-exec rec-lo [z, y] = lo z y
apply (case-tac y, auto simp: rec-exec.simps rec-lo-def

Let-def lo.simps)
done

The correctness of rec-lo:

lemma lo-lemma: rec-exec rec-lo [z, y] = lo z y
apply(case-tac Suc 0 < z A Suc 0 < y)

apply (auto simp: lo-lemma’ lo-lemma’ lo-lemma’"’)
done

fun lgR :: nat list = bool
where
lgR [z, y, u] = (y'u < z)

lg specifies the lg function given on page 79 of Boolos’s book. It is one of the
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two notions of integeral logarithmatic operation on that page. The other is
lo.

fun lg :: nat = nat = nat
where
lgxy=(ifr>1 Ny >1A{u lgR [z, y, u]} # {} then
Maz {u. lgR [z, y, u]}
else 0)

declare lg.simps[simp del] lgR.simps[simp del]

rec-lg is the recursive function used to implement lg.

definition rec-lg :: recf
where
rec-lg = (let rec-lgR = Cn 3 rec-le
[Cn 3 rec-power [id 8 1, id 3 2], id 3 0] in
let conR1 = Cn 2 rec-conj [Cn 2 rec-less
[Cn 2 (constn 1) [id 2 0], id 2 0],
Cn 2 rec-less [Cn 2 (constn 1)
[id 2 0], id 2 1]] in
let conR2 = Cn 2 rec-not [conR1] in
Cn 2 rec-add [Cn 2 rec-mult
[conR1, Cn 2 (rec-maxr rec-lgR)
lid 2 0, id 2 1, id 2 0]],
Cn 2 rec-mult [conR2, Cn 2 (constn 0)
[id 2 01]])

lemma lg-mazr: [Suc 0 < x; Suc 0 < y] =
rec-exec rec-lg [z, y| = Mazxr lgR [z, y]
proof(simp add: rec-exec.simps rec-lg-def Let-def)
assume h: Suc 0 < x Suc 0 < y
let rR = (Cn 3 rec-le [Cn 3 rec-power
[recf.id 8 (Suc 0), recf.id 3 2], recf.id 3 0])
have rec-exec (rec-maxr ?rR) ([z, y] Q [z])
= Mazr (X args. 0 < rec-exec ?rR args)) [z, y] ©
proof (rule Mazxr-lemma)
show primerec (Cn 8 rec-le [Cn 3 rec-power
[recf.id 8 (Suc 0), recf.id 3 2], recf.id 3 0]) (Suc (length [z, y]))
apply (auto simp: numeral-3-eq-3)+
done
qed
moreover have Mazr lgR [z, y] © = Mazr (A args. 0 < rec-exec ?rR args)) [z,
ylz
apply(simp add: rec-exec.simps power-lemma)
apply(simp add: Maxr.simps lgR.simps)
done
ultimately show rec-exec (rec-maxr ?rR) [z, y, x] = Mazr lgR [z, y] =
by simp
qed
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lemma [simp]: [Suc 0 < y; lgR [z, y, za]] = za < x
apply(simp add: lgR.simps)

apply (subgoal-tac y "za > za, simp)

apply (erule z-less-exp)

done

lemma [simp]: [Suc 0 < z; Suc 0 < y; lgR [z, y, za]] =
{u. lgR [z, y, u]} = {ya. ya < 2 A R [z, y, ya]}

apply (rule-tac Collect-cong, auto)

done

lemma maxr-lg: [Suc 0 < z; Suc 0 < y] = Mazr lgR [z, y| z =gz y
apply(simp add: lg.simps Mazr.simps, auto)

apply (erule-tac * = za in allE, simp)

done

lemma lg-lemma’”: [Suc 0 < x; Suc 0 < y] = rec-exec rec-lg [z, y] = lgz y
apply(simp add: mazr-lg lg-mazr)
done

lemma lg-lemma’: = Suc 0 < ¥ = rec-exec rec-lg [z, y] = lgz y
apply(simp add: rec-exec.simps rec-lg-def Let-def lg.simps)
done

lemma lg-lemma’": = Suc 0 < y = rec-exec rec-lg [z, y| = lgz y
apply (simp add: rec-exec.simps rec-lg-def Let-def lg.simps)
done

The correctness of rec-lg.

lemma lg-lemma: rec-exec rec-lg [z, y] = lg z y
apply(case-tac Suc 0 < x A Suc 0 < y, auto simp:

lg-lemma’ lg-lemma’’ lg-lemma’"’)
done

Entry sr i returns the i-th entry of a list of natural numbers encoded by
number sr using Godel’s coding.

fun Entry :: nat = nat = nat
where
Entry sri = lo sr (Pi (Suc 1))

rec-entry is the recursive function used to implement Entry.

definition rec-entry:: recf
where
rec-entry = Cn 2 rec-lo [id 2 0, Cn 2 rec-pi [Cn 2 s [id 2 1]]]

declare Pi.simps[simp del]

The correctness of rec-entry.

lemma entry-lemma: rec-exec rec-entry [str, i] = Entry str i
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by (simp add: rec-entry-def rec-exec.simps lo-lemma pi-lemma)

11.2 The construction of F

Using the auxilliary functions obtained in last section, we are going to con-
truct the function F, which is an interpreter of Turing Machines.

fun listsum2 :: nat list = nat = nat
where
listsum2 zs 0 = 0
| listsum2 xs (Suc n) = listsum2 xsn + zs ! n

fun rec-listsum?2 :: nat = nat = recf
where
rec-listsum2 vl 0 = Cn vl z [id vl 0]
| rec-listsum@ vl (Suc n) = Cn vl rec-add
[rec-listsum?2 vl n, id vl (n)]

declare listsum?2.simps[simp del] rec-listsum2.simps|simp del]

lemma listsum2-lemma: [length zs = vl; n < V] =
rec-exec (rec-listsum2 vl n) xs = listsum2 s n
apply (induct n, simp-all)
apply (simp-all add: rec-exec.simps rec-listsum2.simps listsum2.simps)
done

fun strt’ :: nat list = nat = nat
where
strt’ xs 0 = 0
| strt’ xs (Suc n) = (let dbound = listsum2 xs n + n in
strt’ zs n + (2°(zs ! n 4+ dbound) — 2 dbound))

fun rec-strt’ :: nat = nat = recf
where
rec-strt’ vl 0 = Cn vl z [id vl 0]
| rec-strt’ vl (Suc n) = (let rec-dbound =
Cn vl rec-add [rec-listsum2 vl n, Cn vl (constn n) [id vl 0]]
in Cn vl rec-add [rec-strt’ vl n, Cn vl rec-minus
[Cn vl rec-power [Cn vl (constn 2) [id vl 0], Cn vl rec-add
[id vl (n), rec-dbound]],
Cn vl rec-power [Cn vl (constn 2) [id vl 0], rec-dbound]]])

declare strt’.simps[simp del| rec-strt’.simps[simp del]

lemma strt’-lemma: [length zs = vl; n < vl =
rec-exec (rec-strt’ vl n) xs = strt’ s n

apply (induct n)

apply (simp-all add: rec-exec.simps rec-strt’.simps strt’.simps
Let-def power-lemma listsum2-lemma)

done
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strt corresponds to the strt function on page 90 of B book, but this definition
generalises the original one to deal with multiple input arguments.

fun strt :: nat list = nat
where
strt zs = (let ys = map Suc zs in
strt’ ys (length ys))

fun rec-map :: recf = nat = recf list
where
rec-map 1f vl = map (A i. Cn ol vf [id vl (i)]) [0..<v]

rec-strt is the recursive function used to implement strt.

fun rec-strt :: nat = recf
where
rec-strt vl = Cn vl (rec-strt’ vl vl) (rec-map s vl)

lemma map-s-lemma: length xs = vl =
map ((Aa. rec-exec a xs) o (Ai. Cn vl s [recf.id vl i]))
[0..<wl]
= map Suc xs
apply (induct vl arbitrary: xs, simp, auto simp: rec-exec.simps)
apply (subgoal-tac 3 ys y. xs = ys Q [y], auto)
proof —
fix ys y
assume ind: Azs. length xs = length (ys::nat list) =
map ((Aa. rec-exec a xs) o (Ai. Cn (length ys) s
[recf.id (length ys) (4)])) [0..<length ys] = map Suc s
show
map ((Aa. rec-exec a (ys @ [y])) o (Ai. Cn (Suc (length ys)) s
[recf.id (Suc (length ys)) (2)])) [0..<length ys] = map Suc ys
proof —
have map ((Aa. rec-exec a ys) o (Ai. Cn (length ys) s
[recf.id (length ys) (4)])) [0..<length ys] = map Suc ys
apply (rule-tac ind, simp)
done
moreover have
map ((Aa. rec-exec a (ys Q [y])) o (Ai. Cn (Suc (length ys)) s
[recf.id (Suc (length ys)) (4)])) [0..<length ys]
= map ((Aa. rec-exzec a ys) o (Ai. Cn (length ys) s
[recf.id (length ys) (4)])) [0..<length ys]
apply (rule-tac map-ext, auto simp: rec-exec.simps nth-append)
done
ultimately show ?thesis
by simp
qed
next
fix ol zs
assume length s = Suc vl
thus Jys y. xs = ys Q [y]
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apply(rule-tac x = butlast zs in exl, rule-tac x = last xs in exl)
apply (subgoal-tac xs # [], auto)
done

qed

The correctness of rec-strt.

lemma stri-lemma: length s = vl =
rec-exec (rec-strt vl) xs = strt xs
apply(simp add: strt.simps rec-exec.simps strt’-lemma)
apply (subgoal-tac (map ((Aa. rec-exec a xs) o (Ai. Cn vl s [recf.id vl (4)])) [0..<vl])
= map Suc zs, auto)
apply (rule map-s-lemma, simp)
done

The scan function on page 90 of B book.

fun scan :: nat = nat
where
scan r = r mod 2

rec-scan is the implemention of scan.

definition rec-scan :: recf
where rec-scan = Cn 1 rec-mod [id 1 0, constn 2]

The correctness of scan.

lemma scan-lemma: rec-exec rec-scan [r] = r mod 2
by (simp add: rec-exec.simps rec-scan-def mod-lemma)

fun newleft0 :: nat list = nat
where
newleft0 [p, r] = p

definition rec-newleft0 :: recf
where
rec-newleft0 = id 2 0

fun newrgt0 :: nat list = nat
where
newrgt0 [p, r] = r — scan r

definition rec-newrgt0 :: recf
where
rec-newrgtl) = Cn 2 rec-minus [id 2 1, Cn 2 rec-scan [id 2 1]]

fun newleft! :: nat list = nat
where
newleft! [p, r] = p
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definition rec-newleft1 :: recf
where
rec-newleft! = id 2 0

fun newrgt1 :: nat list = nat
where
newrgtl [p, r] =1+ 1 — scan r

definition rec-newrgt! :: recf
where
rec-newrgtl =
Cn 2 rec-minus [Cn 2 rec-add [id 2 1, Cn 2 (constn 1) [id 2 0]],
Cn 2 rec-scan [id 2 1]]

fun newleft2 :: nat list = nat
where
newleft2 [p, r] = p div 2

definition rec-newleft2 :: recf
where
rec-newleft? = Cn 2 rec-quo [id 2 0, Cn 2 (constn 2) [id 2 0]]

fun newrgt2 :: nat list = nat
where
newrgt2 [p, r] = 2 x r + p mod 2

definition rec-newrgt2 :: recf
where
rec-newrgt? =
Cn 2 rec-add [Cn 2 rec-mult [Cn 2 (constn 2) [id 2 0], id 2 1],
Cn 2 rec-mod [id 2 0, Cn 2 (constn 2) [id 2 0]]]

fun newlefts :: nat list = nat
where
newleft3 [p, r] = 2 % p + r mod 2

definition rec-newleft3 :: recf
where
rec-newlefts =
Cn 2 rec-add [Cn 2 rec-mult [Cn 2 (constn 2) [id 2 0], id 2 0],
Cn 2 rec-mod [id 2 1, Cn 2 (constn 2) [id 2 0]]]

fun newrgt3 :: nat list = nat
where
newrgt3 [p, r] = r div 2

definition rec-newrgt3 :: recf

where
rec-newrgt3 = Cn 2 rec-quo [id 2 1, Cn 2 (constn 2) [id 2 0]
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The new-left function on page 91 of B book.

fun newleft :: nat = nat = nat = nat
where
newleft pra = (if a = 0 V a = 1 then newleft0 [p, r]
else if a = 2 then newleft2 [p, r]
else if a = & then newleft3 [p, r]
else p)

rec-newleft is the recursive function used to implement newleft.

definition rec-newleft :: recf
where
rec-newleft =
(let g0 =
Cn 3 rec-newleft0 [id 3 0, id 3 1] in
let g1 = Cn 3 rec-newleft2 [id 3 0, id 3 1] in
let g2 = Cn 3 rec-newleft3 [id 8 0, id 3 1] in
let g3 = id 3 0 in
let rO0 = Cn 3 rec-disj
[Cn 3 rec-eq [id 3 2, Cn 3 (constn 0) [id 3 0]],

Cn 3 rec-eq [id 3 2, Cn 3 (constn 1) [id 3 0]]] in
let r1 = Cn 3 rec-eq [id 3 2, Cn 8 (constn 2) [id 3 0]] in
let 2 = Cn 3 rec-eq [id 3 2, Cn 3 (constn 3) [id 3 0]] in
let 3 = Cn 3 rec-less [Cn 3 (constn 3) [id 8 0], id 8 2] in
let gs = [g0, g1, g2, g3] in
let rs = [r0, r1, 2, r3] in
rec-embranch (zip gs rs))

declare newleft.simps[simp del]

lemma Suc-Suc-Suc-Suc-induct:
[¢ < Suc (Suc (Suc (Suc 0))); i = 0 = P i;
1=1=— Pi;1=2—=— Pi;
i=8= Pi]= Pi
apply (case-tac i, simp, case-tac nat, simp,
case-tac nata, simp, case-tac nath, simp, simp)
done

declare quo-lemmaZ2[simp] mod-lemma|simp)

The correctness of rec-newleft.

lemma newleft-lemma:

rec-exec rec-newleft [p, r, a] = newleft p r a
proof(simp only: rec-newleft-def Let-def)

let ?rgs = [Cn 3 rec-newleft0 [recf.id 3 0, recf.id 8 1], Cn 3 rec-newleft2

[recf.id 3 0, recf.id 3 1], Cn 3 rec-newleft3 [recf.id 3 0, recf.id 3 1], recf.id

3 0]

let 9rrs =

[Cn 3 rec-disj [Cn 3 rec-eq [recf.id 3 2, Cn 3 (constn 0)
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[recf.id 3 0]], Cn 3 rec-eq [recf.id 3 2, Cn 8 (constn 1) [recf.id & 0]]],
Cn 3 rec-eq [recf.id 3 2, Cn 3 (constn 2) [recf.id 8 0]],
Cn 3 rec-eq [recf.id 8 2, Cn 3 (constn 3) [recf.id 3 0]],
Cn 3 rec-less [Cn 3 (constn 8) [recf.id 3 0], recf.id 3 2]]
thm embranch-lemma
have k1: rec-exec (rec-embranch (zip ?rgs ?rrs)) [p, r, a]
= Embranch (zip (map rec-exec ?rgs) (map (Ar args. 0 <
rec-exec T args) ?rrs)) [p, r, a
apply (rule-tac embranch-lemma )
apply (auto simp: numeral-3-eq-3 numeral-2-eq-2 rec-newleft0-def
rec-newleft1-def rec-newleft2-def rec-newleft3-def )+
apply(case-tac a = 0 V a = 1, rule-tac z = 0 in exl)

prefer 2

apply(case-tac a = 2, rule-tac x = Suc 0 in exl)
prefer 2

apply(case-tac a = 3, rule-tac x = 2 in exl)
prefer 2

apply(case-tac a > 3, rule-tac x = 3 in exl, auto)
apply(auto simp: rec-exec.simps)
apply (erule-tac [!] Suc-Suc-Suc-Suc-induct, auto simp: rec-exec.simps)
done
have k2: Embranch (zip (map rec-exec ?rgs) (map (Ar args. 0 < rec-exec r args)
2rrs)) [p, r, a] = newleft p r a
apply(simp add: Embranch.simps)
apply (simp add: rec-exec.simps)
apply (auto simp: newleft.simps rec-newleft0-def rec-exec.simps
rec-newleft1-def rec-newleft2-def rec-newleft3-def)
done
from kI and k2 show
rec-exec (rec-embranch (zip ?rgs ?rrs)) [p, r, a] = newleft p r a
by simp
qged

The newrght function is one similar to newleft, but used to compute the
right number.

fun newrght :: nat = nat = nat = nat
where
newrght p r a = (if a = 0 then newrgt0 [p, 7]
else if a = 1 then newrgt! [p, 7]
else if a = 2 then newrgt2 [p, 7]
else if a = 3 then newrgt3 [p, 7]
else r)

rec-newrght is the recursive function used to implement newrgth.

definition rec-newrght :: recf
where
rec-newrght =
(let g0 = Cn 3 rec-newrgt0 [id 3 0, id 3 1] in
let g1 = COn 3 rec-newrgtl [id 8 0, id 3 1] in
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let g2 = Cn 3 rec-newrgt2 [id 3 0, id 3 1] in
let g3 = Cn 3 rec-newrgt3 [id 3 0, id 3 1] in
let g4 = id 3 11

let 10 = Cn 3 rec-eq [id 3 2, Cn 8 (constn 0) [id 3 0]] in
let 11 = Cn 3 rec-eq [id 3 2, Cn 8 (constn 1) [id 3 0]] in
let r2 = Cn 8 rec-eq [id 3 2, Cn 3 (constn 2) [id 3 0]] in
let r8 = Cn 8 rec-eq [id 3 2, Cn 3 (constn 3) [id 3 0]] in

i
let 14 = Cn 8 rec-less [Cn 3 (constn 3) [id 3 0], id 3 2] in
let gs = [0, g1, 92, g3, g4] in
let rs = [r0, r1, r2, r3, r4] in
rec-embranch (zip gs rs))

declare newrght.simps[simp del]

lemma numeral-4-eq-4: 4 = Suc 3
by auto

lemma Suc-5-induct:
[¢ < Suc (Suc (Suc (Suc (Suc 0)))); i = 0 = P 0;
i=1=P1;i=2=P2 i=3=P3%i=/4= PJ]= Pi

apply(case-tac i, auto)

apply (case-tac nat, auto)

apply (case-tac nata, auto simp: numeral-2-eq-2)

apply(case-tac nat, auto simp: numeral-3-eq-3 numeral-4-eq-4)

done

lemma [intro]: primerec rec-scan (Suc 0)
apply (auto simp: rec-scan-def, auto)
done

The correctness of rec-newrght.

lemma newrght-lemma: rec-exec rec-newrght [p, r, a] = newrght p r a
proof(simp only: rec-newrght-def Let-def)
let ?gs’ = [newrgt0, newrgtl, newrgt2, newrgt3, X zs. zs | 1]
let 2r0 = A 2zs. 2s 1 2 =0
let 9r1 = X zs. 28! 2 =
let 9r2 = X zs. zs !
let 9r3 = X zs. zs !
let 2rf = X zs. zs!
let 2gs = map (A g. (A zs. g [zs ! 0, zs ! 1])) %gs’
let ?rs = [?r0, ?r1, ?r2, ?r3, 7r4)
let ?rgs =
[Cn 8 rec-newrgt0 [recf.id 3 0, recf.id 3 1],
Cn 3 rec-newrgtl [recf.id 3 0, recf.id 3 1],
Cn 3 rec-newrgt2 [recf.id 8 0, recf.id 3 1],
Cn 3 rec-newrgt3 [recf.id 8 0, recf.id 3 1], recf.id 3 1]
let 2rrs =
[Cn 8 rec-eq [recf.id 3 2, Cn 3 (constn 0) [recf.id 3 0]], Cn 3 rec-eq [recf.id 3 2,
Cn 3 (constn 1) [recf.id 3 0]], Cn 8 rec-eq [recf.id 3 2, Cn 3 (constn 2) [recf.id
3 O]L

2
2
2

(
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Cn 3 rec-eq [recf.id 3 2, Cn 3 (constn 3) [recf.id 8 0]],
Cn 3 rec-less [Cn 3 (constn 3) [recf.id 3 0], recf.id 3 2]]

have k1: rec-exec (rec-embranch (zip ?rgs ?rrs)) [p, r, a

= Embranch (zip (map rec-exec ?rgs) (map (Ar args. 0 < rec-exec r args) 2rrs))
[p, 7, a]
apply (rule-tac embranch-lemma)
apply (auto simp: numeral-3-eq-3 numeral-2-eq-2 rec-newrgt0-def
rec-newrgtl-def rec-newrgt2-def rec-newrgt3-def )+

apply(case-tac a = 0, rule-tac x = 0 in exl)
prefer 2
apply(case-tac a = 1, rule-tac * = Suc 0 in exl)
prefer 2
apply(case-tac a = 2, rule-tac x = 2 in exl)
prefer 2
apply(case-tac a = 3, rule-tac x = 3 in exl)
prefer 2
apply(case-tac a > 3, rule-tac x = 4 in exl, auto simp: rec-exec.simps)
apply (erule-tac [!] Suc-5-induct, auto simp: rec-exec.simps)
done

have k2: Embranch (zip (map rec-exec ?rgs)
(map (Ar args. 0 < rec-exec r args) ?rrs)) [p, r, a] = newrght p r a
apply (auto simp: Embranch.simps rec-exec.simps)
apply (auto simp: newrght.simps rec-newrgt3-def rec-newrgt2-def

rec-newrgtl-def rec-newrgt0-def rec-exec.simps
scan-lemma)

done

from kI and k2 show
rec-exec (rec-embranch (zip ?rgs ?rrs)) [p, r, a] =

newrght p v a by simp
qed

declare Entry.simps[simp del]

The actn function given on page 92 of B book, which is used to fetch Turing
Machine intructions. In actn m ¢ r, m is the Godel coding of a Turing
Machine, ¢ is the current state of Turing Machine, r is the right number of
Turing Machine tape.

fun actn :: nat = nat = nat = nat
where
actn m qr = (if ¢ # 0 then Entry m (4x(q — 1) + 2 % scan )
else 4)

rec-actn is the recursive function used to implement actn

definition rec-actn :: recf
where
rec-actn =
Cn 3 rec-add [Cn 3 rec-mult
[Cn 3 rec-entry [id 3 0, Cn 8 rec-add [Cn 3 rec-mult
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[Cn 3 (constn 4) [id 3 0],
Cn 3 rec-minus [id 3 1, Cn 8 (constn 1) [id 3 0]]],
Cn 8 rec-mult [Cn 8 (constn 2) [id 3 0],
Cn 3 rec-scan [id 3 2]]]],
Cn 3 rec-noteq [id 3 1, Cn 3 (constn 0) [id 3 0]]],
Cn 3 rec-mult [Cn 3 (constn 4) [id 3 0],
Cn 3 rec-eq [id 3 1, Cn 8 (constn 0) [id 3 0]]]]

The correctness of actn.

lemma actn-lemma: rec-exec rec-actn [m, q, r] = actn m q r
by (auto simp: rec-actn-def rec-exec.simps entry-lemma scan-lemma)

fun newstat :: nat = nat = nat = nat
where
newstat m q r = (if ¢ # 0 then Entry m (4*(q — 1) + 2xscan 1 + 1)
else 0)

definition rec-newstat :: recf
where
rec-newstat = Cn 8 rec-add
[Cn & rec-mult [Cn 8 rec-entry [id 3 0,

Cn 3 rec-add [Cn 8 rec-mult [Cn 3 (constn 4) [id 8 0],
Cn 8 rec-minus [id 3 1, Cn 3 (constn 1) [id 3 0]]],
Cn 3 rec-add [Cn 3 rec-mult [Cn 3 (constn 2) [id 3 0],
Cn 8 rec-scan [id 3 2]], Cn 3 (constn 1) [id 3 0]]]],
Cn 8 rec-noteq [id 3 1, Cn 3 (constn 0) [id 3 0]]],
Cn 8 rec-mult [Cn 8 (constn 0) [id 3 0],
Cn 3 rec-eq [id 3 1, Cn 3 (constn 0) [id 3 0]]]]

lemma newstat-lemma: rec-exec rec-newstat [m, q, r] = newstat m q r
by (auto simp: rec-exec.simps entry-lemma scan-lemma rec-newstat-def)

declare newstat.simps[simp del] actn.simps[simp del]

code the configuration

fun trpl :: nat = nat = nat = nat
where
trplp qr = (Pi0)px (Pi1)°q*(Pi2)"r

definition rec-trpl :: recf
where
rec-trpl = Cn 3 rec-mult [Cn 8 rec-mult
[Cn 3 rec-power [Cn 3 (constn (Pi 0)) [id 3 0], id 3 0],
Cn 8 rec-power [Cn § (constn (Pi 1)) [id 3 0], id 3 1]],
Cn 3 rec-power [Cn 3 (constn (Pi 2)) [id 8 0], id 8 2]]
declare trpl.simps[simp del]
lemma trpl-lemma: rec-exec rec-trpl [p, q, r] = trplp q r
by (auto simp: rec-trpl-def rec-exec.simps power-lemma trpl.simps)

left, stat, rght: decode func
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fun left :: nat = nat
where
left c = lo ¢ (Pi 0)

fun stat :: nat = nat
where
stat ¢ = lo ¢ (Pi 1)

fun rght :: nat = nat
where
rght ¢ = lo ¢ (Pi 2)

thm Prime.simps

fun inpt :: nat = nat list = nat
where
inpt m xs = trpl 0 1 (strt xs)

fun newconf :: nat = nat = nat
where
newconf m ¢ = trpl (newleft (left ¢) (rght c)
(actn m (stat ¢) (rght c)))
(newstat m (stat ¢) (rght c))
(newrght (left ¢) (rght c)
(actn m (stat ¢) (rght ¢)))

declare left.simps[simp del] stat.simps[simp del] rght.simps[simp del]
inpt.simps[simp del] newconf.simps[simp del]

definition rec-left :: recf
where
rec-left = Cn 1 rec-lo [id 1 0, constn (Pi 0)]

definition rec-right :: recf
where
rec-right = Cn 1 rec-lo [id 1 0, constn (Pi 2)]

definition rec-stat :: recf
where
rec-stat = Cn 1 rec-lo [id 1 0, constn (Pi 1)]

definition rec-inpt :: nat = recf
where
rec-inpt vl = Cn vl rec-trpl
[Cn vl (constn 0) [id vl 0],
Cn vl (constn 1) [id vl 0],
Cn vl (rec-strt (vl — 1))
(map (X 4. id vl (1)) [1..<0l])]
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lemma left-lemma: rec-exec rec-left [c] = left ¢
by (simp add: rec-exec.simps rec-left-def left.simps lo-lemma)

lemma right-lemma: rec-exec rec-right [c] = rght ¢
by (simp add: rec-exec.simps rec-right-def rght.simps lo-lemma)

lemma stat-lemma: rec-exec rec-stat [c] = stat ¢
by (simp add: rec-exec.simps rec-stat-def stat.simps lo-lemma)

declare rec-strt.simps[simp del] strt.simps[simp del]

lemma map-cons-eq:

(map ((Aa. rec-exzec a (m # xs)) o

(Ai. recf.id (Suc (length xs)) (4)))
[Suc 0..<Suc (length zs)])
=map (A i. zs! (i — 1)) [Suc 0..<Suc (length xs)]

apply (rule map-ext, auto)
apply (auto simp: rec-exec.simps nth-append nth-Cons split: nat.split)
done

lemma list-map-eq:
vl = length (zs::nat list) = map (X i. xs ! (i — 1))
[Suc 0..<Suc vl] = zs
apply (induct vl arbitrary: zs, simp)
apply (subgoal-tac 3 ys y. xs = ys Q [y], auto)
proof —
fix ys y
assume ind:
Nzs. length (ys::nat list) = length (zs:nat list) =
map (Ai. zs ! (i — Suc 0)) [Suc 0..<length xs] @
[zs ! (length s — Suc 0)] = xs
and h: Suc 0 < length (ys:nat list)
have map (\i. ys ! (i — Suc 0)) [Suc 0..<length ys] Q
[ys ! (length ys — Suc 0)] = ys
apply (rule-tac ind, simp)
done
moreover have
map (Ai. (ys Q [y]) ! (i — Suc 0)) [Suc 0..<length ys]
= map (Ni. ys ! (i — Suc 0)) [Suc 0..<length ys]
apply (rule map-ext)
using h
apply (auto simp: nth-append)
done
ultimately show map (Ai. (ys @ [y]) ! (i — Suc 0))
[Suc 0..<length ys] @ [(ys Q [y]) ! (length ys — Suc 0)] = ys
apply(simp del: map-eq-conv add: nth-append, auto)
using A
apply (simp)
done
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next
fix ol zs
assume Suc vl = length (zs::nat list)
thus Jys y. zs = ys Q [y]
apply(rule-tac x = butlast zs in exl,
rule-tac © = last zs in exl)
apply(case-tac xs # [], auto)
done
qed

lemma [elim]:
Suc 0 < length rs —>
(map ((Ma. rec-exzec a (m # xs)) o
(Ni. recf.id (Suc (length xs)) (1))
[Suc 0..<length xs] @ [(m # xzs) ! length zs]) = zs
using map-cons-eqof m xs]
apply (simp del: map-eq-conv add: rec-exec.simps)
using list-map-eq[of length xs xs]
apply (simp)
done

lemma inpt-lemma:
[Suc (length xs) = ] =
rec-exec (rec-inpt vl) (m # xzs) = inpt m xs
apply (auto simp: rec-exec.simps rec-inpt-def
trpl-lemma inpt.simps strt-lemma)
apply (subgoal-tac
(map ((Aa. rec-exzec a (m # xs)) o
(Ai. recf.id (Suc (length xs)) (i)))
[Suc 0..<length xs] Q [(m # zs) ! length xs]) = xs, simp)
apply (auto, case-tac zs, auto)
done

definition rec-newconf:: recf
where
rec-newconf =
Cn 2 rec-trpl
[Cn 2 rec-newleft [Cn 2 rec-left [id 2 1],
Cn 2 rec-right [id 2 1],
Cn 2 rec-actn [id 2 0,
Cn 2 rec-stat [id 2 1],
Cn 2 rec-right [id 2 1]]],
Cn 2 rec-newstat [id 2 0,
Cn 2 rec-stat [id 2 1],
Cn 2 rec-right [id 2 1]],
Cn 2 rec-newrght [Cn 2 rec-left [id 2 1],
Cn 2 rec-right [id 2 1],
Cn 2 rec-actn [id 2 0,
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Cn 2 rec-stat [id 2 1],
Cn 2 rec-right [id 2 1]]]]

lemma newconf-lemma: rec-exec rec-newconf [m ,c] = newconf m c
by (auto simp: rec-newconf-def rec-exec.simps
trpl-lemma newleft-lemma left-lemma
right-lemma stat-lemma newrght-lemma actn-lemma
newstat-lemma stat-lemma newconf.simps)

declare newconf-lemmalsimp]

conf m r k computes the TM configuration after k steps of execution of TM
coded as m starting from the initial configuration where the left number
equals 0, right number equals 7.

fun conf :: nat = nat = nat = nat
where
confmr 0 = trpl 0 (Suc 0) r

| conf m r (Suc t) = newconf m (conf m rt)

declare conf.simps[simp del]

conf is implemented by the following recursive function rec-conf.

definition rec-conf :: recf

where
rec-conf = Pr 2 (Cn 2 rec-trpl [Cn 2 (constn 0) [id 2 0], Cn 2 (constn (Suc 0))
lid 2 0], id 2 1))

(Cn 4 rec-newconf [id 4 0, id 4 3])

lemma conf-step:
rec-exec rec-conf [m, r, Suc t] =
rec-exec rec-newconf [m, rec-exec rec-conf [m, r, t]]
proof —
have rec-exec rec-conf ([m, r] Q [Suc t]) =
rec-exec rec-newconf [m, rec-exec rec-conf [m, r, t|]
by (simp only: rec-conf-def rec-pr-Suc-simp-rewrite,
simp add: rec-exec.simps)
thus rec-exec rec-conf [m, r, Suc t] =
rec-exec rec-newconf [m, rec-exec rec-conf [m, r, t]]
by simp
qed

The correctness of rec-conf.

lemma conf-lemma:
rec-exec rec-conf [m, r, t| = conf m rt
apply (induct t)
apply (simp add: rec-conf-def rec-exec.simps conf.simps inpt-lemma trpl-lemma)
apply(simp add: conf-step conf.simps)
done
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NSTD c returns true if the configureation coded by ¢ is no a stardard final
configuration.

fun NSTD :: nat = bool
where
NSTD ¢ = (stat ¢ # 0 V left ¢ # 0 V
rght ¢ # 2°(lg (rght ¢ + 1) 2) — 1 V rght ¢ = 0)

rec-NSTD is the recursive function implementing NSTD.

definition rec-NSTD :: recf
where
rec-NSTD =
Cn 1 rec-disj |
Cn 1 rec-disj |
Cn 1 rec-disj
[Cn 1 rec-noteq [rec-stat, constn 0],
Cn 1 rec-noteq [rec-left, constn 0]] ,
Cn 1 rec-noteq [rec-right,
Cn 1 rec-minus [Cn 1 rec-power
[constn 2, Cn 1 rec-lg
[Cn 1 rec-add
[rec-right, constn 1],
constn 2]], constn 1]]],
Cn 1 rec-eq [rec-right, constn 0]

lemma NSTD-lemmal: rec-exec rec-NSTD [c¢] = Suc 0 V
rec-exec rec-NSTD [c] = 0
by (simp add: rec-exec.simps rec-NSTD-def )

declare NSTD.simps[simp del]

lemma NSTD-lemma2’: (rec-exec rec-NSTD [c] = Suc 0) = NSTD ¢

apply (simp add: rec-exec.simps rec-NSTD-def stat-lemma left-lemma
lg-lemma right-lemma power-lemma NSTD.simps eq-lemma)

apply (auto)

apply(case-tac 0 < left ¢, simp, simp)

done

lemma NSTD-lemma2’":
NSTD ¢ = (rec-exec rec-NSTD [c] = Suc 0)
apply(simp add: rec-exec.simps rec-NSTD-def stat-lemma
left-lemma lg-lemma right-lemma power-lemma NSTD.simps)
apply (auto split: if-splits)
done

The correctness of NSTD.

lemma NSTD-lemmaZ2: (rec-exec rec-NSTD [c¢] = Suc 0) = NSTD ¢
using NSTD-lemmal

apply (auto intro: NSTD-lemma2’ NSTD-lemmaZ2”)

done
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fun nstd :: nat = nat

where
nstd ¢ = (if NSTD c then 1 else 0)

lemma nstd-lemma: rec-exec rec-NSTD [c] = nstd ¢
using NSTD-lemmal

apply(simp add: NSTD-lemma2, auto)

done

nonstep m r t means afer t steps of execution, the TM coded by m is not
at a stardard final configuration.

fun nonstop :: nat = nat = nat = nat
where
nonstop m r t = nstd (conf m r t)

rec-nonstop is the recursive function implementing nonstop.

definition rec-nonstop :: recf
where
rec-nonstop = Cn 3 rec-NSTD [rec-conf]

The correctness of rec-nonstop.

lemma nonstop-lemma:

rec-exec rec-nonstop [m, r, t| = nonstop m rt
apply(simp add: rec-exec.simps rec-nonstop-def nstd-lemma conf-lemma)
done

rec-halt is the recursive function calculating the steps a TM needs to execute
before to reach a stardard final configuration. This recursive function is the
only one using Mn combinator. So it is the only non-primitive recursive
function needs to be used in the construction of the universal function F.

definition rec-halt :: recf
where
rec-halt = Mn (Suc (Suc 0)) (rec-nonstop)

declare nonstop.simps[simp del]

lemma primerec-not0: primerec fn = n > 0
by (induct f n rule: primerec.induct, auto)

lemma [elim]: primerec f 0 = RR
apply (drule-tac primerec-not0, simp)
done

lemma [simp]: length zs = Suc n = length (butlast zs) = n
apply (subgoal-tac 3 y ys. zs = ys @Q [y], auto)

apply (rule-tac x = last zs in exl)

apply (rule-tac z = butlast xs in exl)
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apply(case-tac xs = [|, auto)
done

The lemma relates the interpreter of primitive fucntions with the calculation
relation of general recursive functions.

lemma prime-rel-exec-eq: primerec v (length xs)
= rec-calc-rel v xs s = (rec-exec r TS5 = rS8)
proof (induct r zs arbitrary: rs rule: rec-exec.induct, simp-all)
fix zs s
assume primerec z (length (xs::nat list))
hence length zs = Suc 0 by(erule-tac prime-z-reverse, simp)
thus rec-calc-rel z xs rs = (rec-exec z s = Ts)
apply (case-tac xs, simp, auto)
apply (erule-tac calc-z-reverse, simp add: rec-exec.simps)
apply(simp add: rec-exec.simps, rule-tac calc-z)
done
next
fix zs rs
assume primerec s (length (zs::nat list))
hence length xs = Suc 0 ..
thus rec-calc-rel s xs rs = (rec-exec s xs = rs)
by (case-tac zs, auto simp: rec-exec.simps intro: calc-s
elim: calc-s-reverse)
next
fix m n zs rs
assume primerec (recf.id m n) (length (xzs:nat list))
thus
rec-calc-rel (recf.id m n) xs rs =
(rec-exec (recf.id m n) xs = rs)
apply (erule-tac prime-id-reverse)
apply (simp add: rec-exec.simps, auto)
apply (erule-tac calc-id-reverse, simp)
apply (rule-tac calc-id, auto)
done
next
fix n fgsxsrs
assume indl:
Nz rs. [z € set gs; primerec x (length xs)] =
rec-calc-rel © xs rs = (rec-exec x s = T5)
and nd2:
Nz rs. [z = map (\a. rec-exec a ) gs;
primerec f (length gs)] =
rec-calc-rel f (map (Aa. rec-exec a xs) gs) rs =
(rec-exec f (map (Ma. rec-exec a x8) gs) = rs)
and h: primerec (Cn n f gs) (length zs)
show rec-calc-rel (Cn n f gs) zs rs =
(rec-exec (Cn n f gs) xs = rs)
proof(auto simp: rec-exec.simps, erule-tac calc-cn-reverse, auto)
fix ys
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assume gI:Vk<length gs. rec-calc-rel (gs ! k) zs (ys ! k)
and ¢2: length ys = length gs
and g3: rec-calc-rel f ys rs
have rec-calc-rel f (map (Ma. rec-exec a xs) gs) rs =
(rec-exec f (map (Aa. rec-exec a x8) gs) = rs)
apply (rule-tac ind2, auto)
using h
apply (erule-tac prime-cn-reverse, simp)
done
moreover have ys = (map (Aa. rec-exec a xs) gs)
proof (rule-tac nth-equalityl, auto simp: g2)
fix 4
assume i < length gs thus ys | i = rec-exec (gsli) zs
using indI[of gs i ys ! i) g1 h
apply (erule-tac prime-cn-reverse, simp)
done
qed
ultimately show rec-exec f (map (Aa. rec-exec a xs) gs) = rs
using g3
by (simp)
next
from h show
rec-calc-rel (Cn n f gs) xs
(rec-exec f (map (Aa. rec-exec a xs) gs))
apply (rule-tac rs = (map (\a. rec-exec a xs) gs) in cale-cn,
auto)
apply (erule-tac [!] prime-cn-reverse, auto)
proof —
fix k
assume k < length gs primerec f (length gs)
Vi<length gs. primerec (gs ! i) (length xs)
thus rec-calc-rel (gs ! k) xs (rec-exec (gs ! k) xs)
using ind1[of gs'k (rec-exec (gs ! k) xs)]
by (simp)
next
assume primerec f (length gs)
Vi<length gs. primerec (gs ! i) (length xs)
thus rec-calc-rel f (map (Aa. rec-exec a xs) gs)
(rec-exec f (map (Ma. rec-exec a zs) gs))
using ind2[of (map (Aa. rec-ezec a zs) gs)
(rec-exec f (map (Aa. rec-exec a x8) gs))]
by simp
qed
qed
next
fix n fgxsrs
assume indl:
Nrs. [last s = 0; primerec f (length xs — Suc 0)]
= rec-calc-rel f (butlast xs) rs =
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(rec-exec f (butlast xs) = rs)
and ind?2 :
Ars. [0 < last xs;
primerec (Prn f g) (Suc (length zs — Suc 0))] =
rec-calc-rel (Prn f g) (butlast zs Q [last zs — Suc 0]) s
= (rec-exec (Prn fg) (butlast zs Q [last xs — Suc 0]) = rs)
and ind3:
Ars. [0 < last xs; primerec g (Suc (Suc (length xs — Suc 0)))]
= rec-calc-rel g (butlast xs Q
[last xs — Suc 0, rec-exzec (Prn f g)
(butlast zs Q [last xs — Suc 0])]) rs =
(rec-exec g (butlast xs Q [last xs — Suc 0,
rec-exzec (Prn fg)
(butlast zs @ [last zs — Suc 0])]) = rs)
and h: primerec (Prn f g) (length (zs::nat list))
show rec-calc-rel (Prn fg) xs rs = (rec-exec (Prn fg) xs = rs)
proof(auto)
assume rec-cale-rel (Prn fg) zs rs
thus rec-exzec (Prn fg) zs = rs
proof (erule-tac calc-pr-reverse)
fix [
assume ¢: zs = [ @ [0]
rec-calc-rel fl rs
n = length [
thus rec-ezec (Prn fg) s = rs
using ind1[of rs] h
apply(simp add: rec-exec.simps,
erule-tac prime-pr-reverse, simp)
done
next
fix lyry
assume d:zs = | Q [Suc y]
rec-calc-rel (Pr (length 1) fg) (I @ [y]) ry
n = length [
rec-cale-rel g (1 Q [y, ry]) rs
moreover hence primerec g (Suc (Suc n)) using h
proof (erule-tac prime-pr-reverse)
assume primerec g (Suc (Suc n)) length xs = Suc n
thus ?thesis by simp
qed
ultimately show rec-exzec (Prn fg) xs = rs
apply (simp)
using ind3[of s
apply(simp add: rec-pr-Suc-simp-rewrite)
using ind2[of ry] h
apply (simp)
done
qed
next
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show rec-calc-rel (Prn f g) xs (rec-exec (Prn fg) xs)
proof —
have rec-calc-rel (Pr n f g) (butlast xs @ [last zs])
(rec-exec (Prn f g) (butlast xs Q [last xs]))
using h
apply (erule-tac prime-pr-reverse, simp)
apply (case-tac last xs, simp)
apply (rule-tac calc-pr-zero, simp)
using ind1[of rec-exec (Pr n f g) (butlast xs @ [0])]
apply (simp add: rec-exec.simps, simp, simp, simp)
thm calc-pr-ind
apply (rule-tac rk = rec-exec (Pr n f g)
(butlast xsQ[last xs — Suc 0]) in calc-pr-ind)
using ind2[of rec-exec (Prn f g)
(butlast zs Q [last xs — Suc 0])] h
apply(simp, simp, simp)
proof —
fix nat
assume length s = Suc n
primerec g (Suc (Suc n))
last zs = Suc nat
thus
rec-calc-rel g (butlast xs @Q [nat, rec-exec (Prn f g)
(butlast zs @ [nat])]) (rec-exec (Prn fg) (butlast zs @ [Suc nat)))
using ind3|of rec-exec (Prn f g)
(butlast xs @ [Suc nat])]
apply(simp add: rec-exec.simps)
done
qed
thus rec-calc-rel (Prn fg) zs (rec-exec (Prn fg) xs)
using h
apply (erule-tac prime-pr-reverse, simp)
apply (subgoal-tac butlast xs Q [last xs] = s, simp)
apply(case-tac xs, simp, simp)
done
qed
qged
next
fix n faxsrs
assume primerec (Mn n f) (length (xzs:nat list))
thus rec-calc-rel (Mn n f) zs rs = (rec-exec (Mn n f) xs = rs)
by (erule-tac prime-mn-reverse)
qged

declare numeral-2-eq-2[simp] numeral-3-eq-3[simp]
lemma [intro]: primerec rec-right (Suc 0)

apply (simp add: rec-right-def rec-lo-def Let-def)
apply (tactic { resolve-tac [Q{thm prime-cn},
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Q@Q{thm prime-id}, @{thm prime-pr}] 1)), auto+)+
done

lemma [simp]:

rec-calc-rel rec-right [r] rs = (rec-exec rec-right [r] = rs)
apply (rule-tac prime-rel-exec-eq, auto)

done

lemma [intro]: primerec rec-pi (Suc 0)
apply (simp add: rec-pi-def rec-dummy-pi-def
rec-np-def rec-fac-def rec-prime-def
rec-Minr.simps Let-def get-fstn-args.simps
arity.stmps
rec-all.simps rec-sigma.simps rec-accum.simps)
apply (tactic { resolve-tac [Q{thm prime-cn},
Q{thm prime-id}, Q{thm prime-pr}] 1)), auto+)+
apply(simp add: rec-dummyfac-def)
apply (tactic { resolve-tac [Q{thm prime-cn},
Q@{thm prime-id}, @{thm prime-pr}] 1)), auto+)+
done

lemma [intro]: primerec rec-trpl (Suc (Suc (Suc 0)))
apply(simp add: rec-trpl-def)
apply (tactic { resolve-tac [@Q{thm prime-cn},

@{thm prime-id}, @Q{thm prime-pr}] 1)), auto+)+
done

lemma [introl]: [0 < vl; n < vl] = primerec (rec-listsum2 vl n) vl
apply (induct n)
apply (simp-all add: rec-strt’.simps Let-def rec-listsum2.simps)
apply (tactic { resolve-tac [Q{thm prime-cn},

Q{thm prime-id}, Q{thm prime-pr}] 1), auto+)+
done

lemma [elim]: [0 < vl; n < vl] = primerec (rec-strt’ vl n) vl
apply (induct n)
apply (simp-all add: rec-strt’.simps Let-def)
apply (tactic { resolve-tac [Q{thm prime-cn},
Q@Q{thm prime-id}, Q{thm prime-pr}] 1)), auto+)
done

lemma [elim]: vl > 0 = primerec (rec-strt vl) vl
apply (simp add: rec-strt.simps rec-strt’.simps)
apply (tactic { resolve-tac [Q{thm prime-cn},

Q{thm prime-id}, @{thm prime-pr}] 1), auto+)+
done

lemma [elim]:
i < vl = primerec ((map (Ni. recf.id (Suc vl) (7))
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[Suc 0..<vl] Q [recf.id (Suc vl) (v])]) ! %) (Suc vl)
apply (induct i, auto simp: nth-append)
done

lemma [intro]: primerec rec-newleft0 ((Suc (Suc 0)))
apply(simp add: rec-newleft-def rec-embranch.simps
Let-def arity.simps rec-newleft0-def
rec-newleft1-def rec-newleft2-def rec-newleft3-def )
apply (tactic { resolve-tac [Q{thm prime-cn},
Q@Q{thm prime-id}, @Q{thm prime-pr}] 1), auto+)+
done

lemma [intro]: primerec rec-newleft! ((Suc (Suc 0)))
apply (simp add: rec-newleft-def rec-embranch.simps
Let-def arity.simps rec-newleft0-def
rec-newleft1-def rec-newleft2-def rec-newleft3-def )
apply (tactic { resolve-tac [Q{thm prime-cn},
Q{thm prime-id}, @{thm prime-pr}] 1), auto+)+
done

lemma [intro]: primerec rec-newleft2 ((Suc (Suc 0)))
apply(simp add: rec-newleft-def rec-embranch.simps
Let-def arity.simps rec-newleft0-def
rec-newleft1-def rec-newleft2-def rec-newleft3-def )
apply (tactic { resolve-tac [Q{thm prime-cn},
Q@Q{thm prime-id}, @Q{thm prime-pr}] 1), auto+)+
done

lemma [intro]: primerec rec-newleft3 ((Suc (Suc 0)))
apply (simp add: rec-newleft-def rec-embranch.simps
Let-def arity.simps rec-newleft0-def
rec-newleft1-def rec-newleft2-def rec-newleft3-def )
apply (tactic { resolve-tac [Q{thm prime-cn},
Q{thm prime-id}, @{thm prime-pr}] 1)), auto+)+
done

lemma [intro]: primerec rec-newleft (Suc (Suc (Suc 0)))

apply (simp add: rec-newleft-def rec-embranch.simps
Let-def arity.simps)

apply (rule-tac prime-cn, auto+)

done

lemma [intro]: primerec rec-left (Suc 0)
apply(simp add: rec-left-def rec-lo-def rec-entry-def Let-def)
apply (tactic { resolve-tac [Q{thm prime-cn},

Q{thm prime-id}, @{thm prime-pr}] 1)), auto+)+
done

lemma [intro]: primerec rec-actn (Suc (Suc (Suc 0)))
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apply(simp add: rec-left-def rec-lo-def rec-entry-def
Let-def rec-actn-def)
apply (tactic { resolve-tac [@Q{thm prime-cn},
Q@{thm prime-id}, @{thm prime-pr}] 1), auto+)+
done

lemma [intro]: primerec rec-stat (Suc 0)
apply(simp add: rec-left-def rec-lo-def rec-entry-def Let-def
rec-actn-def rec-stat-def)
apply (tactic { resolve-tac [Q{thm prime-cn},
Q{thm prime-id}, Q{thm prime-pr}] 1)), auto+)+
done

lemma [intro]: primerec rec-newstat (Suc (Suc (Suc 0)))
apply (simp add: rec-left-def rec-lo-def rec-entry-def
Let-def rec-actn-def rec-stat-def rec-newstat-def)
apply (tactic { resolve-tac [Q{thm prime-cn},
Q{thm prime-id}, @{thm prime-pr}] 1), auto+)+
done

lemma [intro]: primerec rec-newrght (Suc (Suc (Suc 0)))
apply(simp add: rec-newrght-def rec-embranch.simps
Let-def arity.simps rec-newrgt0-def
rec-newrgtl-def rec-newrgt2-def rec-newrgt3-def)
apply (tactic { resolve-tac [Q{thm prime-cn},
Q@Q{thm prime-id}, Q{thm prime-pr}] 1), auto+)+
done

lemma [intro]: primerec rec-newconf (Suc (Suc 0))
apply (simp add: rec-newconf-def)
apply (tactic { resolve-tac [Q{thm prime-cn},

Q{thm prime-id}, Q{thm prime-pr}] 1), auto+)+
done

lemma [intro]: 0 < vl = primerec (rec-inpt (Suc vl)) (Suc vl)
apply (simp add: rec-inpt-def)
apply (tactic { resolve-tac [Q{thm prime-cn},
Q{thm prime-id}, Q{thm prime-pr}] 1), auto+)+
done

lemma [intro]: primerec rec-conf (Suc (Suc (Suc 0)))
apply (simp add: rec-conf-def)
apply (tactic { resolve-tac [Q{thm prime-cn},

Q@{thm prime-id}, @{thm prime-pr}] 1)), auto+)+
apply(auto simp: numeral-4-eq-4)
done

lemma [simp]:
rec-calc-rel rec-conf [m, r, t] rs =
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(rec-exec rec-conf [m, r, t] = rs)
apply (rule-tac prime-rel-ezec-eq, auto)
done

lemma [intro]: primerec rec-lg (Suc (Suc 0))
apply(simp add: rec-lg-def Let-def)
apply (tactic { resolve-tac [Q{thm prime-cn},

Q{thm prime-id}, @{thm prime-pr}] 1)), auto+)+
done

lemma [intro]: primerec rec-nonstop (Suc (Suc (Suc 0)))

apply(simp add: rec-nonstop-def rec-NSTD-def rec-stat-def
rec-lo-def Let-def rec-left-def rec-right-def rec-newconf-def
rec-newstat-def )

apply (tactic { resolve-tac [Q{thm prime-cn},
Q{thm prime-id}, Q{thm prime-pr}] 1), auto+)+

done

lemma nonstop-eq[simp]:
rec-cale-rel rec-nonstop [m, r, t] rs =
(rec-exec rec-nonstop [m, r, t] = rs)
apply (rule prime-rel-exec-eq, auto)
done

lemma halt-lemma’:
rec-calc-rel rec-halt [m, r] t =
(rec-calc-rel rec-nonstop [m, r, t] 0 A
(V t'< t.
(3 y. rec-calc-rel rec-nonstop [m, r, t'] y A
y # 0)))
apply (auto simp: rec-halt-def)
apply (erule calc-mn-reverse, simp)
apply (erule-tac calc-mn-reverse)
apply (erule-tac x = t' in allE, simp)
apply (rule-tac calc-mn, simp-all)
done

The following lemma gives the correctness of rec-halt. It says: if rec-halt
calculates that the TM coded by m will reach a standard final configuration
after ¢ steps of execution, then it is indeed so.

lemma halt-lemma:
rec-calc-rel (rec-halt) [m, r] t =

(rec-exec rec-nonstop [m, r, t] = 0 A
(V t'< t. (3 y. rec-exec rec-nonstop [m, r, t'] =y
Ny #0)))
using halt-lemma’[of m 1 t]
by simp

F: universal machine
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valu T extracts computing result out of the right number 7.

fun valu :: nat = nat
where
valur = (lg (r + 1) 2) — 1

rec-valu is the recursive function implementing valu.

definition rec-valu :: recf
where
rec-valu = Cn 1 rec-minus [Cn 1 rec-lg [s, constn 2], constn 1]

The correctness of rec-valu.

lemma value-lemma: rec-exec rec-valu [r] = valu r
apply (simp add: rec-exec.simps rec-valu-def lg-lemma)
done

lemma [intro]: primerec rec-valu (Suc 0)

apply(simp add: rec-valu-def)

apply (rule-tac k = Suc (Suc 0) in prime-cn)
(

apply (auto simp: prime-s)
proof —
show primerec rec-lg (Suc (Suc 0)) by auto
next
show Suc (Suc 0) = Suc (Suc 0) by simp
next
show primerec (constn (Suc (Suc 0))) (Suc 0) by auto
qged

lemma [simp]: rec-calc-rel rec-valu [r] rs =
(rec-exec rec-valu [r] = r3)

apply (rule-tac prime-rel-exec-eq, auto)

done

declare valu.simps[simp del]

The definition of the universal function rec-F.

definition rec-F :: recf
where
rec-F = Cn (Suc (Suc 0)) rec-valu [Cn (Suc (Suc 0)) rec-right [Cn (Suc (Suc

0))
rec-conf ([id (Suc (Suc 0)) 0, id (Suc (Suc 0)) (Suc 0), rec-halt])]]

lemma get-fstn-args-nth:
k < n = (get-fstn-args m n ! k) = id m (k)
apply (induct n, simp)
apply(case-tac k = n, simp-all add: get-fstn-args.simps
nth-append)
done
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lemma [simp]:
lys # [); k < length ys] =
(get-fstn-args (length ys) (length ys) ! k) =
id (length ys) (k)
by (erule-tac get-fstn-args-nth)

lemma calc-rel-get-pren:
lys # [); k < length ys] =
rec-cale-rel (get-fstn-args (length ys) (length ys) | k) ys
(ys 1 k)
apply (simp)
apply (rule-tac calc-id, auto)
done

lemma [elim]:
[zs # []; k < Suc (length zs)] =
rec-calc-rel (get-fstn-args (Suc (length xs))
(Suc (length xs)) 1 k) (m # xs) ((m # xs) | k)
using calc-rel-get-pren|of m#tzs k|
apply (simp)
done

The correctness of rec-F, halt case.

lemma F-lemma:

rec-calc-rel rec-halt [m, r] t =

rec-calc-rel rec-F' [m, r| (valu (rght (conf m rt)))
apply (simp add: rec-F-def)

apply (rule-tac rs = [rght (conf m r t)] in calc-cn,
auto simp: value-lemma)
apply (rule-tac rs = [conf m r t] in calc-cn,

auto simp: right-lemma)
apply (rule-tac rs = [m, r, t] in calc-cn, auto)
apply (subgoal-tac k = 0V k = Suc 0 V k = Suc (Suc 0),
auto simp:nth-append)
apply (rule-tac [1—2] calc-id, simp-all add: conf-lemma)
done

The correctness of rec-F, nonhalt case.

lemma F-lemma2:
V t. = rec-cale-rel rec-halt [m, r] t =
YV rs. - rec-cale-rel rec-F [m, r] rs
apply (auto simp: rec-F-def)
apply (erule-tac calc-cn-reverse, simp (no-asm-use))+
proof —
fix rs rsa rsb rsc
assume h:
Y t. = rec-calc-rel rec-halt [m, r] t
length rsa = Suc 0
rec-calc-rel rec-valu rsa rs
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length rsb = Suc 0
rec-calc-rel rec-right rsb (rsa ! 0)
length rsc = (Suc (Suc (Suc 0)))
rec-calc-rel rec-conf rsc (rsb ! 0)
and g: Vk<Suc (Suc (Suc 0)). rec-calc-rel ([recf.id (Suc (Suc 0)) 0,
recf .id (Suc (Suc 0)) (Suc 0), rec-halt] ! k) [m, 7] (rsc ! k)
have rec-calc-rel (rec-halt ) [m, 7]
(rsc ! (Suc (Suc 0)))
using g
apply (erule-tac z = (Suc (Suc 0)) in allFE)
apply(simp add:nth-append)
done
thus False
using A
apply (erule-tac x = ysb ! (Suc (Suc 0)) in allE, simp)
done
qed

11.3 Coding function of TMs

The purpose of this section is to get the coding function of Turing Machine,
which is going to be named code.

fun bl2nat :: block list = nat = nat
where
bi2nat [ n =0
| bi2nat (Bk#bl) n = bl2nat bl (Suc n)
| bi2nat (Oc#bl) n = 2°n + bi2nat bl (Suc n)

fun bl2we :: block list = nat
where
bl2wc zs = bl2nat xs 0

fun trpl-code :: t-conf = nat
where
trpl-code (st, I, r) = trpl (bl2wc 1) st (bl2we 1)

declare bi2nat.simps[simp del] bl2wc.simps[simp del]
trpl-code.simps|[simp del]

fun action-map :: taction = nat
where
action-map W0 = 0

| action-map W1 = 1

| action-map L = 2

| action-map R = 3

| action-map Nop = 4

fun action-map-iff :: nat = taction
where
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action-map-iff (0:nat) = WO
| action-map-iff (Suc 0) = W1
| action-map-iff (Suc (Suc 0)) = L
| action-map-iff (Suc (Suc (Suc 0)))
| action-map-iff n = Nop

R

fun block-map :: block = nat
where
block-map Bk = 0

| block-map Oc = 1

fun godel-code’ :: nat list = nat = nat
where
godel-code’ [| n = 1
| godel-code’ (z#xs) n = (Pin) "z % godel-code’ xs (Suc n)

fun godel-code :: nat list = nat
where
godel-code xs = (let lh = length zs in
2°lh * (godel-code’ zs (Suc 0)))

fun modify-tprog :: tprog = nat list
where
modify-tprog [| = ]
| modify-tprog ((ac, ns)#nl) = action-map ac # ns # modify-tprog nl

code tp gives the Godel coding of TM program tp.

fun code :: tprog = nat
where
code tp = (let nl = modify-tprog tp in
godel-code nl)

11.4 Relating interperter functions to the execution of TMs

lemma [simp]: bl2wc [| = 0 by(simp add: bl2wc.simps bl2nat.simps)
term trpl

lemma [simp]: [fetch tp 0 b = (nact, ns)] = action-map nact = 4
apply(simp add: fetch.simps)
done

lemma Pi-gr-1[simp]: Pin > Suc 0
proof (induct n, auto simp: Pi.simps Np.simps)
fix n
let ?setr = {y. y < Suc (Pin!) AN Pin <y A Prime y}
have finite ?setx by auto
moreover have ?setz # {}
using prime-ex[of Pi n]
apply (auto)
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done
ultimately show Suc 0 < Min ?setz
apply(simp add: Min-gr-iff)
apply (auto simp: Prime.simps)
done
qed

lemma Pi-not-0[simpl: Pin > 0
using Pi-gr-1[of n]
by arith

declare godel-code.simps|simp del]

lemma [simp]: 0 < godel-code’ nl n
apply (induct nl arbitrary: n)

apply (auto simp: godel-code’.simps)
done

lemma godel-code-great: godel-code nl > 0
apply (simp add: godel-code.simps)
done

lemma godel-code-eq-1: (godel-code nl = 1) = (nl = [])
apply (auto simp: godel-code.simps)
done

lemma [elim]:
[i < length nl; = Suc 0 < godel-code nl] = nl! i =0
using godel-code-great[of nl| godel-code-eg-1]of nl]
apply (simp)
done

term set-of
lemma prime-coprime: [Prime x; Prime y; t#y] = coprime z y
proof(simp only: Prime.simps coprime-nat, auto simp: dvd-def,
rule-tac classical, simp)
fix d k ka
assume case-ka: Vu<d * ka. Vv<d * ka. v x v # d * ka
and case-k: Vu<d x k. Vo<d x k. uxv # d *x k
and h: (0:nat) < d d # Suc 0 Suc 0 < d * ka
ka # k Suc 0 < d x k
from h have k > Suc 0 V ka >Suc 0
apply (auto)
apply (case-tac ka, simp, simp)
apply (case-tac k, simp, simp)
done
from this show False
proof(erule-tac disjEF)
assume (Suc O0:nat) < k
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hence k£ < dxk N d < dxk
using h
by (auto)
thus ?thesis
using case-k
apply (erule-tac * = d in allE)
apply (simp)
apply (erule-tac z = k in allE)
apply (simp)
done
next
assume (Suc 0:nat) < ka
hence ka < d * ka A d < dxka
using h by auto
thus ?Zthesis
using case-ka
apply(erule-tac * = d in allE)
apply (simp)
apply (erule-tac * = ka in allE)
apply (simp)
done
qed
qed

lemma Pi-inc: Pi (Suc i) > Pii
proof(simp add: Pi.simps Np.simps)
let ?setr = {y. y < Suc (Pii!) A Pii <y A Prime y}
have finite ?setx by simp
moreover have ?setx # {}
using prime-ex|of Pi i]
apply (auto)
done
ultimately show Pi i < Min ?setz
apply(simp add: Min-gr-iff)
done
qed

lemma Pi-inc-gr: i < j = Pii < Pij
proof (induct j, simp)
fix j
assume nd: 1 < j = Pii < Pij
and h: i < Suc j
from h show Pii < Pi (Suc j)
proof(cases i < j)
case True thus ?thesis
proof —
assume i < j
hence Pi i < Pij by(erule-tac ind)
moreover have Pij < Pi (Suc j)
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apply(simp add: Pi-inc)
done
ultimately show ?thesis
by simp
qed
next
assume i < Sucj 0 i < j
hence i = j
by arith
thus Pi i < Pi (Sucj)
apply(simp add: Pi-inc)
done
qed
qed

lemma Pi-notEq: i # j = Pii # Pij
apply(case-tac i < j)

using Pi-inc-gr|of i j|

apply (simp)

using Pi-inc-gr{of j ]

apply (simp)

done

lemma [intro]: Prime (Suc (Suc 0))

apply (auto simp: Prime.simps)

apply (case-tac u, simp, case-tac nat, simp, simp)
done

lemma Prime-Pi[intro]: Prime (Pi n)
proof (induct n, auto simp: Pi.simps Np.simps)
fix n
let ?setr = {y. y < Suc (Pin!) A Pin <y A Prime y}
show Prime (Min ?setz)
proof —
have finite ?setx by simp
moreover have ?setz # {}
using prime-ex[of Pi n]
apply (simp)
done
ultimately show ?thesis
apply (drule-tac Min-in, simp, simp)
done
qed
qed

lemma Pi-coprime: i # j = coprime (Pi i) (Pij)
using Prime-Pi[of i

using Prime-Pi[of j]

apply (rule-tac prime-coprime, simp-all add: Pi-notEq)
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done

lemma Pi-power-coprime: i # j == coprime ((Pi i) "m) ((Pij) "n)
by (rule-tac coprime-exp2-nat, erule-tac Pi-coprime)

lemma coprime-dvd-mult-nat2: [coprime (k::nat) n; k dvd n * m] = k dvd m
apply (erule-tac coprime-dvd-mult-nat)

apply(simp add: dvd-def, auto)

apply (rule-tac © = ka in exl)

apply (subgoal-tac n x m = m x n, simp)

apply(simp add: nat-mult-commute)

done

declare godel-code’.simps[simp del]

lemma godel-code’-butlast-last-id’ :
godel-code’ (ys Q [y]) (Suc j) = godel-code’ ys (Suc j) *
Pi (Suc (length ys + 7)) "y
proof (induct ys arbitrary: j, simp-all add: godel-code’.simps)
qed

lemma godel-code’-butlast-last-id:
xs # [| = godel-code’ zs (Suc j) =
godel-code’ (butlast xs) (Suc j) * Pi (length zs + j) “(last xs)
apply (subgoal-tac 3 ys y. xs = ys Q [y])
apply (erule-tac exE, erule-tac exE, simp add:
godel-code’-butlast-last-id")
apply (rule-tac x = butlast zs in exl)
apply (rule-tac x = last xs in exl, auto)
done

lemma godel-code’-not0: godel-code’ zs n # 0
apply (induct zs, auto simp: godel-code’.simps)
done

lemma godel-code-append-cons:
length s = i = godel-code’ (zsQy#ys) (Suc 0)
= godel-code’ xs (Suc 0) * Pi (Suc i) "y * godel-code’ ys (i + 2)
proof (induct length xs arbitrary: i y ys xs, simp add: godel-code’.simps,simp)
fix xzs iy ys
assume nd:
Nzxs iy ys. [x = i; length s = i] =
godel-code’ (xs Q y # ys) (Suc 0)
= godel-code’ zs (Suc 0) * Pi (Suc i) "y *
godel-code’ ys (Suc (Suc 1))
and h: Suc z = 1
length (zs:nat list) = i
have

godel-code’ (butlast xs @Q last xs # ((y::nat)#ys)) (Suc 0) =
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godel-code’ (butlast xs) (Suc 0) x Pi (Suc (i — 1)) “(last xs)
x godel-code’ (y#ys) (Suc (Suc (i — 1)))

apply (rule-tac ind)
using A
by (auto)

moreover have
godel-code’ xs (Suc 0)= godel-code’ (butlast xs) (Suc 0) *

Pi (i) “(last zs)

using godel-code’-butlast-last-id[of zs] h
apply (case-tac xs = [|, simp, simp)
done

moreover have butlast xs Q last xs # y # ys = xs Q y # ys
using A
apply(case-tac xs, auto)
done

ultimately show
godel-code’ (xs Q y # ys) (Suc 0) =

godel-code’ zs (Suc 0) * Pi (Suc i) "y *
godel-code’ ys (Suc (Suc 1))
using A
apply(simp add: godel-code’-not0 Pi-not-0)
apply(simp add: godel-code’.simps)
done
qed

lemma Pi-coprime-pre:
length ps < i = coprime (Pi (Suc 1)) (godel-code’ ps (Suc 0))
proof (induct length ps arbitrary: ps, simp add: godel-code’.simps)
fix = ps
assume ind:
Aps. [z = length ps; length ps < i] =
coprime (Pi (Suc 1)) (godel-code’ ps (Suc 0))
and h: Suc x = length ps
length (ps::nat list) < i
have g: coprime (Pi (Suc i)) (godel-code’ (butlast ps) (Suc 0))
apply (rule-tac ind)
using h by auto
have k: godel-code’ ps (Suc 0) =
godel-code’ (butlast ps) (Suc 0) % Pi (length ps) “(last ps)
using godel-code’-butlast-last-id[of ps 0] h
by (case-tac ps, simp, simp)
from ¢ have
coprime (Pi (Suc 1)) (godel-code’ (butlast ps) (Suc 0) *
Pi (length ps) “(last ps))
proof(rule-tac coprime-mult-nat, simp)
show coprime (Pi (Suc 1)) (Pi (length ps) " last ps)
apply (rule-tac coprime-exp-nat, rule prime-coprime, auto)
using Pi-notEq[of Suc i length ps] h by simp
qed
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from this and k show coprime (Pi (Suc 7)) (godel-code’ ps (Suc 0))
by simp
qed

lemma Pi-coprime-suf: i < j = coprime (Pi i) (godel-code’ ps j)
proof (induct length ps arbitrary: ps, simp add: godel-code’.simps)
fix = ps
assume ind:
Aps. [z = length ps; i < j] =
coprime (Pi i) (godel-code’ ps j)
and h: Suc z = length (ps::nat list) i < j
have g: coprime (Pi i) (godel-code’ (butlast ps) 7)
apply(rule ind) using h by auto
have k: (godel-code’ ps j) = godel-code’ (butlast ps) j *
Pi (length ps + j — 1) “last ps
using h godel-code’-butlast-last-id[of ps j — 1]
apply(case-tac ps = [|, simp, simp)
done
from g have
coprime (Pi i) (godel-code’ (butlast ps) j *
Pi (length ps + j — 1) “last ps)
apply (rule-tac coprime-mult-nat, simp)
using Pi-power-coprimelof i length ps + j — 1 1 last ps] h
apply (auto)
done
from & and this show coprime (Pi i) (godel-code’ ps j)
by auto
qed

lemma godel-finite:
finite {u. Pi (Suc i) "~ u dvd godel-code’ nl (Suc 0)}
proof(rule-tac n = godel-code’ nl (Suc 0) in
bounded-nat-set-is-finite, auto,
case-tac ia < godel-code’ nl (Suc 0), auto)
fix ia
assume gI: Pi (Suc i) " ia dvd godel-code’ nl (Suc 0)
and ¢2: — ia < godel-code’ nl (Suc 0)
from g1 have Pi (Suc i) “ia < godel-code’ nl (Suc 0)
apply (erule-tac dvd-imp-le)
using godel-code’-not0[of nl Suc 0] by simp
moreover have ia < Pi (Suc i) “ia
apply(rule z-less-exp)
using Pi-gr-1 by auto
ultimately show Fulse
using ¢2
by (auto)
qed
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lemma godel-code-in:
i < length nl = nl!i € {u. Pi (Suci) " u dvd
godel-code’ nl (Suc 0)}
proof —
assume h: i<length nl
hence godel-code’ (take i nlQ(nlli)#drop (Suc i) nl) (Suc 0)
= godel-code’ (take i nl) (Suc 0) * Pi (Suc i) "(nlli) *
godel-code’ (drop (Suc i) nl) (i + 2)
by (rule-tac godel-code-append-cons, simp)
moreover from h have take i nl @ (nl ! i) # drop (Suc i) nl = nl
using upd-conv-take-nth-droplof i nl nl ! i]
apply (simp)
done
ultimately show
nl i € {u. Pi (Suc i) " u dvd godel-code’ nl (Suc 0)}
by (simp)
qed

lemma godel-code’-get-nth:
i < length nl = Max {u. Pi (Suc i) " u dvd
godel-code’ nl (Suc 0)} = nl!i
proof (rule-tac Maz-eql)
let ?gc = godel-code’ nl (Suc 0)
assume h: i < length nl thus finite {u. Pi (Suc i) "~ u dvd ?gc}
by (simp add: godel-finite)
next
fix y
let ?suf =godel-code’ (drop (Suc i) nl) (i + 2)
let ?pref = godel-code’ (take i nl) (Suc 0)
assume h: i < length nl
y € {u. Pi (Suc i) " u dvd godel-code’ nl (Suc 0)}
moreover hence
godel-code’ (take i nl@Q(nlli)#drop (Suc i) nl) (Suc 0)
= Zpref * Pi (Suc i) "(nlli) = Zsuf
by (rule-tac godel-code-append-cons, simp)
moreover from h have take i nl @ (nlli) # drop (Suc i) nl = nl
using upd-conv-take-nth-droplof i nl nlli]
by simp
ultimately show y<nl!i
proof (simp)
let ?suf’ = godel-code’ (drop (Suc i) nl) (Suc (Suc 7))
assume mult-dvd:

Pi (Suc i) "y dvd ?pref * Pi (Suci) “nl!ix Zsuf’
hence Pi (Suc i) “y dvd ?pref * Pi (Suci) “nl!i
proof (rule-tac coprime-dvd-mult-nat)

show coprime (Pi (Suc i)"y) ?Zsuf’

proof —

have coprime (Pi (Suc i) " y) (?suf’"(Suc 0))
apply (rule-tac coprime-exp2-nat)
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apply (rule-tac Pi-coprime-suf, simp)
done
thus ?thesis by simp
qed
qed
hence Pi (Suc i) "y dvd Pi (Suc i) “nl!i
proof (rule-tac coprime-dvd-mult-nat2)
show coprime (Pi (Suc i) " y) ?pref
proof —
have coprime (Pi (Suc i) "y) (?pref"Suc 0)
apply (rule-tac coprime-exp2-nat)
apply(rule-tac Pi-coprime-pre, simp)
done
thus “thesis by simp
qed
qed
hence Pi (Suci) "y < Pi (Suci) “nl!li
apply (rule-tac dvd-imp-le, auto)
done
thus y < nl!i
apply (rule-tac power-le-imp-le-exp, auto)
done
qed
next
assume h: i<length nl
thus nl ! i € {u. Pi (Suc i) "~ u dvd godel-code’ nl (Suc 0)}
by (rule-tac godel-code-in, simp)
qed

lemma [simp]:
{u. Pi (Suc i) " u dvd (Suc (Suc 0)) " length nl *
godel-code’ nl (Suc 0)} =
{u. Pi (Suc i) " u dvd godel-code’ nl (Suc 0)}
apply (rule-tac Collect-cong, auto)
apply (rule-tac n = (Suc (Suc 0)) ~ length nl in
coprime-dvd-mult-nat2)
proof —
fix u
show coprime (Pi (Suc i) = u) ((Suc (Suc 0)) "~ length nl)
proof(rule-tac coprime-exp2-nat)
have Pi 0 = (2::nat)
apply (simp add: Pi.simps)
done
moreover have coprime (Pi (Suc i)) (Pi 0)
apply (rule-tac Pi-coprime, simp)
done
ultimately show coprime (Pi (Suc 1)) (Suc (Suc 0)) by simp
qed
qed
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lemma godel-code-get-nth:
1 < length nl =
Maz {u. Pi (Suc i) * u dvd godel-code nl} = nl! i
by (simp add: godel-code.simps godel-code’-get-nth)

lemma t¢rpl | st r = godel-code’ [l st, r] 0
apply (simp add: trpl.simps godel-code’.simps)
done

lemma mod-dvd-simp: (x mod y = (0::nat)) = (y dvd z)
by (simp add: dvd-def, auto)

lemma dvd-power-le: [a > Suc 0; a "y dvd a "] = y <1
apply(case-tac y < I, simp, simp)

apply (subgoal-tac 3 d. y = | + d, auto simp: power-add)
apply(rule-tac x = y — 1 in exl, simp)

done

lemma [elim]: Pin = 0 = RR
using Pi-not-0[of n] by simp

lemma [elim]: Pin = Suc 0 = RR
using Pi-gr-1[of n] by simp

lemma finite-power-dvd:
[(a::nat) > Suc 0; y # 0] = finite {u. a"u dvd y}
apply(auto simp: dvd-def)
apply (rule-tac n = y in bounded-nat-set-is-finite, auto)
apply (case-tac k, simp,simp)
apply (rule-tac trans-less-addl)
apply (erule-tac z-less-exp)
done

lemma conf-decodel: [m # n; m # k; k # n] =
Maz {u. Pim “wdvd Pim "1l Pin "“st+« Pik "r} =1
proof —
let %setx = {u. Pim “wdvd Pim "1l x Pin "“stx Pik " r}
assume g: m#Enm #*kk#n
show Max ?setx = 1
proof (rule-tac Maz-eql)
show finite ?setx
apply (rule-tac finite-power-dvd, auto simp: Pi-gr-1)
done
next
fix y
assume h: y € ?setx
have Pim "~y dvd Pim "1
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proof —
have Pim ~y dvd Pim "1 x Pin " st
using h g
apply (rule-tac n = Pi k"r in coprime-dvd-mult-nat)
apply (rule Pi-power-coprime, simp, simp)
done
thus Pi m "y dvd Pi m7l
apply(rule-tac n = Pin ~ st in coprime-dvd-mult-nat)
using g
apply (rule-tac Pi-power-coprime, simp, simp)
done
qed
thus y < (l::nat)
apply (rule-tac a = Pi m in power-le-imp-le-exp)
apply (simp-all add: Pi-gr-1)
apply (rule-tac dvd-power-le, auto)
done
next
show | € %setx by simp
qed
qed

lemma conf-decode?2:

[m # n; m # k; n # k;

“SucO < Pim “l*xPin "stxPik " r]=1=0
apply(case-tac Pim "1 Pin " st x Pik "~ r, auto)
done

lemma [simp]: left (trpl 1 st r) =1
apply (simp add: left.simps trpl.simps lo.simps
loR.simps mod-dvd-simp, auto simp: conf-decodel )
apply(case-tac Pi 0 "1 x Pi (Suc 0) " st x Pi (Suc (Suc 0)) " r,
auto)
apply(erule-tac x = [ in allE, auto)
done

lemma [simp]: stat (trpll st r) = st
apply(simp add: stat.simps trpl.simps lo.simps

loR.simps mod-dvd-simp, auto)
apply (subgoal-tac Pi 0 " I « Pi (Suc 0) " st * Pi (Suc (Suc 0)) “r

= Pi (Suc 0) st x Pi 0 "l % Pi (Suc (Suc 0)) ")
apply (simp (no-asm-simp) add: conf-decodel, simp)
apply(case-tac Pi 0 "1 x Pi (Suc 0) " st *

Pi (Suc (Suc 0)) " r, auto)

apply(erule-tac x = st in allE, auto)
done

lemma [simp]: rght (trpllstr) =r
apply(simp add: rght.simps trpl.simps lo.simps
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loR.simps mod-dvd-simp, auto)
apply (subgoal-tac Pi 0 "1 « Pi (Suc 0) " st * Pi (Suc (Suc 0)) “r
= Pi (Suc (Suc 0))"r « Pi0 "l % Pi(Suc0) " st)
apply (simp (no-asm-simp) add: conf-decodel, simp)
apply(case-tac Pi 0 "1 x Pi (Suc 0) * st x Pi (Suc (Suc 0)) " r,
auto)
apply(erule-tac z = r in dllE, auto)
done

lemma max-lor:
i < length nl = Max {u. loR [godel-code nl, Pi (Suc i), u]}
=nl!li
apply(simp add: loR.simps godel-code-get-nth mod-dvd-simp)
done

lemma godel-decode:

i < length nl = Entry (godel-code nl) i = nl! i
apply(auto simp: Entry.simps lo.simps max-lor)
apply (erule-tac x = nlli in allE)
using maz-lor|of i nl] godel-finite|of i nl]
apply (simp)
apply (drule-tac Maz-in, auto simp: loR.simps

godel-code.simps mod-dvd-simp)
using godel-code-in|of i nl|
apply (simp)
done

lemma Four-Suc: 4 = Suc (Suc (Suc (Suc 0)))
by auto

declare numeral-2-eq-2[simp del]

lemma modify-tprog-fetch-even:
[st < length tp div 2; st > 0] =
modify-tprog tp ! (4 * (st — Suc 0) ) =
action-map (fst (tp ! (2 * (st — Suc 0))))
proof (induct st arbitrary: tp, simp)
fix tp st
assume ind:
Ntp. [st < length tp div 2; 0 < st] =
modify-tprog tp ! (4 * (st — Suc 0)) =
action-map (fst ((tp:tprog) ! (2 * (st — Suc 0))))
and h: Suc st < length (tp::tprog) div 2 0 < Suc st
thus modify-tprog tp ! (4 * (Suc st — Suc 0)) =
action-map (fst (tp ! (2 * (Suc st — Suc 0))))
proof(cases st = 0)
case True thus ?thesis
using h
apply (auto)
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apply(cases tp, simp, case-tac a, simp add: modify-tprog.simps)
done
next

case Fulse

assume g: st # 0

hence 3 aa ab ba bb tp’. tp = (aa, ab) # (ba, bb) # tp’
using h
apply (case-tac tp, simp, case-tac list, simp, simp)
done

from this obtain aa ab ba bb tp’ where g1:
tp = (aa, ab) # (ba, bb) # tp’ by blast

hence ¢2:
modify-tprog tp’ ! (4 * (st — Suc 0)) =
action-map (fst ((tp':tprog) ! (2 = (st — Suc 0))))
apply (rule-tac ind)
using h g by auto

thus ?thesis
using g1 g
apply (case-tac st, simp, simp add: Four-Suc)
done

qed
qed

lemma modify-tprog-fetch-odd:
[st < length tp div 2; st > 0] =
modify-tprog tp ! (Suc (Suc (4 * (st — Suc 0)))) =
action-map (fst (tp ! (Suc (2 = (st — Suc 0)))))
proof (induct st arbitrary: tp, simp)
fix tp st
assume ind:
Atp. [st < length tp div 2; 0 < st] =
modify-tprog tp | Suc (Suc (4 * (st — Suc 0))) =
action-map (fst (tp ! Suc (2 * (st — Suc 0)))
and h: Suc st < length (tp::tprog) div 2 0 < Suc st
thus modify-tprog tp | Suc (Suc (4 * (Suc st — Suc 0)))
= action-map (fst (tp ! Suc (2 * (Suc st — Suc 0))))
proof(cases st = 0)
case True thus ?thesis
using h
apply(auto)
apply(cases tp, simp, case-tac a, simp add: modify-tprog.simps)
apply (case-tac list, simp, case-tac ab,
simp add: modify-tprog.simps)
done
next
case Fulse
assume g: st # 0
hence 3 aa ab ba bb tp’. tp = (aa, ab) # (ba, bb) # tp’
using h
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apply (case-tac tp, simp, case-tac list, simp, simp)
done

from this obtain aa ab ba bb tp’ where g1:
tp = (aa, ab) # (ba, bb) # tp’ by blast

hence ¢2: modify-tprog tp’ ! Suc (Suc (4 * (st — Suc 0))) =

action-map (fst (tp’ ! Suc (2 x (st — Suc 0))))

apply (rule-tac ind)
using h g by auto

thus ?thesis
using g1 g
apply (case-tac st, simp, simp add: Four-Suc)
done

qed
qed

lemma modify-tprog-fetch-action:

[st < length tp div 2; st > 0; b =1V b=0] =
modify-tprog tp ! (4 * (st — Suc 0) + 2% b) =
action-map (fst (tp ! (2 = (st — Suc 0)) + b)))

apply (erule-tac disjE, auto elim: modify-tprog-fetch-odd
modify-tprog-fetch-even)
done

lemma length-modify: length (modify-tprog tp) = 2 * length tp
apply (induct tp, auto)
done

declare fetch.simps[simp del]

lemma fetch-action-eq:
[block-map b = scan r; fetch tp st b = (nact, ns);
st < length tp div 2] = actn (code tp) st r = action-map nact
proof(simp add: actn.simps, auto)
let % = 4 * (st — Suc 0) + 2 % (r mod 2)
assume h: block-map b = r mod 2 fetch tp st b = (nact, ns)
st < length tp div 2 0 < st
have ?i < length (modify-tprog tp)
proof —
have length (modify-tprog tp) = 2 * length tp
by (simp add: length-modify)
thus ?thesis
using h
by (auto)
qed
hence
Entry (godel-code (modify-tprog tp)) %i =
(modify-tprog tp) | %
by (erule-tac godel-decode)
moreover have
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modify-tprog tp | %1 =
action-map (fst (tp ! (2 * (st — Suc 0) + r mod 2)))
apply (rule-tac modify-tprog-fetch-action)
using A
by (auto)
moreover have (fst (tp ! (2 * (st — Suc 0) + r mod 2))) = nact
using A
apply(simp add: fetch.simps nth-of .simps)
apply(case-tac b, auto simp: block-map.simps nth-of .simps split: if-splits)
done
ultimately show
Entry (godel-code (modify-tprog tp))
(4 * (st — Suc 0) + 2 * (r mod 2))
= action-map nact
by simp
qed

lemma [simp]: fetch tp 0 b = (nact, ns) = ns = 0
by (simp add: fetch.simps)

lemma Five-Suc: 5§ = Suc 4 by simp

lemma modify-tprog-fetch-state:
[st < length tp div 2; st > 0; b =1V b= 0] =
modify-tprog tp | Suc (4 * (st — Suc 0) + 2 x b) =
(snd (tp ! (2 = (st — Suc 0) + b)))
proof (induct st arbitrary: tp, simp)
fix st tp
assume ind:
Ntp. [st < length tp div 2; 0 < st; b =1V b= 0] =
modify-tprog tp | Suc (4 * (st — Suc 0) + 2 x b) =
snd (tp ! (2 * (st — Suc 0) + b))

and h:
Suc st < length (tp::tprog) div 2
0 < Suc st
b=1Vb=20

show modify-tprog tp | Suc (4 * (Suc st — Suc 0) + 2 x b) =
snd (tp ! (2 * (Suc st — Suc 0) + b))
proof(cases st = 0)
case True
thus ?thesis
using h
apply(cases tp, simp, case-tac a, simp add: modify-tprog.simps)
apply (case-tac list, simp, case-tac ab,
simp add: modify-tprog.simps, auto)
done
next
case Fulse
assume g: st # 0
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hence 3 aa ab ba bb tp’. tp = (aa, ab) # (ba, bb) # tp’
using h
apply (case-tac tp, simp, case-tac list, simp, simp)
done

from this obtain aa ab ba bb tp’ where g1:
tp = (aa, ab) # (ba, bb) # tp’ by blast

hence ¢2:
modify-tprog tp' ! Suc (4 * (st — Suc 0) + 2 % b) =

snd (tp’! (2 * (st — Suc 0) + b))

apply (rule-tac ind)
using h g by auto

thus ?thesis
using g1 g
apply (case-tac st, simp, simp)
done

qed
qed

lemma fetch-state-eq:
[block-map b = scan r;
fetch tp st b = (nact, ns);
st < length tp div 2] = newstat (code tp) st r = ns
proof(simp add: newstat.simps, auto)
let 2i = Suc (4 * (st — Suc 0) + 2 * (r mod 2))
assume h: block-map b = r mod 2 fetch tp st b =
(nact, ns) st < length tp div 2 0 < st
have ?i < length (modify-tprog tp)
proof —
have length (modify-tprog tp) = 2 * length tp
apply(simp add: length-modify)
done
thus ?thesis
using h
by (auto)
qed
hence Entry (godel-code (modify-tprog tp)) (%i) =
(modify-tprog tp) ! %
by (erule-tac godel-decode)
moreover have
modify-tprog tp ! %1 =
(snd (tp ! (2 * (st — Suc 0) + r mod 2)))
apply (rule-tac modify-tprog-fetch-state)
using h
by (auto)
moreover have (snd (tp ! (2 x (st — Suc 0) + r mod 2))) = ns
using A
apply(simp add: fetch.simps nth-of .simps)
apply(case-tac b, auto simp: block-map.simps nth-of .simps
split: if-splits)
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done
ultimately show Entry (godel-code (modify-tprog tp)) (%i)
= ns
by simp
qed

lemma [introl]:
[a=a50=0b¢c=¢c] = trplabc=trpla’ b c
by simp

!

lemma [simp]: bl2wc [Bk] = 0
by (simp add: bl2wc.simps bl2nat.simps)

lemma bi2nat-double: bi2nat xs (Suc n) = 2 * bl2nat xs n
proof (induct zs arbitrary: n)
case Nil thus ?case
by (simp add: bi2nat.simps)
next
case (Cons z zs) thus ?case
proof —
assume ind: An. bi2nat zs (Suc n) = 2 * bl2nat zs n
show bi2nat (z # xs) (Suc n) = 2 = bi2nat (x # zs) n
proof(cases x)
case Bk thus ?thesis
apply (simp add: bl2nat.simps)
using ind[of Suc n] by simp
next
case Oc thus ?thesis
apply(simp add: bl2nat.simps)
using ind[of Suc n] by simp
qed
qed
qed

lemma [simp]: ¢ # [| = 2 * bl2wc (&l ¢) = bl2we ¢ — bl2we ¢ mod 2
apply (case-tac ¢, simp, case-tac a)

apply (auto simp: bl2wc.simps bl2nat.simps bl2nat-double)

done

lemma [simp]:
¢ # [| = bl2we (Oc # tl ¢) = Suc (bl2we ¢) — bl2we ¢ mod 2
apply(case-tac ¢, simp, case-tac a)
apply (auto simp: bl2wc.simps bl2nat.simps bl2nat-double)
done

lemma [simp]: bl2we (Bk # ¢) = 2xbl2we (¢)
apply(simp add: bl2wc.simps bl2nat.simps bl2nat-double)

ceelxxiii



done

lemma [simp]: bl2wc [Oc] = Suc 0
by (simp add: bl2wc.simps bl2nat.simps)

lemma [simp]: b # [| = bl2wc (tl b) = bl2we b div 2
apply(case-tac b, simp, case-tac a)

apply (auto simp: bl2wc.simps bl2nat.simps bl2nat-double)
done

lemma [simp]: b # [| = bl2wc ([hd b]) = bl2wc b mod 2
apply(case-tac b, simp, case-tac a)

apply (auto simp: bl2wc.simps bl2nat.simps bl2nat-double)
done

lemma [simp]: [b # [|; ¢ # [|] = bl2wc (hd b # ¢) = 2 * bl2wc ¢ + bl2wc b mod
2

apply(case-tac b, simp, case-tac a)

apply (auto simp: bl2wc.simps bl2nat.simps bl2nat-double)

done

lemma [simp]: 2 * (bl2wc ¢ div 2) = bl2wc ¢ — bl2wc ¢ mod 2
by (simp add: mult-div-cancel)

lemma [simp]: bl2we (Oc # list) mod 2 = Suc 0
by (simp add: bl2we.simps bl2nat.simps bl2nat-double)

declare code.simps[simp del]
declare nth-of .simps[simp del]
declare new-tape.simps[simp del]

The lemma relates the one step execution of TMs with the interpreter func-
tion rec-newconf.

lemma rec-t-eq-step:
(A (s, 1, 7). s < length tp div 2) ¢ =
trpl-code (tstep c tp) =
rec-exec rec-newconf [code tp, trpl-code c]
apply(cases ¢, auto simp: tstep.simps)
proof(case-tac fetch tp a (case c of || = Bk | ¢ # zs = ),
stmp add: newconf.simps trpl-code.simps)
fix a b c aa ba
assume h: (a::nat) < length tp div 2
fetch tp a (case ¢ of [| = Bk | ¢ # xs = z) = (aa, ba)
moreover hence actn (code tp) a (bl2we ¢) = action-map aa
apply(rule-tac b = (case c of [| = Bk | z # xs = z)
in fetch-action-eq, auto)
apply (auto split: list.splits)
apply(case-tac ab, auto)
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done
moreover from h have (newstat (code tp) a (bl2wc ¢)) = ba
apply(rule-tac b = (case c of [| = Bk | x # xs = x)
in fetch-state-eq, auto split: list.splits)
apply(case-tac ab, auto)
done
ultimately show
trpl-code (ba, new-tape aa (b, c)) =
trpl (newleft (bl2we b) (bl2we ¢) (actn (code tp) a (bl2we c)))
(newstat (code tp) a (bl2wc c)) (newrght (bl2we b) (bl2we c)
(actn (code tp) a (bl2wc ¢)))
by (auto simp: new-tape.simps trpl-code.simps
newleft.simps newrght.simps split: taction.splits)
qed

lemma [simp]: a¥ = ||

apply(simp add: exp-zero)

done

lemma [simp]: bi2nat (Oc # Oc®) 0 = (2 x 2 "z — Suc 0)
apply (induct x)

apply (simp add: bi2nat.simps)

apply(simp add: bl2nat.simps bl2nat-double exp-ind-def)
done

lemma [simp]: bi2nat (OcY) 0 = 2"y — Suc 0

apply (induct y, auto simp: bl2nat.simps exp-ind-def bl2nat-double)
apply (case-tac (2::nat) “y, auto)

done

lemma [simp]: bi2nat (BkY) n = 0
apply (induct I, auto simp: bl2nat.simps bl2nat-double exp-ind-def)
done

lemma bi2nat-cons-bk: bi2nat (ks @ [Bk]) 0 = bi2nat ks 0
apply (induct ks, auto simp: bl2nat.simps split: block.splits)
apply (case-tac a, auto simp: bl2nat.simps bl2nat-double)
done

lemma bi2nat-cons-oc:

bi2nat (ks @ [Oc]) 0 = bi2nat ks 0 + 2 ~ length ks
apply (induct ks, auto simp: bl2nat.simps split: block.splits)
apply (case-tac a, auto simp: bl2nat.simps bl2nat-double)
done

lemma bi2nat-append:
bi2nat (xs Q ys) 0 = bl2nat zs 0 + bi2nat ys (length zs)
proof (induct length xs arbitrary: xs ys, simp add: bl2nat.simps)
fix = zs ys
assume ind:
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Nzs ys. x = length xs —

bi2nat (zs @ ys) 0 = bl2nat zs 0 + bl2nat ys (length xs)

and h: Suc x = length (xs::block list)
have 3 ks k. xs = ks Q [k]
apply(rule-tac x = butlast zs in exl,
rule-tac x = last zs in exl)
using A
apply(case-tac xs, auto)
done
from this obtain ks k where zs = ks Q [k] by blast
moreover hence
bi2nat (ks @ (k # ys)) 0 = bl2nat ks 0 +
bi2nat (k # ys) (length ks)
apply (rule-tac ind) using h by simp
ultimately show bi2nat (zs Q ys) 0 =
bi2nat s 0 + bl2nat ys (length xs)
apply (case-tac k, simp-all add: bl2nat.simps)
apply (simp-all only: bl2nat-cons-bk bl2nat-cons-oc)
done
qed

lemma bi2nat-exp: n # 0 = bi2nat bl n = 2°n * bl2nat bl 0
apply (induct bl)

apply(auto simp: bi2nat.simps)

apply (case-tac a, auto simp: bl2nat.simps bl2nat-double)

done

lemma nat-minus-eq: [a = b; c=d] = a—c=b—d
by auto

lemma tape-of-nat-list-butlast-last:
ys # [ = <ys Q [y]> = <ys> Q Bk # OcSuc y
apply (induct ys, simp, simp)
apply(case-tac ys = [|, simp add: tape-of-nl-abv
tape-of-nat-list.simps)
apply (simp)
done

lemma listsum2-append:
[n < length xs] = listsum2 (xs @ ys) n = listsum2 xs n
apply (induct n)
apply (auto simp: listsum2.simps nth-append)
done

lemma strt’-append:
[n < length xs] = strt’ xzs n = strt’ (zs @ ys) n
proof (induct n arbitrary: s ys)
fix xs ys
show strt’ zs 0 = strt’ (xs @ ys) 0 by (simp add: strt’.simps)
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next
fix n zs ys
assume ind:
N\ zs ys. n < length zs = strt’ zs n = strt’ (xs Q ys) n
and h: Suc n < length (zs:nat list)
show strt’ zs (Suc n) = strt’ (zs @ ys) (Suc n)
using ind[of zs ys] h
apply (simp add: strt’.simps nth-append listsum2-append)
done
qged

lemma length-listsum2-eq:
[length (ys::nat list) = k]
= length (<ys>) = listsum2 (map Suc ys) k + k — 1
apply (induct k arbitrary: ys, simp-all add: listsumg2.simps)
apply (subgoal-tac 3 zs x. ys = zs Q [z], auto)
proof —
fix zs x
assume ind: \ys. length ys = length xs = length (<ys>)
= listsum2 (map Suc ys) (length xs) +
length (zs:nat list) — Suc 0
have length (<xs>)
= listsum2 (map Suc zs) (length zs) + length xs — Suc 0
apply (rule-tac ind, simp)
done
thus length (<zs @ [z]>) =
Suc (listsum2 (map Suc xs Q [Suc z]) (length xs) + = + length xs)
apply(case-tac xs = [])
apply(simp add: tape-of-nl-abv listsum?2.simps
tape-of-nat-list.simps)
apply(simp add: tape-of-nat-list-butlast-last)
using listsum2-append|of length xs map Suc xs [Suc x]]
apply (simp)
done
next
fix k ys
assume length ys = Suc k
thus Jzs z. ys = zs Q [z]
apply(rule-tac x = butlast ys in exl,
rule-tac x = last ys in exl)
apply(case-tac ys, auto)
done
qged

lemma tape-of-nat-list-length:
length (<(ys:nat list)>) =
listsum?2 (map Suc ys) (length ys) + length ys — 1
using length-listsum2-eq|of ys length ys]
apply (simp)
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done

lemma [simp]:
trpl-code (steps (Suc 0, Bk!, <lm>) tp 0) =
rec-exec rec-conf [code tp, bl2wc (<Im>), 0]
apply (simp add: steps.simps rec-exec.simps conf-lemma conf.simps
inpt.simps trpl-code.simps bl2wc.simps)
done

The following lemma relates the multi-step interpreter function rec-conf
with the multi-step execution of TMs.

lemma rec-t-eq-steps:
turing-basic.t-correct tp =
trpl-code (steps (Suc 0, Bkl, <Im>) tp stp) =
rec-ezec rec-conf [code tp, bl2wc (<Im>), stp]
proof (induct stp)
case ( thus ?case by(simp)
next
case (Suc n) thus ?case
proof —
assume ind:
t-correct tp = trpl-code (steps (Suc 0, Bk, <lm>) tp n)
= rec-exec rec-conf [code tp, bl2wc (<Im>), n]
and h: t-correct tp
show
trpl-code (steps (Suc 0, Bk, <Im>) tp (Suc n)) =
rec-exec rec-conf [code tp, bl2wc (<Im>), Suc n|
proof (case-tac steps (Suc 0, Bk', <lm>) tp n,
simp only: tstep-red conf-lemma conf.simps)
fixabc
assume g: steps (Suc 0, Bk', <lm>) tp n = (a, b, ¢)
hence conf (code tp) (bl2wc (<Im>)) n= trpl-code (a, b, c)
using ind h
apply(simp add: conf-lemma)
done
moreover hence
trpl-code (tstep (a, b, ¢) tp) =
rec-exec rec-newconf [code tp, trpl-code (a, b, c)]
apply (rule-tac rec-t-eq-step)
using h g
apply(simp add: s-keep)
done
ultimately show
trpl-code (tstep (a, b, ¢) tp) =
newconf (code tp) (conf (code tp) (bl2we (<Im>)) n)
by (simp add: newconf-lemma)
qed
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qed
qed

lemma [simp]: bl2we (BE™) = 0
apply (induct m)

apply (simp, simp)

done

lemma [simp]: bl2we (Oc™QBEK™) = bl2we (Oc™)
apply (induct rs, simp,

simp add: bl2wc.simps bi2nat.simps bl2nat-double)
done

lemma lg-power: © > Suc 0 = lg (x " rs) x = rs
proof(simp add: lg.simps, auto)
fix za
assume h: Suc 0 < z
show Maz {ya. ya <z “rs A lgR [z " rs, z, ya]} = rs
apply (rule-tac Maz-eql, simp-all add: lgR.simps)
apply(simp add: h)
using z-less-explof x 1s] h

apply (simp)
done
next
assume - Suc 0 <z " 1s Suc 0 < x
thus rs = 0
apply(case-tac x " rs, simp, simp)
done
next
assume Suc 0 < z Vza. = lgR [z " s, z, za
thus rs = 0

apply(simp only:lgR.simps)
apply(erule-tac = rs in allE, simp)
done

qed

The following lemma relates execution of TMs with the multi-step inter-
preter function rec-nonstop. Note, rec-nonstop is constructed using rec-conf.

lemma nonstop-t-eq:
[steps (Suc 0, BE!, <Im>) tp stp = (0, BE™, Oc™ @ BE");
turing-basic.t-correct tp;
rs > 0]
= rec-exec rec-nonstop [code tp, bl2wc (<Im>), stp] = 0
proof(simp add: nonstop-lemma nonstop.simps nstd.simps)
assume h: steps (Suc 0, Bk!, <lm>) tp stp = (0, Bk™, Oc™ @ Bk™)
and tc-t: turing-basic.t-correct tp rs > 0
have g¢: rec-exec rec-conf [code tp, bl2wc (<Im>), stp] =
trpl-code (0, Bk™, Oc™QBE™)
using rec-t-eg-steps|of tp 1 lm stp] tc-t h
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by (simp)
thus = NSTD (conf (code tp) (bl2we (<Im>)) stp)
proof(auto simp: NSTD.simps)
show stat (conf (code tp) (bl2wc (<im>)) stp) = 0
using g
by (auto simp: conf-lemma trpl-code.simps)
next
show left (conf (code tp) (bl2wc (<im>)) stp) = 0
using g
by (simp add: conf-lemma trpl-code.simps)
next
show rght (conf (code tp) (bl2wc (<Iim>)) stp) =
2 g (Suc (rght (conf (code tp) (bl2wc (<Im>)) stp))) 2 — Suc 0
using g h
proof(simp add: conf-lemma trpl-code.simps)
have 2 “ lg (Suc (bl2wc (0c™))) 2 = Suc (bl2we (0Oc™))
apply(simp add: bl2wc.simps lg-power)
done
thus bl2we (Oc™) = 2 " lg (Suc (bl2we (Oc™))) 2 — Suc 0
apply (simp)
done
qed
next
show 0 < rght (conf (code tp) (bl2wc (<Im>)) stp)
using g h tc-t
apply (simp add: conf-lemma trpl-code.simps bl2we.simps
bi2nat.simps)
apply (case-tac rs, simp, simp add: bl2nat.simps)
done
qed
qed

lemma [simp]: actn m 0 r = 4
by (simp add: actn.simps)

lemma [simp]: newstat m 0 r = 0
by (simp add: newstat.simps)

declare exp-def|[simp del]

lemma halt-least-step:
[steps (Suc 0, Bkl, <Im>) tp stp = (0, BE™, Oc™ @ BEk"™);
turing-basic.t-correct tp;
0<rs] =
3 stp. (nonstop (code tp) (bl2we (<Im>)) stp = 0 A
(V stp’. nonstop (code tp) (bl2wc (<Im>)) stp’ = 0 — stp < stp”))
proof (induct stp, simp add: steps.simps, simp)
fix stp
assume ind:
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steps (Suc 0, BE!, <Im>) tp stp = (0, BE™, Oc™ Q BE") =
Jstp. nonstop (code tp) (bl2we (<Im>)) stp = 0 A
(V stp’. nonstop (code tp) (bl2we (<Im>)) stp’ = 0 — stp < sip’)
and h:
steps (Suc 0, Bkl, <Im>) tp (Suc stp) = (0, BE™, Oc™ @ Bk"™)
turing-basic.t-correct tp
0 <rs
from h show
Jstp. nonstop (code tp) (bl2we (<Im>)) stp = 0
A (Vstp'. nonstop (code tp) (bl2we (<Im>)) stp’ = 0 — stp < stp’)
proof(simp add: tstep-red,
case-tac steps (Suc 0, BE!, <Im>) tp stp, simp,
case-tac a, simp add: tstep-0)
assume steps (Suc 0, BE!, <Im>) tp stp = (0, BE™, Oc™ @ BE™)
thus 3 stp. nonstop (code tp) (bl2we (<Im>)) stp = 0 A
(Vstp’. nonstop (code tp) (bl2we (<Im>)) stp’ = 0 — stp < stp’)
apply (erule-tac ind)
done
next
fix a b ¢ nat
assume steps (Suc 0, BE!, <Im>) tp stp = (a, b, ¢)
a = Suc nat
thus 3 stp. nonstop (code tp) (bl2we (<Im>)) stp = 0 A
(V stp’. nonstop (code tp) (bl2we (<Im>)) stp’ = 0 — stp < stp’)
using h
apply (rule-tac x = Suc stp in exl, auto)
apply (drule-tac nonstop-t-eq, simp-all add: nonstop-lemma)
proof —
fix stp’
assume g:steps (Suc 0, Bkl, <Im>) tp stp = (Suc nat, b, c)
nonstop (code tp) (bl2we (<lm>)) stp’ = 0
thus Suc stp < stp’
proof(case-tac Suc stp < stp’, simp, simp)
assume — Suc stp < stp’
hence stp’ < stp by simp
hence — isS0 (steps (Suc 0, BE!, <Im>) tp stp’)
using g
apply (case-tac steps (Suc 0, BE!, <Im>) tp stp’,auto,
simp add: isS0-def)
apply (subgoal-tac 3 n. stp = stp’ + n,
auto simp: steps-add steps-0)
apply (rule-tac © = stp — stp’ in exl, simp)
done
hence nonstop (code tp) (bl2we (<im>)) stp’ = 1
proof(case-tac steps (Suc 0, Bkl, <Im>) tp stp’,
simp add: isS0-def nonstop.simps)
fix abc
assume k:
0 < a steps (Suc 0, Bkl, <Im>) tp stp’ = (a, b, c)
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thus NSTD (conf (code tp) (bl2we (<Im>)) stp’)
using rec-t-eq-steps|of tp | lm stp’] h
proof(simp add: conf-lemma)
assume trpl-code (a, b, ¢) = conf (code tp) (bl2we (<Im>)) stp’
moreover have NSTD (trpl-code (a, b, ¢))
using k
apply (auto simp: trpl-code.simps NSTD.simps)
done
ultimately show NSTD (conf (code tp) (bl2wc (<Im>)) stp’) by simp
ged
ged
thus False using g by simp
qed
qed
qed
qed

lemma conf-trpl-ex: 3 p q r. conf m (bl2we (<Im>)) stp = trplp qr
apply (induct stp, auto simp: conf.simps inpt.simps trpl.simps
newconf .simps)
apply (rule-tac © = 0 in exl, rule-tac x = 1 in ez,
rule-tac © = bl2wc (<Im>) in exl)
apply (simp)
done

lemma nonstop-rgt-ex:
nonstop m (bl2wc (<Im>)) stpa = 0 = 3 r. conf m (bl2wc (<Im>)) stpa =
trpl 0 0 r
apply(auto simp: nonstop.simps NSTD.simps split: if-splits)
using conf-trpl-ex[of m Im stpa)
apply (auto)
done

lemma [elim]: © > Suc 0 = Maz {u. z "udvdz "r} =r
proof (rule-tac Maz-eql)
assume z > Suc 0
thus finite {u. z " u dvd x " r}
apply(rule-tac finite-power-dvd, auto)
done
next
fix y
assume Suc 0 < zy € {u. ¢ "udvdz " r}
thus y < r
apply(case-tac y< r, simp)
apply(subgoal-tac 3 d. y = r + d)
apply (auto simp: power-add)
apply(rule-tac ¢ = y — r in exl, simp)
done
next

ceelxxxii



show r € {u. z " w dvd z " r} by simp
qed

lemma lo-power: x > Suc 0 = lo (z "r)xz =71
apply (auto simp: lo.simps loR.simps mod-dvd-simp)
apply(case-tac x"r, simp-all)

done

lemma lo-rgt: lo (trpl 0 0 r) (Pi 2) =
apply (simp add: trpl.simps lo-power)
done

r

lemma conf-keep:
confmlm stp = trpl 0 0 r =
confm Im (stp +n) = trpl 00 r

apply (induct n)

apply(auto simp: conf.simps newconf.simps newleft.simps
newrght.simps rght.simps lo-rgt)

done

lemma halt-state-keep-steps-add:

[nonstop m (bl2we (<lm>)) stpa = 0] =

conf m (bl2we (<Im>)) stpa = conf m (bl2we (<Im>)) (stpa + n)
apply (drule-tac nonstop-rgt-ex, auto simp: conf-keep)
done

lemma halt-state-keep:
[nonstop m (bl2we (<Ilm>)) stpa = 0; nonstop m (bl2wc (<Im>)) stpb = 0] =
conf m (bl2wc (<Im>)) stpa = conf m (bl2wc (<Im>)) stpb

apply (case-tac stpa > stpb)

using halt-state-keep-steps-add[of m Im stpb stpa — stpb]

apply simp

using halt-state-keep-steps-add|[of m Im stpa stpb — stpal

apply (simp)

done

The correntess of rec-F which relates the interpreter function rec-F with the
execution of of TMs.

lemma F-t-halt-eq:
[steps (Suc 0, BE!, <Im>) tp stp = (0, BE™, Oc™QBE");
turing-basic.t-correct tp;
0<rs]
= rec-calc-rel rec-F [code tp, (bl2wc (<Im>))] (rs — Suc 0)
apply (frule-tac halt-least-step, auto)
apply (frule-tac nonstop-t-eq, auto simp: nonstop-lemma)
using rec-t-eq-steps|of tp | Im stp]
apply (simp add: conf-lemma)
proof —
fix stpa
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assume h:
nonstop (code tp) (bl2we (<lm>)) stpa = 0
V stp'. nonstop (code tp) (bl2we (<Im>)) stp’ = 0 — stpa < stp’
nonstop (code tp) (bl2we (<Im>)) stp = 0
trpl-code (0, Bk™, Oc™ @ Bk™) = conf (code tp) (bl2wc (<Im>)) stp
steps (Suc 0, Bk!, <Im>) tp stp = (0, BE™, Oc™ @ BE™)
hence g1: conf (code tp) (bl2we (<Im>)) stpa = trpl-code (0, Bk™, Oc™ @
BE™)
using halt-state-keep[of code tp Im stpa stp)
by (simp)
moreover have ¢2:
rec-calc-rel rec-halt [code tp, (bl2we (<Im>))] stpa
using A
apply(simp add: halt-lemma nonstop-lemma, auto)
done
show
rec-calc-rel rec-F [code tp, (bl2wce (<Im>))] (rs — Suc 0)
proof —
have
rec-calc-rel rec-F [code tp, (bl2wc (<im>))]
(valu (rght (conf (code tp) (bl2wc (<Iim>)) stpa)))
apply(rule F-lemma) using ¢2 h by auto
moreover have
valu (rght (conf (code tp) (bl2we (<Im>)) stpa)) = rs — Suc 0
using g1
apply (simp add: valu.simps trpl-code.simps
bl2we.simps  bl2nat-append lg-power)
done
ultimately show ?thesis by simp
qged
qged

end

theory UTM

imports Main uncomputable recursive abacus UF GCD
begin

12 Wang coding of input arguments

The direct compilation of the universal function rec-F can not give us UTM,
because rec-F' is of arity 2, where the first argument represents the Godel
coding of the TM being simulated and the second argument represents the
right number (in Wang’s coding) of the TM tape. (Notice, left number
is always 0 at the very beginning). However, UTM needs to simulate the
execution of any TM which may very well take many input arguments.
Therefore, a initialization TM needs to run before the TM compiled from
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rec-F, and the sequential composition of these two TMs will give rise to the
UTM we are seeking. The purpose of this initialization TM is to transform
the multiple input arguments of the TM being simulated into Wang’s coding,
so that it can be consumed by the TM compiled from rec-F as the second
argument.

However, this initialization TM (named t-wcode) can not be constructed by
compiling from any resurve function, because every recursive function takes
a fixed number of input arguments, while t-wcode needs to take varying
number of arguments and tranform them into Wang’s coding. Therefore,
this section give a direct construction of t-wcode with just some parts being
obtained from recursive functions.

The TM used to generate the Wang’s code of input arguments is divided into

three TMs executed sequentially, namely prepare, mainwork and adjustj£According
to the convention, start state of ever TM is fixed to state 1 while the final

state is fixed to 0.

The input and output of prepare are illustrated respectively by Figure 1
and 2.

Figure 2: The output of TM prepare

As shown in Figure 1, the input of prepare is the same as the the input
of UTM, where m is the Godel coding of the TM being interpreted and
a1 through a, are the n input arguments of the TM under interpretation.
The purpose of purpose is to transform this initial tape layout to the one
shown in Figure 2, which is convenient for the generation of Wang’s codding
of ai,...,a,. The coding procedure starts from a, and ends after a; is
encoded. The coding result is stored in an accumulator at the end of the tape
(initially represented by the 1 two blanks right to a, in Figure 2). In Figure
2, arguments aq,...,a, are separated by two blanks on both ends with
the rest so that movement conditions can be implemented conveniently in
subsequent TMs, because, by convention, two consecutive blanks are usually
used to signal the end or start of a large chunk of data. The diagram of
prepare is given in Figure 3.
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Figure 3: The diagram of TM prepare

The purpose of TM mainwork is to compute the Wang’s encoding of aq, . . ., ap.
Every bit of aq,...,a,, including the separating bits, is processed from left
to right. In order to detect the termination condition when the left most
bit of aq is reached, TM mainwork needs to look ahead and consider three
different situations at the start of every iteration:

1. The TM configuration for the first situation is shown in Figure 4,
where the accumulator is stored in r, both of the next two bits to be
encoded are 1. The configuration at the end of the iteration is shown
in Figure 5, where the first 1-bit has been encoded and cleared. Notice
that the accumulator has been changed to (r + 1) x 2 to reflect the
encoded bit.

2. The TM configuration for the second situation is shown in Figure 6,
where the accumulator is stored in 7, the next two bits to be encoded
are 1 and 0. After the first 1-bit was encoded and cleared, the second
0-bit is difficult to detect and process. To solve this problem, these
two consecutive bits are encoded in one iteration. In this situation,
only the first 1-bit needs to be cleared since the second one is cleared
by definition. The configuration at the end of the iteration is shown in
Figure 7. Notice that the accumulator has been changed to (r+1) x 4
to reflect the two encoded bits.

3. The third situation corresponds to the case when the last bit of a; is
reached. The TM configurations at the start and end of the iteration
are shown in Figure 8 and 9 respectively. For this situation, only the
read write head needs to be moved to the left to prepare a initial
configuration for TM adjust to start with.

The diagram of mainwork is given in Figure 10. The two rectangular nodes
labeled with 2 x  and 4 x x are two TMs compiling from recursive functions
so that we do not have to design and verify two quite complicated TMs.
The purpose of TM adjust is to encode the last bit of a;. The initial and
final configuration of this TM are shown in Figure 11 and 12 respectively.
The diagram of TM adjust is shown in Figure 13.

definition rec-twice :: recf
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Figure 9: The output for the third case of TM mainwork’s processing

where
rec-twice = Cn 1 rec-mult [id 1 0, constn 2]

definition rec-fourtimes :: recf

where
rec-fourtimes = Cn 1 rec-mult [id 1 0, constn 4]
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Figure 12: Final configuration of TM adjust
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Figure 13: Diagram of TM adjust

definition abc-twice :: abec-prog
where

abe-twice = (let (aprog, ary, fp) = rec-ci rec-twice in
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aprog [+] dummy-abe ((Suc 0)))

definition abc-fourtimes :: abc-prog
where
abe-fourtimes = (let (aprog, ary, fp) = rec-ci rec-fourtimes in
aprog [+] dummy-abe ((Suc 0)))

definition twice-ly :: nat list
where
twice-ly = layout-of abe-twice

definition fourtimes-ly :: nat list
where
fourtimes-ly = layout-of abc-fourtimes

definition ¢-twice :: tprog

where

t-twice = change-termi-state (tm-of (abc-twice) @ (tMp 1 (start-of twice-ly
(length abc-twice) — Suc 0)))

definition t-fourtimes :: tprog
where
t-fourtimes = change-termi-state (tm-of (abc-fourtimes) @
(tMp 1 (start-of fourtimes-ly (length abc-fourtimes) — Suc 0)))

definition t-twice-len :: nat
where
t-twice-len = length t-twice div 2

definition t-wcode-main-first-part:: tprog

where

t-weode-main-first-part =
(L, 1), (L, 2), (L, 7), (R, 3),
(R, 4), (W0, 3), (R, 4), (R, 5),
(WZ 6), (R, 5), (R, 13), (L, 6),
(R, 0), (R, 8), (R, 9), (Nop, &),
(R 10), (WO7 9), (R, 10), (R, 11),
(W1, 12), (R, 11), (R, t-twice-len + 14), (L, 12)]

definition t-wcode-main :: tprog
where
t-wcode-main = (t-wcode-main-first-part Q tshift t-twice 12 Q [(L, 1), (L, 1)]
Q@ tshift t-fourtimes (t-twice-len + 13) Q [(L, 1), (L, 1)])

fun bl-bin :: block list = nat
where
bl-bin [ = 0

| bl-bin (Bk # xs) = 2 x bl-bin xs
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| bl-bin (Oc # xs) = Suc (2 * bl-bin xs)
declare bl-bin.simps|simp del]
type-synonym bin-inv-t = block list = nat = tape = bool

fun wcode-before-double :: bin-inv-t
where
weode-before-double ires rs (1, r) =
(3 Inrn. | = Bk # Bk # BE™ @ Oc # ires A
r = OC(Suc (Suc rs)) @ BEk™ )

declare wcode-before-double.simps|[simp del]

fun wcode-after-double :: bin-inv-t
where
weode-after-double ires rs (I, r) =
(3 Inrn. | = Bk # Bk # BE™ @ Oc # ires A
r = OCSuc (Suc (Suc 2xrs)) @ Bk™)

declare wcode-after-double.simps[simp del]

fun wcode-on-left-moving-1-B :: bin-inv-t
where
weode-on-left-moving-1-B ires rs (I, r) =
3 mlmrm. = BE™ @ Oc # Oc # ires A
r = BE™ @ OcSU¢ s @ BE™ A
ml + mr > Suc 0 A mr > 0)

declare wcode-on-left-moving-1-B.simps|simp del]

fun wcode-on-left-moving-1-0 :: bin-inv-t
where
weode-on-left-moving-1-0 ires rs (I, r) =
3 In .
I = Oc # ires N
r = Oc # Bk'™ @ Bk # Bk # 0c5U¢ ™ @ BE™)

declare wcode-on-left-moving-1-O.simps[simp del]
fun wcode-on-left-moving-1 :: bin-inv-t
where

weode-on-left-moving-1 ires rs (I, r) =
(weode-on-left-moving-1-B ires s (1, r) V wcode-on-left-moving-1-0 ires s
(1, 1))

declare wcode-on-left-moving-1.simps[simp del]
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fun wcode-on-checking-1 :: bin-inv-t
where
weode-on-checking-1 ires rs (I, r) =
(3 Inrn. I = dres A
r = Oc# Oc# Bk'™ @ Bk # Bk # 0c5U¢ ™S @ BE™)

fun wcode-erasel :: bin-inv-t
where
wecode-erasel ires rs (I, r) =
(3 Inrn. I = Oc # ires A
tlr = Bk @ Bk # Bk # 0cSUc s @ BE™)

declare wcode-erasel .simps [simp del]

fun wcode-on-right-moving-1 :: bin-inv-t
where
weode-on-right-moving-1 ires rs (I, r) =
(3 ml mr .
I = BE™ @ Oc # ires A
r = BE™ @ Oc?¥ TS @ BE™ A
ml + mr > Suc 0)

declare wcode-on-right-moving-1.simps [simp del]
declare wcode-on-right-moving-1.simps[simp del]

fun wcode-goon-right-moving-1 :: bin-inv-t
where
weode-goon-right-moving-1 ires rs (I, r) =
(3 ml mr In .
I = Oc™ @ Bk # Bk # Bk™ @ Oc # ires A
r= 0c™ @ BE™ A
ml + mr = Suc rs)

declare wcode-goon-right-moving-1.simps|simp del]

fun wcode-backto-standard-pos-B :: bin-inv-t
where
weode-backto-standard-pos-B ires rs (I, r) =
(3 Inrn. 1= Bk # Bk @ Oc # ires A
r= Bk # Oc(Suc (Suc rs)) @ prrm )

declare wcode-backto-standard-pos-B.simps[simp del]
fun wcode-backto-standard-pos-O :: bin-inv-t
where

weode-backto-standard-pos-0 ires s (I, r) =
(3 ml mr In .
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I = 0c™ @ Bk # Bk # Bk!" @ Oc # ires A
r= 0c"™ @ BLE™ A
ml + mr = Suc (Suc rs) A mr > 0)

declare wcode-backto-standard-pos-0.simps[simp del]

fun wcode-backto-standard-pos :: bin-inv-t
where
weode-backto-standard-pos ires rs (I, r) = (weode-backto-standard-pos-B ires s
(I, r)y v
weode-backto-standard-pos-O ires rs (I, 1))

declare wcode-backto-standard-pos.simps[simp del]

lemma [simp]: <0::nat> = [Oc]
apply(simp add: tape-of-nat-abv exponent-def tape-of-nat-list.simps)
done

lemma tape-of-Suc-nat: <Suc (a ::nat)> = replicate a Oc @ [Oc, Oc|
apply (simp add: tape-of-nat-abv exp-ind tape-of-nat-list.simps)

apply (simp only: exp-ind-def[THEN sym])

apply (simp only: exp-ind, simp, simp add: exponent-def)

done

lemma [simp]: length (<a:nat>) = Suc a
apply (simp add: tape-of-nat-abv tape-of-nat-list.simps)
done

lemma [simp]: <[a:nat]> = <a>

apply (simp add: tape-of-nat-abv tape-of-nl-abv exponent-def
tape-of-nat-list.simps)

done

lemma bin-wc-eq: bl-bin s = bl2wc zs
proof (induct zs)
show bl-bin [] = bl2we []
apply(simp add: bl-bin.simps)
done
next
fix a xs
assume bl-bin xs = bl2wc xs
thus bl-bin (a # xs) = bl2we (a # xs)
apply(case-tac a, simp-all add: bl-bin.simps bl2wc.simps)
apply (simp-all add: bi2nat.simps bl2nat-double)
done
qed

declare ezp-def[simp del]
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lemma bl-bin-nat-Suc:

bl-bin (<Suc a>) = bl-bin (<a>) + 2°(Suc a)
apply(simp add: tape-of-nat-abv bin-wc-eq)
apply (simp add: bl2wc.simps)
done
lemma [simp]: rev (a
apply(simp add: exponent-def)
done

agy — gaa

declare tape-of-nl-abv-cons[simp del]

lemma tape-of-nl-rev: rev (<im::nat list>) = (<rev Im>)

apply (induct Im rule: list-tl-induct, simp)

apply (case-tac list =[], simp add: tape-of-nl-abv tape-of-nat-list.simps)
apply (simp add: tape-of-nat-list-butlast-last tape-of-nl-abv-cons)

done

lemma [simp]:
by (simp add: exp-def)

lemma tape-of-nl-cons-appl: (<a # zs @ [b]>) = (05U @ @ Bk # (<as@ [b]>))
apply(case-tac xs, simp add: tape-of-nl-abv tape-of-nat-list.simps)

apply (simp add: tape-of-nl-abv tape-of-nat-list.simps)

done

gouc 0 _ [a]

lemma bi-bin-bk-oc[simp]:
bl-bin (zs Q [Bk, Oc]) =
bl-bin zs + 2x2"(length xs)
apply (simp add: bin-wc-eq)
using bl2nat-cons-oclof xs Q [Bk]]
apply(simp add: bl2nat-cons-bk bl2we.simps)
done
lemma tape-of-nat[simp: (<a:nat>) = OcSuc @
apply (simp add: tape-of-nat-abv)
done
lemma tape-of-nl-cons-app2: (<c # xs Q [b]>) = (<c # xs> Q Bk # OcSuc b)
proof (induct length xs arbitrary: zs c,
simp add: tape-of-nl-abv tape-of-nat-list.simps)
fix z as ¢
assume ind: A\zs c. © = length 1s = <c # zs Q [b]> =
<c # s> @ Bk # OcSucb
and h: Suc x = length (zs::nat list)
show <c # zs @ [b]> = <c # xs> @ Bk # 0c¢Suc b
proof(case-tac xs, simp add: tape-of-nl-abv tape-of-nat-list.simps)
fix a list
assume g: xs = a # list
hence k: <a # list Q [b]> = <a # list> Q Bk # OcSuc b
apply (rule-tac ind)
using h
apply (simp)
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done
from g and k show <c¢ # zs @Q [b]> = <c # zs> Q Bk # OcSuc b
apply (simp add: tape-of-nl-abv tape-of-nat-list.simps)
done
qged
qed

lemma [simp]: length (<aa # a # list>) = Suc (Suc aa) + length (<a # list>)
apply (simp add: tape-of-nl-abv tape-of-nat-list.simps)
done

lemma [simp]: bl-bin (OcSUC 9 @ Bk # tape-of-nat-list (a # lista) @ [Bk, Oc])
bl-bin (OcUC 4 @ Bk # tape-of-nat-list (a # lista)) +
2% 2" (length (0cSUC 90 @ Bk # tape-of-nat-list (a # lista)))

using bl-bin-bk-oc|of OcSUC 44 @ Bk # tape-of-nat-list (a # lista)]

apply (simp)

done

lemma [simp]:
bl-bin (<aa # list>) + (4 xrs + 4) = 2~ (length (<aa # list>) — Suc 0)
= bl-bin (0cUC 90 @ Bk # <list @ [0]>) + 75 % (2 % 2 ° (aa + length (<list
@ [0]>)))
apply (case-tac list, simp add: add-mult-distrib, simp)
apply (simp add: tape-of-nl-cons-app2 add-mult-distrib)
apply (simp add: tape-of-nl-abv tape-of-nat-list.simps)
done

lemma tape-of-nl-app-Suc: ((<list @ [Suc ab]>)) = (<list Q [ab]>) @ [Oc]
apply (induct list)

apply (simp add: tape-of-nl-abv tape-of-nat-list.simps exp-ind)

apply (case-tac list)

apply (simp-all add:tape-of-nl-abv tape-of-nat-list.simps exp-ind)

done

lemma [simp]: bl-bin (Oc # Oc%® @ Bk # <list @ [ab]> @ [Oc])
= bl-bin (Oc # Oc® @ Bk # <list @ [ab]>) +
2°(length (Oc # Oc® Q Bk # <list Q [ab]>))
apply(simp add: bin-wc-eq)
apply (simp add: bl2nat-cons-oc bl2wc.simps)
using bl2nat-cons-oc[of Oc # Oc®® @ Bk # <list @ [ab]>]
apply (simp)
done
lemma [simp]: bl-bin (Oc # Oc®® Q Bk # <list Q [ab]>) + (4 * 2 " (aa + length
(<list @Q [ab]>)) +
4 % (rs = 2 " (aa + length (<list Q [ab]>)))) =
bl-bin (Oc # Oc®® @ Bk # <list @ [Suc ab]>) +
rs % (2 % 2 " (aa + length (<list Q [Suc ab]>)))
apply(simp add: tape-of-nl-app-Suc)
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done
declare tape-of-nat[simp del]

fun wcode-double-case-inv :: nat = bin-inv-t

where

weode-double-case-inv st ires rs (I, r) =
(if st = Suc 0 then wcode-on-left-moving-1 ires rs (1, r)
else if st = Suc (Suc 0) then wcode-on-checking-1 ires rs (I, r)
else if st = 3 then wcode-erasel ires rs (I, r)
else if st = 4 then wcode-on-right-moving-1 ires rs (I, 1)
else if st = & then wcode-goon-right-moving-1 ires rs (I, r)
else if st = 6 then wcode-backto-standard-pos ires rs (I, 1)
else if st = 13 then wcode-before-double ires s (I, r)
else False)

declare wcode-double-case-inv.simps|simp del]

fun wcode-double-case-state :: t-conf = nat
where
weode-double-case-state (st, I, 1) =
13 — st

fun wcode-double-case-step :: t-conf = nat
where
weode-double-case-step (st, 1, r) =
(if st = Suc 0 then (length 1)
else if st = Suc (Suc 0) then (length r)
else if st = 8 then
if hd r = Oc then 1 else 0
else if st = 4 then (length r)
else if st = & then (length r)
else if st = 6 then (length 1)
else 0)

fun wcode-double-case-measure :: t-conf = nat X nat
where
weode-double-case-measure (st, I, r) =
(weode-double-case-state (st, 1, ),
weode-double-case-step (st, 1, r))

definition wcode-double-case-le :: (t-conf x t-conf) set
where wcode-double-case-le = (inv-image lex-pair wcode-double-case-measure)

lemma [intro]: wf lex-pair
by (auto intro:wf-lex-prod simp:lex-pair-def)

lemma wf-wcode-double-case-le[intro]: wf wcode-double-case-le
by (auto intro:wf-inv-image simp: wcode-double-case-le-def )
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term fetch

lemma [simp]: fetch t-wcode-main (Suc 0) Bk = (L, Suc 0)

apply (simp add: t-wcode-main-def t-wcode-main-first-part-def
fetch.simps nth-of .simps)

done

lemma [simp]: fetch t-wcode-main (Suc 0) Oc = (L, Suc (Suc 0))

apply (simp add: t-wcode-main-def t-wcode-main-first-part-def
fetch.simps nth-of .simps)

done

lemma [simp]: fetch t-wcode-main (Suc (Suc 0)) Oc = (R, 3)

apply (simp add: t-wcode-main-def t-wcode-main-first-part-def
fetch.simps nth-of .simps)

done

lemma [simp]: fetch t-wcode-main (Suc (Suc (Suc 0))) Bk = (R, 4)

apply(simp add: t-wcode-main-def t-wcode-main-first-part-def
fetch.simps nth-of .simps)

done

lemma [simp]: fetch t-wcode-main (Suc (Suc (Suc 0))) Oc = (W0, 3)

apply(simp add: t-wcode-main-def t-wcode-main-first-part-def
fetch.simps nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 4 Bk = (R, 4)

apply(simp add: t-wcode-main-def t-wcode-main-first-part-def
fetch.simps nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 4 Oc = (R, 5)

apply(simp add: t-wcode-main-def t-wcode-main-first-part-def
fetch.simps nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 5 Oc = (R, 5)

apply(simp add: t-wcode-main-def t-wcode-main-first-part-def
fetch.simps nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 5 Bk = (W1, 6)

apply(simp add: t-wcode-main-def t-wcode-main-first-part-def
fetch.simps nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 6 Bk = (R, 13)
apply(simp add: t-wcode-main-def t-wcode-main-first-part-def
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fetch.simps nth-of .simps)
done

lemma [simp]: fetch t-wcode-main 6 Oc = (L, 6)
apply (simp add: t-wcode-main-def t-wcode-main-first-part-def
fetch.simps nth-of .simps)

done

lemma [elim]: BE™ =[] = mr =0
apply(case-tac mr, auto simp: exponent-def)
done

lemma [simp]: wcode-on-left-moving-1 ires rs (b, [|) = False

apply(simp add: wcode-on-left-moving-1.simps wcode-on-left-moving-1-B.simps
weode-on-left-moving-1-0.simps, auto)

done

declare wcode-on-checking-1.simps|simp del]

lemmas wcode-double-case-inv-simps =
wcode-on-left-moving-1.simps wcode-on-left-moving-1-0.simps
wcode-on-left-moving-1-B.simps wcode-on-checking-1.simps
wcode-erasel .simps wcode-on-right-moving-1.simps
wcode-goon-right-moving-1.simps wcode-backto-standard-pos.simps

lemma [simp]: wecode-on-left-moving-1 ires rs (b, r) = b # []
apply(simp add: wcode-double-case-inv-simps, auto)
done

lemma [elim]: Jwcode-on-left-moving-1 ires rs (b, Bk # list);
thb = aa A hd b # Bk # list = ba] =
weode-on-left-moving-1 ires rs (aa, ba)

apply (simp only: wcode-on-left-moving-1.simps wcode-on-left-moving-1-0.simps
weode-on-left-moving-1-B.simps)

apply (erule-tac disjE)

apply (erule-tac exE)+

apply (case-tac ml, simp)

apply (rule-tac £ = mr — Suc (Suc 0) in ez, rule-tac x = rn in exl)

apply (case-tac mr, simp, case-tac nat, simp, simp add: exp-ind)

apply (rule-tac disjI1)

apply(rule-tac = nat in exl, rule-tac * = Suc mr in exl, rule-tac r = rn in

exl,

stmp add: exp-ind-def)

apply (erule-tac exE)+

apply (simp)

done
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lemma [elim]:

[wecode-on-left-moving-1 ires rs (b, Oc # list); t1 b = aa A hd b # Oc # list =
ba]

= wcode-on-checking-1 ires s (aa, ba)

apply (simp only: wcode-double-case-inv-simps)
apply (erule-tac disjE)
apply (erule-tac [!] exE)+
apply (case-tac mr, simp, simp add: exp-ind-def)
apply (rule-tac © = In in exl, rule-tac = ™ in exl, simp)
done

lemma [simp|: wcode-on-checking-1 ires rs (b, [|) = False
apply (auto simp: weode-double-case-inv-simps)
done

lemma [simp]: wcode-on-checking-1 ires rs (b, Bk # list) = False
apply (auto simp: wcode-double-case-inv-simps)
done

lemma [elim]: [wcode-on-checking-1 ires s (b, Oc # ba);0c # b = aa A list =
ba]
= wcode-erasel ires rs (aa, ba)
apply (simp only: wcode-double-case-inv-simps)
apply (erule-tac exE)+
apply (rule-tac x = In in exl, rule-tac x = rn in exl, simp)
done

lemma [simp]: wcode-on-checking-1 ires rs (b, []) = False
apply (simp add: wcode-double-case-inv-simps)
done

lemma [simp|: wcode-on-checking-1 ires rs ([], Bk # list) = False
apply (simp add: wcode-double-case-inv-simps)
done

lemma [simp]: wcode-erasel ires rs (b, [|) = False
apply(simp add: wcode-double-case-inv-simps)
done

lemma [simp]: wecode-on-right-moving-1 ires s (b, [|) = False
apply(simp add: wcode-double-case-inv-simps exp-ind-def)
done

lemma [simp]: wcode-on-right-moving-1 ires s (b, [|) = False

apply (simp add: wcode-double-case-inv-simps exp-ind-def)
done
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lemma [elim]: [weode-on-right-moving-1 ires rs (b, Bk # ba); Bk # b = aa A
list = b] =

weode-on-right-moving-1 ires rs (aa, ba)
apply (simp only: wcode-double-case-inv-simps)
apply (erule-tac exE)+
apply (rule-tac x = Suc ml in exl, rule-tac x = mr — Suc 0 in exl,

rule-tac = rn in exl)

apply (simp add: exp-ind-def)
apply (case-tac mr, simp, simp add: exp-ind-def)
done

lemma [elim]:
[wecode-on-right-moving-1 ires rs (b, Oc # ba); Oc # b = aa A list = ba]
= wcode-goon-right-moving-1 ires rs (aa, ba)
apply (simp only: wcode-double-case-inv-simps)
apply (erule-tac exE)+
apply (rule-tac x = Suc 0 in exl, rule-tac x = rs in exl,
rule-tac x = ml — Suc (Suc 0) in exl, rule-tac x = rn in exl)
apply (case-tac mr, simp-all add: exp-ind-def)
apply (case-tac ml, simp, case-tac nat, simp, simp)
apply(simp add: exp-ind-def)
done

lemma [simp]:

weode-on-right-moving-1 ires rs (b, [|) = False
apply (simp add: wcode-double-case-inv-simps exponent-def )
done

lemma [elim]: [wcode-erasel ires rs (b, Bk # ba); Bk # b = aa A list = ba; ¢ =
Bk # ba]
= wcode-on-right-moving-1 ires s (aa, ba)
apply (simp only: wcode-double-case-inv-simps)
apply (erule-tac exE)+
apply (rule-tac x = Suc 0 in exl, rule-tac x = Suc (Suc In) in exl,
rule-tac © = rn in exl, simp add: exp-ind)
done

lemma [elim]: Jwcode-erasel ires s (aa, Oc # list); b = aa N Bk # list = ba]
_—
weode-erasel ires rs (aa, ba)
apply (simp only: wcode-double-case-inv-simps)
apply (erule-tac exE)+
apply(rule-tac x = In in exl, rule-tac x = r in exl, auto)
done

lemma [elim]: Jwcode-goon-right-moving-1 ires s (aa, []); b = aa A [Oc] = ba]

= wcode-backto-standard-pos ires s (aa, ba)
apply (simp only: wcode-double-case-inv-simps)
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apply (erule-tac exE)+

apply (rule-tac disjI2)

apply (simp only:wcode-backto-standard-pos-0.simps)

apply (rule-tac © = ml in exl, rule-tac x = Suc 0 in exl, rule-tac © = In in exl,
rule-tac x = rn in exl, simp)

apply (case-tac mr, simp-all add: exponent-def)

done

lemma [elim]:
[wcode-goon-right-moving-1 ires rs (aa, Bk # list); b = aa A Oc # list = ba]
= wcode-backto-standard-pos ires s (aa, ba)

apply (simp only: wcode-double-case-inv-simps)

apply (erule-tac exE)+

apply (rule-tac disjI2)

apply (simp only:wcode-backto-standard-pos-0.simps)

apply (rule-tac x = ml in ezl, rule-tac * = Suc 0 in exl, rule-tac z = In in exl,

rule-tac x = rn — Suc 0 in exl, simp)
apply (case-tac mr, simp, case-tac rn, simp, simp-all add: exp-ind-def)
done

lemma [elim]: [wcode-goon-right-moving-1 ires rs (b, Oc # ba); Oc # b = aa A
list = ba]

= wcode-goon-right-moving-1 ires rs (aa, ba)
apply (simp only: wcode-double-case-inv-simps)
apply (erule-tac exE)+
apply (rule-tac © = Suc ml in exl, rule-tac £ = mr — Suc 0 in exl,

rule-tac x = In in exl, rule-tac x = rn in exl)

apply(simp add: exp-ind-def)
apply (case-tac mr, simp, case-tac rn, simp-all add: exp-ind-def)
done

lemma [elim]: [wcode-backto-standard-pos ires rs (b, []); Bk # b = aa] = False

apply (auto simp: wcode-double-case-inv-simps wcode-backto-standard-pos-0.simps
weode-backto-standard-pos-B.simps)

apply (case-tac mr, simp-all add: exp-ind-def)

done

lemma [elim]: [wcode-backto-standard-pos ires rs (b, Bk # ba); Bk # b = aa A
list = ba]
= wcode-before-double ires rs (aa, ba)
apply (simp only: wcode-double-case-inv-simps weode-backto-standard-pos-B.simps
weode-backto-standard-pos-0.simps weode-before-double.simps)
apply (erule-tac disjE)
apply (erule-tac exE)+
apply (rule-tac x = In in exl, rule-tac x = rn in exl, simp)
apply (auto)
apply (case-tac [!] mr, simp-all add: exp-ind-def)
done
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lemma [simp]: wcode-backto-standard-pos ires rs ([], Oc # list) = False

apply (auto simp: wcode-backto-standard-pos.simps wcode-backto-standard-pos-B.simps
weode-backto-standard-pos-0.simps)

done

lemma [simp]: wcode-backto-standard-pos ires rs (b, [|) = False

apply (auto simp: wcode-backto-standard-pos.simps wcode-backto-standard-pos-B.simps
weode-backto-standard-pos-0.simps)

apply (case-tac mr, simp, simp add: exp-ind-def)

done

lemma [elim]: [wcode-backto-standard-pos ires rs (b, Oc # list); t{ b = aa; hd b

# Oc # list = ba]
= wcode-backto-standard-pos ires s (aa, ba)

apply (simp only: wcode-backto-standard-pos.simps wcode-backto-standard-pos-B.simps
weode-backto-standard-pos-0.simps)

erule-tac disjE)

simp)

erule-tac exE)+

case-tac ml, simp)

rule-tac disjI1, rule-tac congl)

rule-tac x = In in exl, simp, rule-tac x = rn in exl, simp)

rule-tac disjI2)

rule-tac © = nat in exl, rule-tac x = Suc mr in ezl, rule-tac x = In in

apply
apply
apply
apply
apply
apply
apply
apply
exl,

e e T e T e e

rule-tac x = rn in exl, simp)
apply(simp add: exp-ind-def)
done

declare new-tape.simps[simp del] nth-of .simps[simp del] fetch.simps[simp del]
lemma wcode-double-case-first-correctness:
let P= (X (st, 1, 7). st = 13) in
let @ = (X (st, I, r). weode-double-case-inv st ires s (I, r)) in
let f = (X stp. steps (Suc 0, Bk # Bk™ @ Oc # Oc # ires, Bk # OcSuc s
@ BE™) t-wcode-main stp) in
I n.P(fn)AQ(f (n:nat))
proof —
let 2P = (A (st, I, r). st = 13)
let 2Q = (X (st, I, ). wcode-double-case-inv st ires rs (I, r))
let ?f = (X stp. steps (Suc 0, Bk # Bk™ Q Oc # Oc # ires, Bk # 0cdUc s @
BE™) t-wcode-main stp)
have 3 n. P (?fn) A 2Q (?f (n:nat))
proof(rule-tac halt-lemma2)
show wf wcode-double-case-le
by auto
next
show V na. = 2P (?f na) A ?2Q (?f na) —
2Q (?f (Suc na)) A (?f (Suc na), ?f na) € weode-double-case-le
proof (rule-tac alll, case-tac ?f na, simp add: tstep-red)
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fix naabc
show a # 13 A wcode-double-case-inv a ires rs (b, ¢) —
(case tstep (a, b, ¢) t-wcode-main of (st, ) =
wecode-double-case-inv st ires rs x) N
(tstep (a, b, ¢) t-wcode-main, a, b, ¢) € wcode-double-case-le
apply (rule-tac impl, simp add: wcode-double-case-inv.simps)
apply(auto split: if-splits simp: tstep.simps,
case-tac [!] ¢, simp-all, case-tac [!] (c::block list)!0)
apply (simp-all add: new-tape.simps wcode-double-case-inv.simps weode-double-case-le-def
lex-pair-def)
apply (auto split: if-splits)
done
qed
next
show ?Q (?f0)
apply(simp add: steps.simps wcode-double-case-inv.simps
wcode-on-left-moving-1.simps
weode-on-left-moving-1-B.simps)
apply (rule-tac disjI1)
apply (rule-tac © = Suc m in exl, simp add: exp-ind-def)
apply (rule-tac © = Suc 0 in exl, simp add: exp-ind-def)
apply (auto)
done
next
show — ?P (%9f 0)
apply (simp add: steps.simps)
done
qed
thus let P = A(st, I, r). st = 153;
Q = A(st, I, r). wcode-double-case-inv st ires rs (I, r);
f = steps (Suc 0, Bk # BE™ Q Oc # Oc # ires, Bk # OcSuc s @ BE™)
t-wcode-main
in3dn. P (fn)ANQ (fn)
apply(simp add: Let-def)
done
qged

lemma [elim]: t-ncorrect tp

= t-ncorrect (abacus.tshift tp a)
apply(simp add: t-ncorrect.simps shift-length)
done

lemma tshift-fetch: [ fetch tp a b = (aa, st’); 0 < st’]
= fetch (abacus.tshift tp (length tpl div 2)) a b
= (aa, st’ + length tpl div 2)
apply (subgoal-tac a > 0)
apply(auto simp: fetch.simps nth-of .simps shift-length nth-map
tshift.simps split: block.splits if-splits)
done
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lemma t-steps-steps-eq: [steps (st, I, r) tp stp = (st’, U, 7);
0 < st
0 < st A\ st < length tp div 2;
t-ncorrect tpl;
t-ncorrect tp]
= t-steps (st + length tpl div 2, 1, r) (tshift tp (length tp1 div 2),
length tp1 div 2) stp
= (st’ + length tp1 div 2, 1', 1)
apply (induct stp arbitrary: st’ ' r', simp add: steps.simps t-steps.simps,
simp add: tstep-red stepn)
apply (case-tac (steps (st, I, r) tp stp), simp)
proof —
fix stpst’'l'r"abc
assume ind: Ast' 1’ r'.
[a=st'/ANb=U'ANc=r",0 < st']
= t-steps (st + length tpl div 2, 1, 1)
(abacus.tshift tp (length tpl div 2), length tpl div 2) stp =
(st’ + length tpl div 2, 1, 1)
and h: tstep (a, b, ¢) tp = (st’, I', r') 0 < st’ t-ncorrect tpl t-ncorrect tp
have k: t-steps (st + length tp1 div 2, 1, r) (abacus.tshift tp (length tpl div 2),
length tpl div 2) stp = (a + length tpl div 2, b, ¢)
apply (rule-tac ind, simp)
using h
apply (case-tac a, simp-all add: tstep.simps fetch.simps)
done
from h and this show t-step (t-steps (st + length tpl div 2, 1, v) (abacus.tshift
tp (length tpl div 2), length tp1 div 2) stp)
(abacus.tshift tp (length tpl div 2), length tpl div 2) =
(st’ + length tp1 div 2, 1', r')
apply(simp add: k)
apply(simp add: tstep.simps t-step.simps)
apply (case-tac fetch tp a (case ¢ of || = Bk | © # xs = z), simp)
apply (subgoal-tac fetch (abacus.tshift tp (length tpl div 2)) a
(case c of [| = Bk | z # xs = z) = (aa, st’ + length tpl div
2), simp)
apply(simp add: tshift-fetch)
done
qed

lemma t-tshift-lemma: | steps (st, I, r) tp stp = (st’, I/, r');
st' # 0;
stp > 0;
0 < st A st < length tp div 2;
t-ncorrect tpl;
t-ncorrect tp;
t-ncorrect tp2

]

= 3 stp>0. steps (st + length tpl div 2, I, r) (tp1 Q tshift tp (length tpl
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div 2) Q tp2) stp
= (st’ + length tp1 div 2, l', 1)
proof —
assume h: steps (st, I, r) tp stp = (st’, ', 1)
st'# 0 stp > 0
0 < st N\ st < length tp div 2
t-ncorrect tpl
t-ncorrect tp
t-ncorrect tp2
from h have
Istp>0. t-steps (st + length tpl div 2, 1, ) (tpl Q abacus.tshift tp (length tpl
div 2) @ tp2, 0) stp =
(st + length tpl div 2, ', )
apply (rule-tac stp = stp in turing-shift, simp-all add: shift-length)
apply(simp add: t-steps-steps-eq)
apply(simp add: t-ncorrect.simps shift-length)
done
thus 3 stp>0. steps (st + length tpl div 2, 1, r) (tp1 Q tshift tp (length tp1 div
2) @ tp2) stp
= (st’ + length tp1 div 2, l', 1)
apply (erule-tac exE)
apply(rule-tac x = stp in exl, simp)
apply (subgoal-tac length (tp1 Q abacus.tshift tp (length tpl div 2) Q tp2) mod
2 = 0)
apply (simp only: steps-eq)
using h
apply (auto simp: t-ncorrect.simps shift-length)
apply arith
done
qed

lemma t-twice-len-ge: Suc 0 < length t-twice div 2
apply(simp add: t-twice-def tMp.simps shift-length)
done

lemma [intro]: rec-calc-rel (recf.id (Suc 0) 0) [rs] rs
apply (rule-tac calc-id, simp-all)
done

lemma [intro]: rec-calc-rel (constn 2) [rs] 2
using prime-rel-exec-eqof constn 2 [rs] 2]
apply (subgoal-tac primerec (constn 2) 1, auto)
done

lemma [intro]: rec-calc-rel rec-mult [rs, 2] (2 * 1s)
using prime-rel-exec-eqlof rec-mult [rs, 2] 2x%rs]

apply (subgoal-tac primerec rec-mult (Suc (Suc 0)), auto)
done

cdiv



lemma ¢-twice-correct: Istp In rn. steps (Suc 0, Bk # Bk # ires, 0cSuc s @
BE™)
(tm-of abc-twice @ tMp (Suc 0) (start-of twice-ly (length abc-twice) —
Suc 0)) stp =
(0, Bk'™ @ Bk # Bk # ires, OcSuc (2 * 1) @ pg™)
proof (case-tac rec-ci rec-twice)
fixabc
assume h: rec-ci rec-twice = (a, b, c)
have I stp m . steps (Suc 0, Bk # Bk # ires, <[rs]> @Q Bk™) (tm-of abc-twice
@ tMp (Suc 0)
(start-of twice-ly (length abc-twice) — 1)) stp = (0, BK™ @Q Bk # Bk # ires,
OcSuc (2x1s) @ Bkl)
proof (rule-tac t-compiled-by-rec)
show rec-ci rec-twice = (a, b, ¢) by (simp add: h)
next
show rec-calc-rel rec-twice [rs] (2 * rs)
apply (simp add: rec-twice-def)

apply (rule-tac rs = [rs, 2] in calc-cn, simp-all)
apply (rule-tac alll, case-tac k, auto)
done
next
show length [rs] = Suc 0 by simp
next

show layout-of (a [+] dummy-abc (Suc 0)) = layout-of (a [+] dummy-abc (Suc
0))
by simp
next
show start-of twice-ly (length abc-twice) =
start-of (layout-of (a [+] dummy-abe (Suc 0))) (length (a [+] dummy-abe
(Suc 0)))
using h
apply (simp add: twice-ly-def abc-twice-def)
done
next
show tm-of abc-twice = tm-of (a [+] dummy-abc (Suc 0))
using h
apply(simp add: abe-twice-def)
done
qed
thus Jstp In rn. steps (Suc 0, Bk # Bk # ires, 0cSuc s @ BE™)
(tm-of abe-twice @ tMp (Suc 0) (start-of twice-ly (length abe-twice) —
Suc 0)) stp =
(0, Bk'™ @ Bk # Bk # ires, 0cSuc (2 % 75) @ pg™)
apply(simp add: tape-of-nl-abv tape-of-nat-list.simps)
done
qed

lemma change-termi-state-fetch: [fetch ap a b = (aa, st); st > 0]
= fetch (change-termi-state ap) a b = (aa, st)

cdv



apply(case-tac b, auto simp: fetch.simps nth-of .simps change-termi-state.simps
nth-map

split: if-splits block.splits)
done

lemma change-termi-state-exec-in-range:
[steps (st, I, r) ap stp = (st', U, v'); st’ # 0]
= steps (st, I, r) (change-termi-state ap) stp = (st', l', 1)
proof (induct stp arbitrary: st [ r st’ I’ r', simp add: steps.simps)
fix stpstirst'l'r’
assume ind: Ast lrst’ 1’ r'.
[steps (st, I, ) ap stp = (st', U/, r'); st’ # 0] =
steps (st, I, r) (change-termi-state ap) stp = (st’, I/, r’)
and h: steps (st, I, r) ap (Suc stp) = (st’, I/, r') st’' # 0
from h show steps (st, I, r) (change-termi-state ap) (Suc stp) = (st’, ', 1)
proof(simp add: tstep-red, case-tac steps (st, I, r) ap stp, simp)
fixabc
assume g: steps (st, I, r) ap stp = (a, b, ¢)
tstep (a, b, ¢) ap = (st’, U, r') 0 < st’
hence steps (st, I, r) (change-termi-state ap) stp = (a, b, ¢)
apply (rule-tac ind, simp)
apply (case-tac a, simp-all add: tstep-0)
done
from ¢ and this show tstep (steps (st, I, r) (change-termi-state ap) stp)
(change-termi-state ap) = (st’, l', r')
apply (simp add: tstep.simps)
apply (case-tac fetch ap a (case c of [| = Bk | © # zs = z), simp)
apply (subgoal-tac fetch (change-termi-state ap) a (case ¢ of || = Bk | z #
s = T)
= (aa, st’), simp)
apply (simp add: change-termi-state-fetch)
done
qed
qed

lemma change-termi-state-fetch0:
[0 < a; a < length ap div 2; t-correct ap; fetch ap a b = (aa, 0)]
= fetch (change-termi-state ap) a b = (aa, Suc (length ap div 2))
apply(case-tac b, auto simp: fetch.simps nth-of .simps change-termi-state.simps
nth-map
split: if-splits block.splits)
done

lemma turing-change-termi-state:
[steps (Suc 0,1, v) ap stp = (0, l', r'); t-correct ap]
= 3 stp. steps (Suc 0, 1, ) (change-termi-state ap) stp =
(Suc (length ap div 2), ', 1)
apply (drule first-halt-point)
apply (erule-tac exE)
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apply (rule-tac x = Suc stp in exl, simp add: tstep-red)
apply (case-tac steps (Suc 0, 1, r) ap stp)
apply(simp add: isSO-def change-termi-state-exec-in-range)
apply (subgoal-tac steps (Suc 0, 1, r) (change-termi-state ap) stp = (a, b, ¢), simp)
apply (simp add: tstep.simps)
apply (case-tac fetch ap a (case ¢ of [| = Bk | z # zs = x), simp)
apply (subgoal-tac fetch (change-termi-state ap) a
(case ¢ of [| = Bk | z # xs = z) = (aa, Suc (length ap div 2)), simp)
apply (rule-tac ap = ap in change-termi-state-fetch0, simp-all)
apply (rule-tac tp = (I, r) and [ = b and r = ¢ and stp = stp and A = ap in
s-keep, simp-all)
apply(simp add: change-termi-state-exec-in-range)
done

lemma t-twice-change-term-state:
3 stp In rn. steps (Suc 0, Bk # Bk # ires, OcSuc s @ BE™) t-twice stp
= (Suc t-twice-len, Bk!™ @ Bk # Bk # ires, OcSuc (2 15) @ pprn)
using t-twice-correct|[of ires rs n|
apply (erule-tac exFE)
apply (erule-tac exE)
apply (erule-tac exE)
proof(drule-tac turing-change-termi-state)
fix stp In ™
show t-correct (tm-of abe-twice @ tMp (Suc 0) (start-of twice-ly (length abc-twice)
— Suc 0))
apply(rule-tac t-compiled-correct, simp-all)
apply(simp add: twice-ly-def)
done
next
fix stp In rn
show T stp. steps (Suc 0, Bk # Bk # ires, 0cSuc s @ BE™)
(change-termi-state (tm-of abc-twice @ tMp (Suc 0)
(start-of twice-ly (length abe-twice) — Suc 0))) stp =
(Suc (length (tm-of abc-twice @ tMp (Suc 0) (start-of twice-ly (length abc-twice)
— Suc 0)) div 2),
Bk @ Bk # Bk # ires, Oc5u¢ (2 * 15) @ BE™) —
Istp In rn. steps (Suc 0, Bk # Bk # ires, 0cSuc s @ BE™) t-twice stp =
(Suc t-twice-len, BE'™ @ Bk # Bk # ires, Ocduc (2 % 1s) @ BE™)
apply(erule-tac exE)
apply (simp add: t-twice-len-def t-twice-def )
apply (rule-tac x = stp in exl, rule-tac x = In in exl, rule-tac x = rn in exl,
simp)
done
qed

lemma t-twice-append-pre:
steps (Suc 0, Bk # Bk # ires, 0cSuc s @ BE™) t-twice stp
= (Suc t-twice-len, Bk'™ @ Bk # Bk # ires, Ocduc (2 * 15) @ BE™)
= 3 stp>0. steps (Suc 0 + length t-wcode-main-first-part div 2, Bk # Bk #

cdvii



ires, OcSUC TS @ BE™)
(t-wcode-main-first-part @ tshift t-twice (length t-wcode-main-first-part div 2)
Q@
((L, 1), (L, 1)] Q tshift t-fourtimes (t-twice-len + 13) @ [(L, 1), (L, 1)]))
stp
= (Suc (t-twice-len) + length t-wcode-main-first-part div 2, Bk'™ @ Bk # Bk
4 ires, OcSuc (2 % 15) @ BE™)
proof (rule-tac t-tshift-lemma, simp-all add: t-twice-len-ge)
assume steps (Suc 0, Bk # Bk # ires, OcSuc s @ BE™) t-twice stp =
(Suc t-twice-len, Bk!™ @ Bk # Bk # ires, OcSUc (2 x71s) @ BE™)
thus 0 < stp
apply (case-tac stp, simp add: steps.simps t-twice-len-ge t-twice-len-def)
using t-twice-len-ge
apply (simp, simp)
done
next
show t-ncorrect t-wcode-main-first-part
apply(simp add: t-ncorrect.simps t-wcode-main-first-part-def)
done
next
show t-ncorrect t-twice
using length-tm-even|[of abe-twice]
apply (auto simp: t-ncorrect.simps t-twice-def')
apply(arith)
done
next
show t-ncorrect ((L, Suc 0) # (L, Suc 0) #
abacus.tshift t-fourtimes (t-twice-len + 13) Q [(L, Suc 0), (L, Suc 0)])
using length-tm-even|[of abc-fourtimes]
apply(simp add: t-ncorrect.simps shift-length t-fourtimes-def)
apply arith
done
qed

lemma t-twice-append:
3 stp In rn. steps (Suc 0 + length t-wcode-main-first-part div 2, Bk # Bk #
ires, 0cSUC s @ BE™)
(t-weode-main-first-part @ tshift t-twice (length t-wcode-main-first-part div 2)
@
((L, 1), (L, 1)] Q tshift t-fourtimes (t-twice-len + 13) Q [(L, 1), (L, 1)]))
stp
= (Suc (t-twice-len) + length t-wcode-main-first-part div 2, Bk!" @ Bk # Bk
4 ires, 0cSuc (2 x 15) @ BE™)
using (-twice-change-term-state|of ires rs n]
apply (erule-tac exE)
apply(erule-tac exE)
apply (erule-tac exFE)
apply (drule-tac t-twice-append-pre)
apply (erule-tac exE)
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apply(rule-tac x = stpa in exl, rule-tac x = In in exl, rule-tac x = r in exl)

apply (simp)
done

lemma [simp]: fetch t-wcode-main (Suc (t-twice-len + length t-wcode-main-first-part
div 2)) Oc
= (L, Suc 0)
apply (subgoal-tac length (t-twice) mod 2 = 0)
apply (simp add: t-wcode-main-def nth-append fetch.simps t-wcode-main-first-part-def

nth-of .simps shift-length t-twice-len-def , auto)
apply (simp add: t-twice-def)
apply (subgoal-tac length (tm-of abe-twice) mod 2 = 0)
apply arith
apply (rule-tac tm-even)
done

lemma wcode-jump1:
3 stp In rn. steps (Suc (t-twice-len) + length t-wcode-main-first-part div 2,
BE™ @ Bk # Bk # ires, 0cSuc (2 * 15) @ pgmn)

t-wcode-main stp
= (Suc 0, BK'™ @ Bk # ires, Bk # 0cSuc (2 x75) @ B

apply (rule-tac x = Suc 0 in exl, rule-tac x = m in exl, rule-tac x = n in exl)

apply(simp add: steps.simps tstep.simps exp-ind-def new-tape.simps)

apply(case-tac m, simp, simp add: exp-ind-def)

apply (simp add: exp-ind-def[THEN sym| exp-ind[ THEN sym)])

done

lemma wcode-main-first-part-len:
length t-wcode-main-first-part = 24
apply(simp add: t-wcode-main-first-part-def)
done

lemma wcode-double-case:
shows T stp In rn. steps (Suc 0, Bk # BE™ @ Oc # Oc # ires, Bk # OcSuc s
@ BE™) t-wcode-main stp =
(Suc 0, Bk # Bk @ Oc # ires, Bk # OcSuc (2 * 15 + 2) @ pgrn)
proof —
have T stp In rn. steps (Suc 0, Bk # Bk™ Q Oc # Oc # ires, Bk # OcSuc rs
@ BE™) t-wcode-main stp =
(13, Bk # Bk # Bk @ Oc # ires, OcSuc (Sucts) @ pgrn)
using wecode-double-case-first-correctness|of ires rs m n]
apply (simp)
apply(erule-tac exE)
apply (case-tac steps (Suc 0, Bk # Bk™ @ Oc # Oc # ires,
Bk # 0c5uc s @ BE™) t-wcode-main na,
auto simp: wcode-double-case-inv.simps
weode-before-double.simps)
apply(rule-tac x = na in exl, rule-tac x = In in exl, rule-tac x = rn in exl)
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apply (simp)
done
from this obtain stpa Ina rna where stpl:
steps (Suc 0, Bk # BE™ @Q Oc # Oc # ires, Bk # 0cSuc s @ BE™)
t-wcode-main stpa =
(18, Bk # Bk # Bk!"@ @ Oc # ires, OcSuc (Suc 1s) @ BErmay by blast
have 3 stp In rn. steps (13, Bk # Bk # Bkl"a @ Oc # ires, Ocsuc (Sucrs) @
BE™%) t-wcode-main stp =
(13 + t-twice-len, Bk # Bk # Bk'™ @ Oc # ires, Ocduc (Suc (Suc (2 #15))) @
BkTTL)
using t-twice-append|of Bk @ Oc # ires Suc rs rnal
apply(erule-tac exE)
apply(erule-tac exE)
apply (erule-tac exE)
apply(simp add: wcode-main-first-part-len)
apply (rule-tac x = stp in exl, rule-tac © = In + Ina in exl,
rule-tac x = rn in exl)
apply(simp add: t-wcode-main-def)
apply(simp add: exp-ind-def[THEN sym)| exp-add[THEN sym))
done
from this obtain stpb Inb rnb where stp2:
steps (13, Bk # Bk # Bk"a @ Oc # ires, OcSuc (Suc 1s) @ BE™®) t-wcode-main
stpb =
(18 + t-twice-len, Bk # Bk # Bk @ Oc # ires, OcSuc (Suc (Suc (2 *7s)))
@ BE™DY) by blast
have Jstp In rn. steps (18 + t-twice-len, Bk # Bk # BE'" @ Oc # ires,
OcSuc (Suc (Suc (2 #15))) @ BE™™) t-weode-main stp =
(Suc 0, Bk # Bk @ Oc # ires, Bk # OcSuc (Suc (Suc (2 #15))) @ pprn)
using wecode-jumpl [of Inb Oc # ires Suc rs rnb)
apply (erule-tac exE)
apply(erule-tac exE)
apply(erule-tac exE)
apply (rule-tac x = stp in exl,
rule-tac x = In in exl,
rule-tac x = rn in exl, simp add:wcode-main-first-part-len t-wcode-main-def )
apply (subgoal-tac BK"™ @ Bk # Bk # Oc # ires = Bk # Bk # Bk'"> @ Oc
# ires, simp)
apply (simp add: exp-ind-def [ THEN sym] exp-ind| THEN sym])
apply (simp)
apply (case-tac Inb, simp, simp add: exp-ind-def[ THEN sym] exp-ind)
done
from this obtain stpc Inc rnc where stp3:
steps (18 + t-twice-len, Bk # Bk # Bk @ Oc # ires,
O¢Suc (Suc (Suc (2 #75))) @ Bkmb) t-wcode-main stpc =
(Suc 0, Bk # BE™C @ Oc # ires, Bk # OcSuc (Suc (Sue (2479))) @ pgrney
by blast
from stpl stp2 stp3 show ?thesis
apply (rule-tac © = stpa + stpb + stpc in exl, rule-tac x = Inc in exl,
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rule-tac x = rnc in exl)
apply(simp add: steps-add)
done
qed

fun wcode-on-left-moving-2-B :: bin-inv-t
where
weode-on-left-moving-2-B ires rs (I, r) =
3 mimrm. 1 = Bk™ @ Oc # Bk # Oc # ires N
r = BE™ @ 0coU ™S @ BE™ A
ml + mr > Suc 0 A mr > 0)

fun wcode-on-left-moving-2-0 :: bin-inv-t
where
weode-on-left-moving-2-0 ires rs (I, r) =
(3 Inrn. 1l = Bk # Oc # ires N
r = Oc # Bk'™ @ Bk # Bk # 0c5Uc ™ @ BE™)

fun wcode-on-left-moving-2 :: bin-inv-t
where
weode-on-left-moving-2 ires rs (1, r) =
(wcode-on-left-moving-2-B ires rs (I, r) V
wcode-on-left-moving-2-0O ires rs (1, r))

fun wcode-on-checking-2 :: bin-inv-t
where
weode-on-checking-2 ires rs (1, r) =
(3 Inrn. I = Octtires N
r = Bk # Oc # Bk™ @ Bk # Bk # 0c¢SU¢™s @ BE™)

fun wcode-goon-checking :: bin-inv-t
where
weode-goon-checking ires rs (I, r) =
(3 Inrn. 1 = dres A

r = Oc # Bk # Oc # Bk'™ @ Bk # Bk # OcSU¢ 75 @ BE™)

fun wcode-right-move :: bin-inv-t
where
weode-right-move ires rs (I, r) =
(3 Inrn. 1 = Oc # ires A
r = Bk # Oc # Bk'™ @ Bk # Bk # OcSUc ™ @ BL™)

fun wcode-erase2 :: bin-inv-t
where
weode-erase2 ires rs (I, r) =
(3 Inrn. l = Bk # Oc # ires A

cdxi



tlr = Bk'™ @ Bk # Bk # 0c5U¢ TS @ BE™)

fun wcode-on-right-moving-2 :: bin-inv-t
where
weode-on-right-moving-2 ires rs (I, r) =
(3 mlmr . | = BE™ @ Oc # ires A
r = BE™ @ OcSUC TS @ BE™ A ml + mr > Suc 0)

fun wcode-goon-right-moving-2 :: bin-inv-t
where
weode-goon-right-moving-2 ires rs (I, r) =
(3 mlmrinrn. | = Oc™ @ Bk # Bk # Bk™ @ Oc # ires A
r = 0c™ @ BE™ A ml + mr = Suc rs)

fun wcode-backto-standard-pos-2-B :: bin-inv-t
where
weode-backto-standard-pos-2-B ires rs (1, r) =
(3 Inrn. | = Bk # Bk'™ @ Oc # ires A
r = Bk # 0cSuc (Suc rs) @ BE™)

fun wcode-backto-standard-pos-2-0 :: bin-inv-t
where
weode-backto-standard-pos-2-0 ires rs (I, r) =
(3 mlmrinrn. | = Oc™ @ Bk # Bk # Bk'™ @ Oc # ires A
r= 0c™ @ BE™ A
ml + mr = (Suc (Suc rs)) A mr > 0)

fun wcode-backto-standard-pos-2 :: bin-inv-t
where
weode-backto-standard-pos-2 ires rs (I, r) =
(weode-backto-standard-pos-2-0 ires rs (I, r) V
weode-backto-standard-pos-2-B ires rs (I, 1))

fun wcode-before-fourtimes :: bin-inv-t
where
wcode-before-fourtimes ires rs (I, r) =
(3 Inrn. | = Bk # Bk # BE™ @ Oc # ires A
r— OcSuc (Suc rs) @ BE™)

declare wcode-on-left-moving-2-B.simps|[simp del] wcode-on-left-moving-2.simps|simp
del]
weode-on-left-moving-2-0.simps[simp del] wcode-on-checking-2.simps[simp

del]
weode-goon-checking.simps[simp del] wcode-right-move.simps|simp del]
weode-erase2.simps[simp del]
weode-on-right-moving-2.simps|[simp del] weode-goon-right-moving-2.simps|simp
del]

wecode-backto-standard-pos-2-B.simps|simp del] wcode-backto-standard-pos-2-0.simps|simp
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del]
weode-backto-standard-pos-2.simps[simp del]

lemmas wcode-fourtimes-invs =
wcode-on-left-moving-2-B.simps wcode-on-left-moving-2.simps
wcode-on-left-moving-2-0.simps wcode-on-checking-2.simps
wcode-goon-checking.simps wcode-right-move.simps
wcode-erase2.simps
wcode-on-right-moving-2.simps wcode-goon-right-moving-2.simps
wcode-backto-standard-pos-2-B.simps wcode-backto-standard-pos-2-0.simps
wcode-backto-standard-pos-2.simps

fun wcode-fourtimes-case-inv :: nat = bin-inv-t

where

weode-fourtimes-case-inv st ires rs (1, r) =
(if st = Suc 0 then wcode-on-left-moving-2 ires rs (I, 1)
else if st = Suc (Suc 0) then wcode-on-checking-2 ires rs (I, r)
else if st = 7 then wcode-goon-checking ires rs (I, r)
else if st = 8 then wcode-right-move ires s (I, r)
else if st = 9 then wcode-erase2 ires rs (I, r)
else if st = 10 then wcode-on-right-moving-2 ires rs (I, r)
else if st = 11 then wcode-goon-right-moving-2 ires rs (I, r)
else if st = 12 then wcode-backto-standard-pos-2 ires rs (I, 1)
else if st = t-twice-len + 14 then wcode-before-fourtimes ires rs (I, r)
else False)

declare wcode-fourtimes-case-inv.simps[simp del]

fun wcode-fourtimes-case-state :: t-conf = nat
where
weode-fourtimes-case-state (st, I, r) = 18 — st

fun wcode-fourtimes-case-step :: t-conf = nat
where
weode-fourtimes-case-step (st, I, r) =
(if st = Suc 0 then length
else if st = 9 then
(if hd 7 = Oc then 1
else 0)
else if st = 10 then length r
else if st = 11 then length r
else if st = 12 then length |
else 0)

fun wcode-fourtimes-case-measure :: t-conf = nat X nat
where
weode-fourtimes-case-measure (st, 1, r) =
(wcode-fourtimes-case-state (st, 1, r),
weode-fourtimes-case-step (st, 1, 1))
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definition wcode-fourtimes-case-le :: (t-conf x t-conf) set
where wcode-fourtimes-case-le = (inv-image lex-pair wcode-fourtimes-case-measure)

lemma wf-wcode-fourtimes-case-le|intro|: wf weode-fourtimes-case-le
by (auto intro:wf-inv-image simp: wcode-fourtimes-case-le-def )

lemma [simp]: fetch t-wcode-main (Suc (Suc 0)) Bk = (L, 7)

apply (simp add: t-wcode-main-def fetch.simps
t-wcode-main-first-part-def nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 7 Oc = (R, 8)

apply (simp add: t-wcode-main-def fetch.simps
t-wcode-main-first-part-def nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 8 Bk = (R, 9)

apply(simp add: t-wcode-main-def fetch.simps
t-wcode-main-first-part-def nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 9 Bk = (R, 10)

apply(simp add: t-wcode-main-def fetch.simps
t-weode-main-first-part-def nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 9 Oc = (W0, 9)

apply(simp add: t-wcode-main-def fetch.simps
t-wcode-main-first-part-def nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 10 Bk = (R, 10)

apply(simp add: t-wcode-main-def fetch.simps
t-wcode-main-first-part-def nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 10 Oc = (R, 11)

apply(simp add: t-wcode-main-def fetch.simps
t-wcode-main-first-part-def nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 11 Bk = (W1, 12)

apply(simp add: t-wcode-main-def fetch.simps
t-wcode-main-first-part-def nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 11 Oc = (R, 11)
apply (simp add: t-wcode-main-def fetch.simps
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t-weode-main-first-part-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-main 12 Oc = (L, 12)

apply (simp add: t-wcode-main-def fetch.simps
t-weode-main-first-part-def nth-of .simps)

done

lemma [simp]: fetch t-wcode-main 12 Bk = (R, t-twice-len + 1)

apply (simp add: t-wcode-main-def fetch.simps
t-weode-main-first-part-def nth-of .simps)

done

lemma [simp]: wcode-on-left-moving-2 ires rs (b, [|) = False
apply (auto simp: wcode-fourtimes-invs)
done

lemma [simp]: wcode-on-checking-2 ires rs (b, [|) = False
apply (auto simp: weode-fourtimes-invs)
done

lemma [simp]: wcode-goon-checking ires rs (b, [|) = False
apply (auto simp: wcode-fourtimes-invs)
done

lemma [simp]: wcode-right-move ires rs (b, []) = False
apply (auto simp: wcode-fourtimes-invs)
done

lemma [simp]: wcode-erase2 ires rs (b, [|) = False
apply (auto simp: wcode-fourtimes-invs)
done

lemma [simp]: wcode-on-right-moving-2 ires s (b, []) = False
apply (auto simp: wcode-fourtimes-invs exponent-def)
done

lemma [simp|: wcode-backto-standard-pos-2 ires rs (b, []) = False
apply (auto simp: wcode-fourtimes-invs exponent-def )
done

lemma [simp|: wcode-on-left-moving-2 ires rs (b, Bk # list) = b # |]
apply(simp add: wcode-fourtimes-invs, auto)
done

lemma [simp]: weode-on-left-moving-2 ires rs (b, Bk # list) = wcode-on-left-moving-2

ires rs (tL b, hd b # Bk # list)
apply (simp only: wcode-fourtimes-invs)
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apply (erule-tac disjE)
apply (erule-tac exE)+
apply (case-tac ml, simp)
apply (rule-tac = mr — (Suc (Suc 0)) in exl, rule-tac x = rn in exl, simp)
apply (case-tac mr, simp, case-tac nat, simp, simp add: exp-ind)
apply (rule-tac disjI1)
apply(rule-tac = nat in exl, rule-tac * = Suc mr in exl, rule-tac © = rn in
exl,
simp add: exp-ind-def)
apply (simp)
done

lemma [simp|: wcode-on-checking-2 ires rs (b, Bk # list) = b # |]
apply (auto simp: weode-fourtimes-invs)
done

lemma [simp]: wcode-on-checking-2 ires rs (b, Bk # list)
= wcode-goon-checking ires rs (tl b, hd b # Bk # list)
apply (simp only: wcode-fourtimes-invs)
apply (auto)
done

lemma [simp]: wcode-goon-checking ires rs (b, Bk # list) = False
apply(simp add: wcode-fourtimes-invs)
done

lemma [simp]: wcode-right-move ires s (b, Bk # list) = b# ]
apply(simp add: wcode-fourtimes-invs)
done

lemma [simp]: wcode-right-move ires rs (b, Bk # list) = wcode-erase2 ires s
(Bk # b, list)

apply (auto simp:wcode-fourtimes-invs )

apply(rule-tac x = In in exl, rule-tac x = rn in exl, simp)

done

lemma [simp]: wcode-erase2 ires rs (b, Bk # list) = b # |]
apply (auto simp: wcode-fourtimes-invs)
done

lemma [simp|: wcode-erase? ires rs (b, Bk # list) = wcode-on-right-moving-2
ires rs (Bk # b, list)

apply (auto simp:wcode-fourtimes-invs )

apply (rule-tac x = Suc (Suc 0) in exl, simp add: exp-ind)

apply(rule-tac x = Suc (Suc In) in exl, simp add: exp-ind, auto)

done

lemma [simp]: wcode-on-right-moving-2 ires s (b, Bk # list) = b # ||
apply (auto simp:wcode-fourtimes-invs )
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done

lemma [simp]: wcode-on-right-moving-2 ires rs (b, Bk # list)

= wcode-on-right-moving-2 ires rs (Bk # b, list)
apply (auto simp: wcode-fourtimes-invs)
apply (rule-tac x = Suc ml in exl, simp add: exp-ind-def)
apply(rule-tac x = mr — 1 in exl, case-tac mr, auto simp: exp-ind-def)
done

lemma [simp]: wcode-goon-right-moving-2 ires rs (b, Bk # list) = b # ||
apply (auto simp: wcode-fourtimes-invs)
done

lemma [simp]: wcode-goon-right-moving-2 ires rs (b, Bk # list) =
weode-backto-standard-pos-2 ires rs (b, Oc # list)

apply (simp add: wcode-fourtimes-invs, auto)

apply (rule-tac x = ml in exl, auto)

apply (rule-tac x = Suc 0 in exl, simp)

apply (case-tac mr, simp-all add: exp-ind-def)

apply (rule-tac = rn — 1 in exl, simp)

apply (case-tac rn, simp, simp add: exp-ind-def)

done

lemma [simp]: wcode-backto-standard-pos-2 ires rs (b, Bk # list) = b # |
apply (simp add: wcode-fourtimes-invs, auto)
done

lemma [simp]: wcode-on-left-moving-2 ires rs (b, Oc # list) = b # []
apply(simp add: wcode-fourtimes-invs, auto)
done

lemma [simp]: wcode-on-left-moving-2 ires rs (b, Oc # list) =
weode-on-checking-2 ires rs (t1 b, hd b # Oc # list)

apply (auto simp: wcode-fourtimes-invs)

apply (case-tac [!] mr, simp-all add: exp-ind-def)

done

lemma [simp]: wcode-goon-right-moving-2 ires rs (b, []) = b # ||
apply (auto simp: wcode-fourtimes-invs)
done

lemma [simp]: wcode-goon-right-moving-2 ires rs (b, [|) =
weode-backto-standard-pos-2 ires rs (b, [Oc])

apply (simp only: wcode-fourtimes-invs)

apply (erule-tac exE)+

apply (rule-tac disjI1)

apply (rule-tac © = ml in exl, rule-tac © = Suc 0 in ezl
rule-tac x = In in exl, rule-tac x = rn in exl, simp)

apply (case-tac mr, simp, simp add: exp-ind-def)
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done

lemma wcode-backto-standard-pos-2 ires rs (b, Bk # list)
= (3in. b = Bk # Bk @ Oc # ires) A (3rn. list = OcSuc (Sucrs) @
Bk.T"rL)
apply (auto simp: wcode-fourtimes-invs)
apply (case-tac [!] mr, auto simp: exp-ind-def)
done

lemma [simp]: wcode-on-checking-2 ires rs (b, Oc # list) = False
apply (simp add: wcode-fourtimes-invs)
done

lemma [simp]: wcode-goon-checking ires rs (b, Oc # list) =
(b =[] — wcode-right-move ires s ([Oc], list)) A
(b # [| — wcode-right-move ires rs (Oc # b, list))

apply (simp only: wcode-fourtimes-invs)

apply (erule-tac exE)+

apply (auto)

done

lemma [simp]: wcode-right-move ires rs (b, Oc # list) = False
apply (auto simp: weode-fourtimes-invs)
done

lemma [simp]: wcode-erase2 ires rs (b, Oc # list) = b # ||
apply(simp add: wcode-fourtimes-invs)
done

lemma [simp]: wcode-erase2 ires rs (b, Oc # list)
= wcode-erase2 ires rs (b, Bk # list)

apply (auto simp: wcode-fourtimes-invs)

done

lemma [simp]: wecode-on-right-moving-2 ires rs (b, Oc # list) = b # |]
apply (simp only: wcode-fourtimes-invs)

apply (auto)

done

lemma [simp]: weode-on-right-moving-2 ires rs (b, Oc # list)
= wcode-goon-right-moving-2 ires rs (Oc # b, list)

apply (auto simp: wcode-fourtimes-invs)

apply (case-tac mr, simp-all add: exp-ind-def)

apply (rule-tac x = Suc 0 in exl, auto)

apply(rule-tac z = ml — 2 in exl)

apply (case-tac ml, simp, case-tac nat, simp-all add: exp-ind-def)

done

o — o~
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lemma [simp]: wcode-goon-right-moving-2 ires rs (b, Oc # list) = b # |]
apply (simp only:wcode-fourtimes-invs, auto)
done

lemma [simp]: wecode-backto-standard-pos-2 ires rs (b, Bk # list)
= (3in. b = Bk # Bk!" @ Oc # ires) A (Irn. list = OcSuc (Suc 1s) @
BE™)
apply (simp add: wcode-fourtimes-invs, auto)
apply (case-tac [!] mr, simp-all add: exp-ind-def)
done

lemma [simp|: wcode-on-checking-2 ires rs (b, Oc # list) = False
apply (simp add: wcode-fourtimes-invs)
done

lemma [simp]: wcode-goon-right-moving-2 ires rs (b, Oc # list) =
weode-goon-right-moving-2 ires rs (Oc # b, list)

apply (simp only:wcode-fourtimes-invs, auto)

apply (rule-tac z = Suc ml in exl, auto simp: exp-ind-def)

apply (rule-tac £ = mr — 1 in exl)

apply (case-tac mr, case-tac rn, auto simp: exp-ind-def)

done

lemma [simp|: wcode-backto-standard-pos-2 ires rs (b, Oc # list) = b # []
apply (simp only: wcode-fourtimes-invs, auto)
done

lemma [simp|: wcode-backto-standard-pos-2 ires rs (b, Oc # list)
= wcode-backto-standard-pos-2 ires rs (tl b, hd b # Oc # list)

apply (simp only: wcode-fourtimes-invs)
apply (erule-tac disjE)
apply (erule-tac exE)+
apply (case-tac ml, simp)
apply (rule-tac disjI2)
apply (rule-tac conjl, rule-tac x = In in exl, simp)
apply (rule-tac © = rn in exl, simp)
apply (rule-tac disjI1)
apply (rule-tac x = nat in exl, rule-tac x = Suc mr in exl,

rule-tac © = In in exl, rule-tac x = rn in exl, simp add: exp-ind-def)
apply (simp)
done

lemma wcode-fourtimes-case-first-correctness:

shows let P = (X (st, I, ). st = t-twice-len + 14) in

let @ = (X (st, I, r). weode-fourtimes-case-inv st ires rs (I, )) in

let f = (X stp. steps (Suc 0, Bk # Bk™ @Q Oc # Bk # Oc # ires, Bk # OcSuc 1s
@ BE™) t-wcode-main stp) in

I n.P(fn)AQ(f (n:nat))

proof —
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let 2P = (A (st, I, r). st = t-twice-len + 14)
let 2Q = (X (st, I, ). wcode-fourtimes-case-inv st ires rs (I, r))
let ?f = () stp. steps (Suc 0, Bk # BE™ Q Oc # Bk # Oc # ires, Bk #
0cSUe ™S @ BE™) t-wcode-main stp)
have 3 n . 2P (?fn) A 2Q (?f (n:nat))
proof (rule-tac halt-lemma2)
show wf wcode-fourtimes-case-le
by auto
next
show V na. = 9P (?f na) A 2Q (?f na) —
2Q (?7f (Suc na)) A (2f (Suc na), ?f na) € wcode-fourtimes-case-le
apply (rule-tac alll,
case-tac steps (Suc 0, Bk # Bk™ @ Oc # Bk # Oc # ires, Bk # OcSuc s
@ BEk™) t-wcode-main na, simp,
rule-tac impl)
apply (simp add: tstep-red tstep.simps, case-tac ¢, simp, case-tac [2] aa, simp-all)

apply (simp-all add: wcode-fourtimes-case-inv.simps new-tape.simps
weode-fourtimes-case-le-def lex-pair-def split: if-splits)
done
next
show 7@ (?f 0)
apply (simp add: steps.simps wcode-fourtimes-case-inv.simps)
apply (simp add: wcode-on-left-moving-2.simps wcode-on-left-moving-2-B.simps

weode-on-left-moving-2-0.simps)
apply (rule-tac x = Suc m in exl, simp add: exp-ind-def)
apply (rule-tac x =Suc 0 in ezl, auto)
done
next
show — 7P (2f 0)
apply(simp add: steps.simps)
done
qed
thus ?thesis
apply (erule-tac exE, simp)
done
qed

definition t-fourtimes-len :: nat
where

t-fourtimes-len = (length t-fourtimes div 2)
lemma t-fourtimes-len-gr: t-fourtimes-len > 0
apply (simp add: t-fourtimes-len-def t-fourtimes-def)
done
lemma t-fourtimes-correct:

Istp In rn. steps (Suc 0, Bk # Bk # ires, OcSuc s @ BE™)
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(tm-of abe-fourtimes @ tMp (Suc 0) (start-of fourtimes-ly (length abe-fourtimes)
— Suc 0)) stp =
(0, BE™ @ Bk # Bk # ires, OcSuc (4 * 15) @ pm)
proof(case-tac rec-ci rec-fourtimes)
fixabc
assume h: rec-ci rec-fourtimes = (a, b, c)
have 3 stp m l. steps (Suc 0, Bk # Bk # ires, <[rs]> Q Bk™) (tm-of abe-fourtimes
Q@ tMp (Suc 0)
(start-of fourtimes-ly (length abe-fourtimes) — 1)) stp = (0, BK™ Q Bk # Bk
# ires, OcSuc (4*75) @ Bily
proof (rule-tac t-compiled-by-rec)
show rec-ci rec-fourtimes = (a, b, ¢) by (simp add: h)
next
show rec-calc-rel rec-fourtimes [rs] (4 * rs)
using prime-rel-exec-eq [of rec-fourtimes [rs] 4 * rs]
apply (subgoal-tac primerec rec-fourtimes (length [rs]))
apply (simp-all add: rec-fourtimes-def rec-exec.simps)
apply (auto)
apply (simp only: Nat.One-nat-def[THEN sym|, auto)
done
next
show length [rs] = Suc 0 by simp
next
show layout-of (a [+] dummy-abe (Suc 0)) = layout-of (a [+] dummy-abc (Suc
0))
by simp
next
show start-of fourtimes-ly (length abc-fourtimes) =
start-of (layout-of (a [+] dummy-abe (Suc 0))) (length (a [+] dummy-abc
(Suc 0)))
using h
apply(simp add: fourtimes-ly-def abc-fourtimes-def)
done
next
show tm-of abe-fourtimes = tm-of (a [+] dummy-abe (Suc 0))
using h
apply(simp add: abe-fourtimes-def)
done
qed
thus Jstp In rn. steps (Suc 0, Bk # Bk # ires, 0cSuc s @ BE™)
(tm-of abc-fourtimes @ tMp (Suc 0) (start-of fourtimes-ly (length
abe-fourtimes) — Suc 0)) stp =
(0, Bk'™ @ Bk # Bk # ires, OcSuc (4 * 75) @ Bk™)
apply(simp add: tape-of-nl-abv tape-of-nat-list.simps)
done
qed

lemma t-fourtimes-change-term-state:
3 stp In rn. steps (Suc 0, Bk # Bk # ires, OcSuc s @ BE™) t-fourtimes stp
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= (Suc t-fourtimes-len, Bk!™ @ Bk # Bk # ires, 0cSt¢ (4 x73) @ BE™)
using t-fourtimes-correct|of ires rs n]
apply (erule-tac exE)
apply (erule-tac exE)
apply (erule-tac exE)
proof(drule-tac turing-change-termi-state)
fix stp In ™
show t-correct (tm-of abe-fourtimes @ tMp (Suc 0)
(start-of fourtimes-ly (length abe-fourtimes) — Suc 0))
apply (rule-tac t-compiled-correct, auto simp: fourtimes-ly-def)
done
next
fix stp In ™
show Fstp. steps (Suc 0, Bk # Bk # ires, OcSuc s @ BE™)
(change-termi-state (tm-of abc-fourtimes @ tMp (Suc 0)
(start-of fourtimes-ly (length abe-fourtimes) — Suc 0))) stp =
(Suc (length (tm-of abc-fourtimes @ tMp (Suc 0) (start-of fourtimes-ly
(length abe-fourtimes) — Suc 0)) div 2), Bk™ @ Bk # Bk # ires, OcSUc (4 % 1s)
Q@ BK™) =
dstp In rn. steps (Suc 0, Bk # Bk # ires, OcSuc 15 @ BEk™) t-fourtimes stp =
(Suc t-fourtimes-len, Bk!" @ Bk # Bk # ires, OcSuc (4 * 1s) @ BE™)
apply(erule-tac exE)
apply(simp add: t-fourtimes-len-def t-fourtimes-def)
apply (rule-tac x = stp in exl, rule-tac x = In in exl, rule-tac = rn in exl,
simp)
done
qed

lemma t-fourtimes-append-pre:
steps (Suc 0, Bk # Bk # ires, OcSuc 15 @ BE™) t-fourtimes stp
= (Suc t-fourtimes-len, Bk @ Bk # Bk # ires, OcSuc (4 x75) @ BE™)
= 3 stp>0. steps (Suc 0 + length (t-wcode-main-first-part @
tshift t-twice (length t-wcode-main-first-part div 2) Q [(L, 1), (L, 1)])
div 2,
Bk # Bk # ires, 0cSU¢ S @ BE™)
((t-weode-main-first-part Q
tshift t-twice (length t-weode-main-first-part div 2) Q [(L, 1), (L, 1)]) @
tshift t-fourtimes (length (t-wcode-main-first-part Q
tshift t-twice (length t-weode-main-first-part div 2) @ [(L, 1), (L, 1)]) div 2) Q
([(L, 1), (L, 1)])) stp
= (Suc t-fourtimes-len + length (t-wcode-main-first-part @
tshift t-twice (length t-wcode-main-first-part div 2) @ [(L, 1), (L, 1)]) div 2,
BE!™ @ Bk # Bk # ires, OcSuc (4 * 15) @ i)
proof (rule-tac t-tshift-lemma, auto)
assume steps (Suc 0, Bk # Bk # ires, OcSuc s @ BE™) t-fourtimes stp =
(Suc t-fourtimes-len, Bk!" @ Bk # Bk # ires, OcSuc (4 * 1) @ BE™)
thus 0 < stp
using t-fourtimes-len-gr
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apply (case-tac stp, simp-all add: steps.simps)
done
next
show Suc 0 < length t-fourtimes div 2
apply (simp add: t-fourtimes-def shift-length tMp.simps)
done
next
show t-ncorrect (t-wcode-main-first-part @
abacus.tshift t-twice (length t-wcode-main-first-part div 2) Q
[(L, Suc 0), (L, Suc 0)])
apply(simp add: t-ncorrect.simps t-wcode-main-first-part-def shift-length
t-twice-def)
using tm-even|of abe-twice]
by arith
next
show t-ncorrect t-fourtimes
apply(simp add: t-fourtimes-def steps.simps t-ncorrect.simps)
using tm-even|of abe-fourtimes]
by arith
next
show t-ncorrect [(L, Suc 0), (L, Suc 0)]
apply(simp add: t-ncorrect.simps)
done
qed

lemma [simp]: length t-wcode-main-first-part = 2/
apply(simp add: t-wcode-main-first-part-def )
done

lemma [simp]: (26 + length t-twice) div 2 = (length t-twice) div 2 + 13
using tm-even[of abe-twice]

apply (simp add: t-twice-def)

done

lemma [simp]: ((26 + length (abacus.tshift t-twice 12)) div 2)
= (length (abacus.tshift t-twice 12) div 2 + 13)

using tm-even[of abe-twice]

apply (simp add: t-twice-def)

done

lemma [simp]: t-twice-len + 14 = 14 + length (abacus.tshift t-twice 12) div 2
using tm-even[of abe-twice]

apply (simp add: t-twice-def t-twice-len-def shift-length)

done

lemma t-fourtimes-append:
3 stp In rn.
steps (Suc 0 + length (t-wcode-main-first-part @ tshift t-twice
(length t-wcode-main-first-part div 2) Q [(L, 1), (L, 1)]) div 2,
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Bk # Bk # ires, Oc”UC ™S @ Bk™)

((t-wcode-main-first-part Q tshift t-twice (length t-wcode-main-first-part div 2) @

(L, 1), (L, 1)]) Q tshift t-fourtimes (t-twice-len + 13) Q [(L, 1), (L, 1)]) stp

= (Suc t-fourtimes-len + length (t-wcode-main-first-part @Q tshift t-twice

(length t-wcode-main-first-part div 2) @ [(L, 1), (L, 1)]) div 2, Bk @ Bk # Bk
7 ires,

0cSuc (4 * 18) @ BE™)

using (-fourtimes-change-term-state|of ires rs n|

apply(erule-tac exE)

apply(erule-tac exE)

apply (erule-tac exE)

apply (drule-tac t-fourtimes-append-pre)

apply (erule-tac exE)

apply(rule-tac x = stpa in exl, rule-tac x = In in exl, rule-tac x = r in exl)

apply(simp add: t-twice-len-def shift-length)

done

lemma t-wcode-main-len: length t-wcode-main = length t-twice + length t-fourtimes
+ 28

apply(simp add: t-wcode-main-def shift-length)

done

lemma [simp]: fetch t-wcode-main (14 + length t-twice div 2 + t-fourtimes-len) b
= (L, Suc 0)
using tm-even|of abe-twice] tm-even|of abe-fourtimes]
apply(case-tac b)
apply (simp-all only: fetch.simps)
apply (auto simp: nth-of .simps t-wcode-main-len t-twice-len-def
t-fourtimes-def t-twice-def t-fourtimes-def t-fourtimes-len-def)
apply (auto simp: t-wcode-main-def t-wcode-main-first-part-def shift-length t-twice-def
nth-append
t-fourtimes-def')
done

lemma wcode-jump2:
3 stp In rn. steps (t-twice-len + 14 + t-fourtimes-len
, Bk # Bk # Bk @ Oc # ires, 0cSuc (4 * s +4) @ BE™) t-weode-main
stp =
(Suc 0, Bk # BE"™ @ Oc # ires, Bk # OcSuc (4 * s + 4) @ prm)
apply (rule-tac © = Suc 0 in exl)
apply (simp add: steps.simps shift-length)
apply(rule-tac x = Inb in exl, rule-tac z = rnb in exl)
apply(simp add: tstep.simps new-tape.simps)
done

lemma wcode-fourtimes-case:
shows Jstp In rn.

steps (Suc 0, Bk # Bk™ @ Oc # Bk # Oc # ires, Bk # OcSuc s @ BE™)
t-wcode-main stp =
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(Suc 0, Bk # Bk @ Oc # ires, Bk # Oc¢Suc (4*71s + 4) @ i)
proof —

have dstp In ™.
steps (Suc 0, Bk # BE™ @Q Oc # Bk # Oc # ires, Bk # 0cSuc s @ BE™)
t-wcode-main stp =
(t-twice-len + 14, Bk # Bk # Bk @ Oc # ires, OcSuc (s + 1) @ pg™)
using wecode-fourtimes-case-first-correctness|of ires rs m n|
apply(simp add: wcode-fourtimes-case-inv.simps, auto)
apply(rule-tac * = na in exl, rule-tac x = In in exl,
rule-tac x = rn in exl)
apply (simp)
done
from this obtain stpa Ina rna where stp1:
steps (Suc 0, Bk # Bk™ Q Oc # Bk # Oc # ires, Bk # OcSuc s @ BE™)
t-wcode-main stpa =

(t-twice-len + 1/, Bk # Bk # Bk'"® @ Oc # ires, OcSuc (s + 1) @ pg'ma) by
blast

have Fstp In rn. steps (t-twice-len + 14, Bk # Bk # Bk @ Oc # ires,
ocSuc (s + 1) @ Bk
t-weode-main stp =
(t-twice-len + 14 + t-fourtimes-len, Bk # Bk # Bk @ Oc # ires,
ocSuc (4xrs + 4) @ BE™)
using t-fourtimes-append|of Bk @ Oc # ires rs + 1 rna)
apply(erule-tac exE)
apply(erule-tac exE)
apply(erule-tac exE)
apply (simp add: t-wcode-main-def )
apply (rule-tac x = stp in exl,
rule-tac x = In + Ina in ezl
rule-tac x = rn in exl, simp)
apply(simp add: exp-ind-def[THEN sym| exp-add|THEN sym))
done
from this obtain stpb Inb rnb where stp2:

steps (t-twice-len + 14, Bk # Bk # Bk"@ @ Oc # ires, OcSuc (1s + 1) @
Bkrna)

A~ N S

t-wcode-main stpb =

(t-twice-len + 14 + t-fourtimes-len, Bk # Bk # Bk @ Oc # 1ires,
ocSuc (4xrs + 4) @ Bkrnb)

by blast

have Fstp In rn. steps (t-twice-len + 14 + t-fourtimes-len,
Bk # Bk # Bk @ Oc # ires, 0cSuc (4*75 +4) @ pirnb)
t-wcode-main stp =

(Suc 0, Bk # Bk @ Oc # ires, Bk # OcSuc (4%71s + 4) @ pg™)
apply (rule wcode-jump2)
done
from this obtain stpc Inc rnc where stp3:
steps (t-twice-len + 14 + t-fourtimes-len,
Bk # Bk # Bk @ Oc # ires, 0cSuc (4%7s +4) @ pirnb)
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t-wcode-main stpc =
(Suc 0, Bk # Bk @ Oc # ires, Bk # Oc¢Su¢ (4*7s +4) @ pprne)
by blast
from stp1 stp2 stp3 show ?thesis
apply(rule-tac x = stpa + stpb + stpc in exl,
rule-tac x = Inc in ez, rule-tac * = rnc in exl)
apply(simp add: steps-add)
done
qed

fun wcode-on-left-moving-3-B :: bin-inv-t
where
weode-on-left-moving-3-B ires s (I, r) =
(3 mlmrrn. 1 = BE™ @ Oc # Bk # Bk # ires A
r = BE™ @ 0cSUC TS @ BE™ A
ml + mr > Suc 0 A mr > 0)

fun wcode-on-left-moving-3-0 :: bin-inv-t
where
weode-on-left-moving-3-0 ires rs (I, r) =
(3 Inrn. 1l = Bk # Bk # ires A
r = Oc # Bk'™ @ Bk # Bk # OcSUc s @ BE™)

fun wcode-on-left-moving-3 :: bin-inv-t
where
weode-on-left-moving-3 ires rs (I, r) =
(wcode-on-left-moving-3-B ires rs (I, r) V
weode-on-left-moving-3-0 ires rs (1, r))

fun wcode-on-checking-3 :: bin-inv-t
where
weode-on-checking-3 ires s (I, r) =
(3 Inrn. I = Bk # ires A
r = Bk # Oc # Bk @ Bk # Bk # 0cSUc s @ BE™)

fun wcode-goon-checking-3 :: bin-inv-t
where
weode-goon-checking-3 ires rs (I, r) =
(3 Inrn. I = idres A
r = Bk # Bk # Oc # Bk'" @ Bk # Bk # OcUc s @ BL™)

fun wcode-stop :: bin-inv-t
where
weode-stop ires s (I, r) =
(3 Inrn. 1 = Bk # ires A
r = Bk # Oc # Bk™ @ Bk # Bk # 0cSUc ™ @ Bg™)
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fun wcode-halt-case-inv :: nat = bin-inv-t

where

weode-halt-case-inv st ires rs (I, r) =
(if st = 0 then wcode-stop ires rs (I, r)
else if st = Suc 0 then wcode-on-left-moving-3 ires rs (I, )
else if st = Suc (Suc 0) then wcode-on-checking-3 ires rs (I, r)
else if st = 7 then wcode-goon-checking-3 ires rs (I, r)
else False)

fun wcode-halt-case-state :: t-conf = nat
where
wecode-halt-case-state (st, I, r) =
(if st = 1 then 5
else if st = Suc (Suc 0) then 4
else if st = 7 then &
else 0)

fun wcode-halt-case-step :: t-conf = nat
where
weode-halt-case-step (st, I, r) =
(if st = 1 then length |
else 0)

fun wcode-halt-case-measure :: t-conf = nat x nat
where
weode-halt-case-measure (st, I, r) =
(weode-halt-case-state (st, 1, r),
weode-halt-case-step (st, 1, T))

definition wcode-halt-case-le :: (t-conf x t-conf) set
where wcode-halt-case-le = (inv-image lex-pair weode-halt-case-measure)

lemma wf-wcode-halt-case-le[intro]: wf wcode-halt-case-le
by (auto intro:wf-inv-image simp: wcode-halt-case-le-def)

declare wcode-on-left-moving-3-B.simps|[simp del] wcode-on-left-moving-3-O.simps|simp
del]
weode-on-checking-3.simps[simp del] wcode-goon-checking-3.simps[simp del]

weode-on-left-moving-3.simps[simp del] wcode-stop.simps[simp del]
lemmas wcode-halt-invs =
wcode-on-left-moving-3-B.simps wcode-on-left-moving-3-0.simps
wcode-on-checking-3.simps wcode-goon-checking-3.simps
wcode-on-left-moving-3.simps wcode-stop.simps
lemma [simp]: fetch t-wcode-main 7 Bk = (R, 0)
apply(simp add: fetch.simps t-wcode-main-def nth-append nth-of .simps
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t-weode-main-first-part-def)
done

lemma [simp]: wcode-on-left-moving-3 ires rs (b, [|) = False
apply (simp only: wcode-halt-invs)

apply(simp add: exp-ind-def)

done

lemma [simp|: wcode-on-checking-3 ires rs (b, [|) = False
apply (simp add: wcode-halt-invs)
done

lemma [simp|: wcode-goon-checking-3 ires rs (b, []) = False
apply (simp add: wcode-halt-invs)
done

lemma [simp]: wcode-on-left-moving-3 ires rs (b, Bk # list)

= wcode-on-left-moving-3 ires rs (tl b, hd b # Bk # list)

apply(simp only: wcode-halt-invs)

apply (erule-tac disjE)

apply (erule-tac exE)+

apply (case-tac ml, simp)

apply(rule-tac x = mr — 2 in exl, rule-tac z = rn in exl)

apply (case-tac mr, simp, simp add: exp-ind, simp add: exp-ind|THEN sym))

apply (rule-tac disjI1)

apply (rule-tac © = nat in exl, rule-tac © = Suc mr in exl,
rule-tac x = rn in exl, simp add: exp-ind-def)

apply (simp)

done

lemma [simp]: weode-goon-checking-3 ires rs (b, Bk # list) =
(b =[] — wcode-stop ires rs ([Bk], list)) A
(b # [] — wcode-stop ires rs (Bk # b, list))

apply (auto simp: wcode-halt-invs)

done

lemma [simp]: wcode-on-left-moving-3 ires rs (b, Oc # list) = b # []
apply (auto simp: wcode-halt-invs)
done

lemma [simp|: wcode-on-left-moving-3 ires rs (b, Oc # list) =
weode-on-checking-3 ires rs (tl b, hd b # Oc # list)

apply (simp add:wcode-halt-invs, auto)

apply(case-tac [!| mr, simp-all add: exp-ind-def)

done

lemma [simp]: wcode-on-checking-3 ires rs (b, Oc # list) = False

apply (auto simp: wcode-halt-invs)
done
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lemma [simp|: wcode-on-left-moving-3 ires rs (b, Bk # list) = b # |]
apply(simp add: wcode-halt-invs, auto)
done

lemma [simp|: wcode-on-checking-3 ires rs (b, Bk # list) = b # |]
apply (auto simp: wcode-halt-invs)
done

lemma [simp]: wcode-on-checking-3 ires rs (b, Bk # list) =
weode-goon-checking-3 ires rs (tl b, hd b # Bk # list)

apply (auto simp: wcode-halt-invs)

done

lemma [simp]: wcode-goon-checking-3 ires rs (b, Oc # list) = False
apply(simp add: wcode-goon-checking-3.simps)
done

lemma t-halt-case-correctness:
shows let P = (X (st, [, r). st = 0) in
let Q@ = (A (st, I, ). weode-halt-case-inv st ires rs (I, 1)) in
let f = (X stp. steps (Suc 0, Bk # Bk™ Q Oc # Bk # Bk # ires, Bk #
OcSUC ™S @ BE™) t-wcode-main, stp) in
I n.P(fn)AQ(f (n:nat))
proof —
let 2P = (X (st, I, r). st = 0)
let 2Q = (A (st, I, r). wcode-halt-case-inv st ires s (I, r))
let ?f = () stp. steps (Suc 0, Bk # BE™ Q Oc # Bk # Bk # ires, Bk #
OcSUe s @ BE™) t-weode-main stp)
have 3 n. P (?fn) A 2Q (?f (n:nat))
proof (rule-tac halt-lemma2)
show wf wcode-halt-case-le by auto
next
show V na. = 2P (?f na) A ?2Q (?f na) —
2Q (?f (Suc na)) A (2f (Suc na), ?f na) € weode-halt-case-le
apply (rule-tac alll, rule-tac impl, case-tac ?f na)
apply (simp add: tstep-red tstep.simps)
apply (case-tac ¢, simp, case-tac [2] aa)
apply (simp-all split: if-splits add: new-tape.simps wcode-halt-case-le-def lex-pair-def )
done
next
show ?Q (?f0)
apply(simp add: steps.simps wcode-halt-invs)
apply (rule-tac = Suc m in exl, simp add: exp-ind-def)
apply (rule-tac x = Suc 0 in exl, auto)
done
next
show — 7P (%f 0)
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apply(simp add: steps.simps)
done
qed
thus ?thesis
apply (auto)
done
qed

declare wcode-halt-case-inv.simps[simp del]

lemma [intro]: 3 zs. (<rev list @ [aa::nat]> :: block list) = Oc # wxs
apply (case-tac rev list, simp)

apply(simp add: tape-of-nat-abv tape-of-nat-list.simps exp-ind-def)
apply (case-tac list, simp, simp)

done

lemma wcode-halt-case:

Astp In rn. steps (Suc 0, Bk # Bk™ @Q Oc # Bk # Bk # ires, Bk # OcSuc rs
@ BE™)

t-weode-main stp = (0, Bk # ires, Bk # Oc # Bk'™ @ Bk # Bk # OcSuc s
@ BE™)

using t-halt-case-correctness|of ires rs m n]
apply (simp)
apply (erule-tac exE)
apply (case-tac steps (Suc 0, Bk # Bk™ @Q Oc # Bk # Bk # ires,

Bk # OcSUC S @ BE™) t-weode-main na)
apply (auto simp: wcode-halt-case-inv.simps wcode-stop.simps)
apply(rule-tac x = na in exl, rule-tac x = In in ezl
rule-tac x = rn in exl, simp)

done

lemma bl-bin-one: bl-bin [Oc] = Suc 0
apply (simp add: bl-bin.simps)

done

lemma t-wcode-main-lemma-pre:
largs # [|; Im = <args:nat list>] =
3 stp In rn. steps (Suc 0, Bk # BE™ Q rev Im @Q Bk # Bk # ires, Bk #
0cSUe s @ BE™) t-weode-main
stp
= (0, Bk # ires, Bk # Oc # BkIn @ BE # Bk # Ocbl-bin lm + 15 * 2" (length Im — 1)
@ BE™)
proof (induct length args arbitrary: args Im rs m n, simp)
fix z args Im rs m n
assume ind:
Nargs lm rs m n.
[x = length args; (args::nat list) # [|; Im = <args>]
= dstp In rn.
steps (Suc 0, Bk # BE™ @ rev Im @ Bk # Bk # ires, Bk # OcUC ™ @ BE™)
t-wcode-main stp =
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(0, Bk # ires, Bk # Oc # BE™ @ BE # Bk # chl—bin Im + rs x 2 " (length lm — 1)
@ BE™)

and h: Suc x = length args (args::nat list) # [] Im = <args>
from h have 3 (a::nat) zs. args = xs Q [a]
apply(rule-tac x = last args in exI)
apply(rule-tac x = butlast args in exl, auto)
done
from this obtain a xs where args = zs Q [a] by blast
from h and this show
Jstp In .
steps (Suc 0, Bk # Bk™ Q rev lm @ Bk # Bk # ires, Bk # OcSuc s @ BE™)
t-wcode-main stp =
(07 Bk # ires, Bk # Oc # Bkln @ Bk # Bk # OCbl—bi’n Im + rs x 2 " (length lm — 1)
@ BEK™)
proof(case-tac xs::nat list, simp)
show dstp In rn.
steps (Suc 0, Bk # BE™ Q rev (<a>) @ Bk # Bk # ires, Bk # OcSuc rs
@ BE™) t-wcode-main stp =
(0, Bk # ires, Bk # Oc # Bk!" @ Bk # Bk # Ocblbin (<a>) +rs+ 2 "a
@ BEK™)
proof (induct a arbitrary: m n rs ires, simp)
fix m n rs ires
show T stp In rn. steps (Suc 0, Bk # Bk™ @Q Oc # Bk # Bk # ires, Bk #
OCSuc TS @ Bk")
t-weode-main stp = (0, Bk # ires, Bk # Oc # Bk'" @ Bk # Bk #
0cbl-bin [Oc] + 15 g BE™)
apply(simp add: bl-bin-one)
apply (rule-tac wcode-halt-case)
done
next
fix a m n rs ires
assume nd2:
Am n rs ires.
dstp In rn.
steps (Suc 0, Bk # Bk™ Q@ rev (<a>) @Q Bk # Bk # ires, Bk # OcSuc 1s
@ BE™) t-wcode-main stp =
(0, Bk # ires, Bk # Oc # Bk!™ @ Bk # Bk # Ocbkbin (<a>) + s % 2" a
Q BE™)
show Jstp In rn.
steps (Suc 0, Bk # BE™ Q rev (<Suc a>) Q Bk # Bk # ires, Bk #
0cSUC ™S @ BE™) t-wcode-main, stp =
(0, Bk # ires, Bk # Oc # Bk @ Bk # Bk # Ocbl-bin (<Suc a>) + s * 2 " Suc a
@ BEK™)
proof —
have dstp In .
steps (Suc 0, Bk # Bk™ Q rev (<Suc a>) Q Bk # Bk # ires, Bk #
0cSUC TS @ BE™) t-wcode-main stp =
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(Suc 0, Bk # Bk'™ @ rev (<a>) @ Bk # Bk # ires, Bk # Ocuc (2 * 15 + 2)
@ BE™)
apply(simp add: tape-of-nat)
using wcode-double-case[of m Oc® Q Bk # Bk # ires rs n]
apply(simp add: exp-ind-def)
done
from this obtain stpa Ina rna where stpl:
steps (Suc 0, Bk # Bk™ Q rev (<Suc a>) Q Bk # Bk # ires, Bk #
0cSUe ™S @ BE™) t-wcode-main, stpa =
(Suc 0, Bk # Bk @ rev (<a>) @ Bk # Bk # ires, Bk # 0cSuc (2 * 15 + 2)
@ BEK™%) by blast
moreover have
dstp In rn.
steps (Suc 0, Bk # Bk @ rey (<a>) Q@ Bk # Bk # ires, Bk #
OcSuc (2 x 15 + 2) @ BE™%) t-wcode-main stp =
(0, Bk # ires, Bk # Oc # Bk'™ @ Bk # Bk # Ocbbbin (<a>) + (2xrs + 2) * 2" a
@ BE™)
using ind2[of Ina ires 2xrs + 2 rna] by simp
from this obtain stpb Inb rnb where stp2:
steps (Suc 0, Bk # Bk"a @ ey (<a>) Q Bk # Bk # ires, Bk #
OcSuc (2 15 + 2) @ BL™AY tweode-main stpb =
(0, Bk # ires, Bk # Oc # Bklnb Q@ Bk # Bk # chl—bin (<a>) + (2%rs + 2) x 2 "a
Q@ Bkrnb)
by blast
from stpl and stp2 show ?thesis
apply (rule-tac © = stpa + stpb in exl,
rule-tac x = Inb in exl, rule-tac x = rnb in exl, simp)
apply(simp add: steps-add bl-bin-nat-Suc exponent-def)
done
qed
qed
next
fix aa list
assume g¢: Suc z = length args args # [| Im = <args> args = xs Q [a::nat] zs
= (aa:nat) # list
thus 3 stp In rn. steps (Suc 0, Bk # BE™ Q rev Im Q Bk # Bk # ires, Bk #
0cSUe ™S @ BE™) t-wcode-main, stp =
(0, Bk # ires, Bk # Oc # Bkn @ BE 4 Bk 4 Ocbl-binlm + rs = 2~ (length Im — 1)
@ BE™)
proof (induct a arbitrary: m n rs args lm, simp-all add: tape-of-nl-rev,
stmp only: tape-of-nl-cons-appl, simp)
fix m n rs args Im
have dstp In rn.
steps (Suc 0, Bk # BE™ @Q Oc # Bk # rev (<(aa::nat) # list>) Q Bk #
Bk # ires,
Bk # 0c5uc s @ BE™) t-wcode-main stp =
(Suc 0, Bk # Bk™ @ rev (<aa # list>) @ Bk # Bk # ires,
Bk # ocSuc (4xrs + 4) @ BE™)
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proof(simp add: tape-of-nl-rev)
have 3 wzs. (<rev list Q [aa]>) = Oc # xs by auto
from this obtain zs where (<rev list @ [aa]>) = Oc # zs ..
thus dstp In m.
steps (Suc 0, Bk # Bk™ @Q Oc # Bk # <rev list Q [aa]> Q Bk # Bk
# ires,
Bk # 0c5uc 15 @ BE™) t-wcode-main stp =
(Suc 0, Bk # Bk @ <rev list @ [aa]> @Q Bk # Bk # ires, Bk #
0cd t4*15 @ BE™)
apply (simp)
using wcode-fourtimes-case[of m s Q Bk # Bk # ires rs n]
apply (simp)
done
qged
from this obtain stpa Ina rma where stp1:
steps (Suc 0, Bk # BE™ Q Oc # Bk # rev (<aa # list>) Q Bk # Bk #
ires,
Bk # OcSuc s @ BE™) t-weode-main stpa =
(Suc 0, Bk # BE™® @ rev (<aa # list>) @ Bk # Bk # ires,
Bk # OcSuc (475 + 4) @ BE™ay by blast
from ¢ have
3 stp In rn. steps (Suc 0, Bk # Bk @ rey (<(aa:nat) # list>) Q Bk #
Bk # ires,
Bk # OcSuc (4¥7s + 4) @ BE™9) t-wcode-main stp = (0, Bk # ires,
Bk # Oc # BL" @ Bk 4 Bk # Ocbl-bin (<aadtlist>)+ (4*rs + 4) * 2" (length (<aa#tlist>) — 1)
@ BEK™)
apply(rule-tac args = (aa::nat)#list in ind, simp-all)
done
from this obtain stpb Inb rnb where stp2:
steps (Suc 0, Bk # Bk @ rey (<(aa::nat) # list>) @ Bk # Bk # ires,
Bk # 0cSuc (4xrs + 4) @ BE™%) t-wcode-main stpb = (0, Bk # ires,
Bk # Oc # BL"b @ Bk 4 Bk # Ocbl-bin (<aagtlist>)+ (4*rs + 4) * 2°(length (<aa#list>) — 1)
@ Bkrnb)
by blast
from stp! and stp2 and h
show dstp In rn.
steps (Suc 0, Bk # BE™ Q Oc # Bk # <rev list Q [aa]> @ Bk # Bk #
ires,
Bk # 0cSU ™S @ BE™) t-wcode-main stp =
(0, Bk # ires, Bk # Oc # Bk'" @ Bk #
Bk # Ocbl-bin (OCSUC 40 @ Bk # <list @ [0]>) + rs * (2 * 2 " (aa + length (<lst @ [0]>)))

@ BE™)
apply(rule-tac x = stpa + stpb in exl, rule-tac x = Inb in exl,
rule-tac x = rnb in exl, simp add: steps-add tape-of-nl-rev)
done
next
fix ab m n rs args Im
assume ind2:
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A\ m n rs args Im.
[im = <aa # list Q [ab]>; args = aa # list Q [ab]]
= dstp In .
steps (Suc 0, Bk # BE™ Q <ab # rev list Q [aa]> @ Bk # Bk # ires,
Bk # 0cSuc s @ BE™) t-weode-main stp =
(0, Bk # ires, Bk # Oc # Bk!" @ Bk #
Bk # Ocblbin (<aa # list @ [ab]>) + rs « 2 ° (length (<aa # list @ [ab]>) — Suc 0)
@ BEK™)
and k: args = aa # list Q [Suc ab] Im = <aa # list @ [Suc ab]>
show dstp In .
steps (Suc 0, Bk # Bk™ @ <Suc ab # rev list Q [aa]|> @ Bk # Bk # ires,
Bk # OcSuc s @ Bk™) t-wcode-main stp =
(0, Bk # ires,Bk # Oc # Bk'" @ Bk #
Bk # Ocbl-bin (<aa # list @ [Suc ab]>) + rs * 2 ° (length (<aa # list @ [Suc ab]>) — Suc 0)
@ BE™)
proof(simp add: tape-of-nl-cons-app1)
have Fstp In rn.
steps (Suc 0, Bk # BE™ @ Oc¢Suc (Suc ab) @ py, # <rev list Q [aa]> @
Bk # Bk # ires,
Bk # Oc # Oc™ @ Bk™) t-wcode-main stp
= (Suc 0, Bk # Bk @ 0c @b @ Bk # <rev list @ [aa]> @ Bk # Bk
7 ires,
Bk # ocSuc (2xrs + 2) g BE™)
using wcode-double-case[of m 0c® @ Bk # <rev list Q [aa]> @ Bk #
Bk # ires
rs n]
apply(simp add: exp-ind-def)
done
from this obtain stpa Ina rma where stpl:
steps (Suc 0, Bk # BK™ @ Oc¢Suc (Suc ab) @ py # <rev list Q [aa]> @
Bk # Bk 4 ires,
Bk # Oc # Oc™ @ BEk™) t-wcode-main stpa
= (Suc 0, Bk # Bklna @ ocduc ab @ pg # <rev list Q [aa]> Q Bk #
Bk # ires,
Bk # 0cSuc (275 + 2) @ ey by plast
from k have
3 stp In rn. steps (Suc 0, Bk # Bk @ <ab # rev list @ [aa]> @ Bk
# Bk # ires,
Bk # OcSuc (2xrs + 2) @ BE™%) t-wcode-main stp
= (0, Bk # ires, Bk # Oc # Bk'" @ Bk #
Bk # Ocbl-bin (<aa # list Q [ab]> ) + (2x7rs + 2)* 2" (length (<aa # list @ [ab]>) — Suc 0)
@ BE™)
apply (rule-tac ind2, simp-all)
done
from this obtain stpb Inb rnb where stp2:
steps (Suc 0, Bk # Bkt @ <qab # rev list Q [aa]> @Q Bk # Bk # ires,
Bk # OcSuc (2515 + 2) @ BE™®) t-wcode-main stpb
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= (0, Bk # ires, Bk # Oc # Bk'" @ Bk #
Bk # Ocblbin (<aa # list @ [ab]> ) + (2x7rs + 2)x 2 (length (<aa # list @ [ab]>) — Suc 0)
Q@ Bkrnb)
by blast
from stp1 and stp2 show
dstp In rn.
steps (Suc 0, Bk # BK™ @ Oc¢Suc (Suc ab) @ py # <rev list Q [aa]> @
Bk # Bk 4 ires,
Bk # 0c5uc 15 @ BE™) t-wcode-main stp =
(0, Bk # ires, Bk # Oc # Bk™™ @ Bk # Bk #
Ocbl-bin (OCSuc %% @ Bk # <list @ [Suc ab]>) + s * (2 * 2 " (aa + length (<list @ [Suc ab]>)))

Q BE™)
apply(rule-tac x = stpa + stpb in exl, rule-tac x = Inb in ezl
rule-tac x = rnb in exl, simp add: steps-add tape-of-nl-cons-appl
exp-ind-def)
done
qed
qed
qed
qed

term t-wcode-main
definition t-wcode-prepare :: tprog

where
t-wcode-prepare =
(W1, 2), (L, 1), (L, 3), (R, 2), (R, 4), (W0, 3),
(R, 4), (R, ) (R, 6), (R, 5), (R, 7), (R, 5),
(W1, 7). (L, 0)
fun wprepare-add-one :: nat = nat list = tape = bool
where
wprepare-add-one m Im (I, r) =
Frm.l=]A

(r=<m # Im> Q BE™ v
r = Bk # <m # Im> @ Bk™))

fun wprepare-goto-first-end :: nat = nat list = tape = bool
where
wprepare-goto-first-end m Im (I, r) =
(3 mlmr rn. 1 = Oc™ A
r = 0c™ @Q Bk # <lm> Q Bk™ A
ml + mr = Suc (Suc m))

fun wprepare-erase :: nat = nat list = tape = bool
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where
wprepare-erase m Im (I, r) =
(3 rn. 1 = OcSucm p
tlr = Bk # <lm> Q BEk™)

fun wprepare-goto-start-pos-B :: nat = nat list = tape = bool
where
wprepare-goto-start-pos-B m Im (I, r) =
(3 rn. | = Bk # OcSuc ™ p
r = Bk # <lm> @Q BE™)

fun wprepare-goto-start-pos-0 :: nat = nat list = tape = bool
where
wprepare-goto-start-pos-0O m Im (I, r) =
(3 rn. | = Bk # Bk # Oc°Uc ™ A
r = <Ilm> @ BE™)

fun wprepare-goto-start-pos :: nat = nat list = tape = bool
where
wprepare-goto-start-pos m Im (I, r) =
(wprepare-goto-start-pos-B m Im (I, r) V
wprepare-goto-start-pos-O m Im (1, 1))

fun wprepare-loop-start-on-rightmost :: nat = nat list = tape = bool
where
wprepare-loop-start-on-rightmost m Im (I, r) =
(3 rnomr. revl @ r = OcSUC™ @ Bk # Bk # <lm> @ BE™ A1 # [] A
r = 0c™ @ BE™)

fun wprepare-loop-start-in-middle :: nat = nat list = tape = bool
where
wprepare-loop-start-in-middle m Im (I, r) =
(3 rn (mr: nat) (Im1:nat list).
revl @ r = 0cSUC™ @ Bk # Bk # <lm> @ BE™ AL+ [] A
r= 0c™ @ Bk # <lmi1> Q BE"™ A Im1 # [])

fun wprepare-loop-start :: nat = nat list = tape = bool
where
wprepare-loop-start m Im (I, r) = (wprepare-loop-start-on-rightmost m Im (I, r)
\%
wprepare-loop-start-in-middle m Im (1, r))

fun wprepare-loop-goon-on-rightmost :: nat = nat list = tape = bool
where
wprepare-loop-goon-on-rightmost m Im (I, r) =
(3 rn. | = Bk # <revIm> @ Bk # Bk # OcSucm A
r = BE™)

fun wprepare-loop-goon-in-middle :: nat = nat list = tape = bool
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where
wprepare-loop-goon-in-middle m Im (I, r) =
(3 rm (mr:: nat) (Im1::nat list).
revl @ r = 0cSUC ™ @ Bk # Bk # <lm> @ BE™ AL # [ A
(if Im1 =[] then r = O™ @ BE™
else r = Oc™ @ Bk # <Ilml> Q Bk™) A mr > 0)

fun wprepare-loop-goon :: nat = nat list = tape = bool
where
wprepare-loop-goon m Im (I, r) =
(wprepare-loop-goon-in-middle m Im (I, r) V
wprepare-loop-goon-on-rightmost m Im (I, r))

fun wprepare-add-one?2 :: nat = nat list = tape = bool
where
wprepare-add-one2 m Im (I, r) =
(3 rm. l = Bk # Bk # <revIm> Q Bk # Bk # OcSuc m
(r=1]Vtr= BE™)

fun wprepare-stop :: nat = nat list = tape = bool
where
wprepare-stop m Im (I, r) =
(3 rn. | = Bk # <rev lm> @ Bk # Bk # Oc°tcm A
r = Bk # Oc # BE™)

fun wprepare-inv :: nat = nat = nat list = tape = bool

where

wprepare-inv st m Im (I, r) =
(if st = 0 then wprepare-stop m Im (I, 1)
else if st = Suc 0 then wprepare-add-one m Im (I, 1)
else if st = Suc (Suc 0) then wprepare-goto-first-end m Im (I, r)
else if st = Suc (Suc (Suc 0)) then wprepare-erase m Im (1, r)
else if st = 4 then wprepare-goto-start-pos m Im (I, 1)
else if st = 5 then wprepare-loop-start m Im (1, r)
else if st = 6 then wprepare-loop-goon m Im (1, )
else if st = 7 then wprepare-add-one2 m Im (I, r)
else False)

fun wprepare-stage :: t-conf = nat
where
wprepare-stage (st, I, r) =
(if st > 1 A st < J then 8
else if st = 5 V st = 6 then 2
else 1)

fun wprepare-state :: t-conf = nat
where
wprepare-state (st, 1, r) =
(if st = 1 then 4
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else if st = Suc (Suc 0) then 3

else if st = Suc (Suc (Suc 0)) then 2
else if st = j then 1

else if st = 7 then 2

else 0)

fun wprepare-step :: t-conf = nat
where
wprepare-step (st, 1, r) =
(if st = 1 then (if hd r = Oc then Suc (length 1)
else 0)
else if st = Suc (Suc 0) then length r
else if st = Suc (Suc (Suc 0)) then (if hd r = Oc then 1
else 0)
else if st = 4 then length r
else if st = & then Suc (length r)
else if st = 6 then (if r =[] then 0 else Suc (length r))
else if st = 7 then (if (r #[] A hd r = Oc) then 0
else 1)

else 0)

fun wcode-prepare-measure :: t-conf = nat X nat X nat
where
wcode-prepare-measure (st, I, r) =
(wprepare-stage (st, I, r),
wprepare-state (st, 1, r),
wprepare-step (st, 1, 1))

definition wcode-prepare-le :: (t-conf x t-conf) set
where wcode-prepare-le = (inv-image lex-triple wcode-prepare-measure)

lemma [intro]: wf lez-pair
by (auto intro:wf-lex-prod simp:lex-pair-def)

lemma wf-wcode-prepare-le[intro): wf weode-prepare-le
by (auto intro:wf-inv-image simp: wcode-prepare-le-def
recursive.lez-triple-def)

declare wprepare-add-one.simps[simp del] wprepare-goto-first-end.simps[simp del]
wprepare-erase.simps|simp del] wprepare-goto-start-pos.simps[simp del]
wprepare-loop-start.simps|simp del] wprepare-loop-goon.simps|simp del]
wprepare-add-one2.simps[simp del]

lemmas wprepare-invs = wprepare-add-one.simps wprepare-goto-first-end.simps
wprepare-erase.simps wprepare-goto-start-pos.simps
wprepare-loop-start.simps wprepare-loop-goon.simps

wprepare-add-one2.simps

declare wprepare-inv.simps|simp del]
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lemma [simp]: fetch t-wcode-prepare (Suc 0) Bk = (W1, 2)
apply(simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare (Suc 0) Oc = (L, 1)
apply(simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare (Suc (Suc 0)) Bk = (L, 8)
apply (simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare (Suc (Suc 0)) Oc = (R, 2)
apply (simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare (Suc (Suc (Suc 0))) Bk = (R, 4)
apply(simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare (Suc (Suc (Suc 0))) Oc = (W0, 3)
apply(simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare 4 Bk = (R, 4)
apply (simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare 4 Oc = (R, &)
apply (simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare 5 Oc = (R, 5)
apply(simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare 5 Bk = (R, 6)
apply(simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare 6 Oc = (R, 5)

apply (simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare 6 Bk = (R, 7)
apply(simp add: fetch.simps t-wcode-prepare-def nth-of .simps)

done

lemma [simp]: fetch t-wcode-prepare 7 Oc = (L, 0)
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apply(simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-prepare 7 Bk = (W1, 7)
apply (simp add: fetch.simps t-wcode-prepare-def nth-of .simps)
done

lemma tape-of-nl-not-null: Im # [| = <Im::nat list> # ||

apply (case-tac Im, auto)

apply (case-tac list, auto simp: tape-of-nl-abv tape-of-nat-list.simps exp-ind-def)
done

lemma [simp]: Im # [| = wprepare-add-one m Im (b, []) = False
apply (simp add: wprepare-invs)

apply (simp add: tape-of-nl-not-null)

done

lemma [simp]: Im # [| = wprepare-goto-first-end m Im (b, [|) = False
apply(simp add: wprepare-invs)
done

lemma [simp]: Im # [| = wprepare-erase m Im (b, []) = False
apply(simp add: wprepare-invs)
done

lemma [simp]: Im # [] = wprepare-goto-start-pos m Im (b, [|) = False
apply(simp add: wprepare-invs tape-of-nl-not-null)
done

lemma [simp]: [Im # []; wprepare-loop-start m Im (b, [|)] = b # ||
apply(simp add: wprepare-invs tape-of-nl-not-null, auto)
done

lemma [simp]: [Im # [|; wprepare-loop-start m Im (b, )] =
wprepare-loop-goon m Im (Bk # b, [])

apply (simp only: wprepare-invs tape-of-nl-not-null)

apply (erule-tac disjE)

apply (rule-tac disjI2)

apply (simp add: wprepare-loop-start-on-rightmost.simps
wprepare-loop-goon-on-rightmost.simps, auto)

apply (rule-tac rev-eq, simp add: tape-of-nl-rev)

done

lemma [simp]: [Im # [|; wprepare-loop-goon m Im (b, [|)] = b # ||

apply (simp only: wprepare-invs tape-of-nl-not-null, auto)
done
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lemma [simp]:[Im # []; wprepare-loop-goon m Im (b, [])] =
wprepare-add-one2 m Im (Bk # b, [])

apply (simp only: wprepare-invs tape-of-nl-not-null, auto split: if-splits)

apply (case-tac mr, simp, simp add: exp-ind-def)

done

lemma [simp|: wprepare-add-one2 m Im (b, [|) = b # ||
apply (simp only: wprepare-invs tape-of-nl-not-null, auto)
done

lemma [simp]: wprepare-add-one2 m Im (b, []) = wprepare-add-one2 m Im (b,
[0c))

apply (simp only: wprepare-invs tape-of-nl-not-null, auto)

done

lemma [simp|: Bk # list = <(m:nat) # lm> Q ys = False
apply (case-tac Im, auto simp: tape-of-nl-abv tape-of-nat-list.simps exp-ind-def)
done

lemma [simp]: [Im # [|; wprepare-add-one m Im (b, Bk # list)]
= (b =[] — wprepare-goto-first-end m Im ([], Oc # list)) A

(b # []| — wprepare-goto-first-end m Im (b, Oc # list))
apply (simp only: wprepare-invs, auto)
apply(rule-tac x = 0 in exl, simp add: exp-ind-def)
apply (case-tac lm, simp, simp add: tape-of-nl-abv tape-of-nat-list.simps exp-ind-def)
apply (rule-tac © = rn in exl, simp)
done

lemma [simp]: wprepare-goto-first-end m Im (b, Bk # list) = b # |]
apply (simp only: wprepare-invs tape-of-nl-not-null, auto)

apply (case-tac mr, simp-all add: exp-ind-def)

done

lemma [simp]: wprepare-goto-first-end m Im (b, Bk # list) =
wprepare-erase m Im (tl b, hd b # Bk # list)

apply (simp only: wprepare-invs tape-of-nl-not-null, auto)

apply (case-tac mr, simp-all add: exp-ind-def)

apply (case-tac mr, auto simp: exp-ind-def)

done

lemma [simp]: wprepare-erase m Im (b, Bk # list) = b # []
apply (simp only: wprepare-invs exp-ind-def, auto)
done

lemma [simp]: wprepare-erase m Im (b, Bk # list) =
wprepare-goto-start-pos m Im (Bk # b, list)

apply (simp only: wprepare-invs, auto)

done
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lemma [simp]: [wprepare-add-one m Im (b, Bk # list)] = list # ||

apply (simp only: wprepare-invs)

apply (case-tac Ilm, simp-all add: tape-of-nl-abv
tape-of-nat-list.simps exp-ind-def , auto)

done

lemma [simp]: [Im # [|; wprepare-goto-first-end m Im (b, Bk # list)] = list #
[

apply (simp only: wprepare-invs, auto)

apply (case-tac mr, simp-all add: exp-ind-def)

apply(simp add: tape-of-ni-not-null)

done

lemma [simp]: [Im # [|; wprepare-goto-first-end m Im (b, Bk # list)] = b # |]
apply (simp only: wprepare-invs, auto)

apply (case-tac mr, simp-all add: exp-ind-def tape-of-ni-not-null)

done

lemma [simp]: [Im # [|; wprepare-erase m Im (b, Bk # list)] = list # ||
apply (simp only: wprepare-invs, auto)
done

lemma [simp]: [Im # [|; wprepare-erase m Im (b, Bk # list)] = b # ||
apply (simp only: wprepare-invs, auto simp: exp-ind-def)
done

lemma [simp]: [Im # [|; wprepare-goto-start-pos m Im (b, Bk # list)] = list #
[

apply
apply
apply
apply
done

simp only: wprepare-invs, auto)

simp add: tape-of-nl-not-null)

case-tac Im, simp, case-tac list)

simp-all add: tape-of-nl-abv tape-of-nat-list.simps exp-ind-def)

o — o~

lemma [simp]: [Im # [|; wprepare-goto-start-pos m Im (b, Bk # list)] = b # |]
apply (simp only: wprepare-invs)

apply (auto)

done

lemma [simp]: [Im # [|; wprepare-loop-goon m Im (b, Bk # list)] = b # |]
apply (simp only: wprepare-invs, auto)
done

lemma [simp]: [Im # []; wprepare-loop-goon m Im (b, Bk # list)] =
(list = [| — wprepare-add-one2 m Im (Bk # b, [])) A
(list # [| — wprepare-add-one2 m Im (Bk # b, list))

apply (simp only: wprepare-invs, simp)

apply (case-tac list, simp-all split: if-splits, auto)

apply(case-tac [1—38] mr, simp-all add: exp-ind-def)
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apply (case-tac mr, simp-all add: exp-ind-def tape-of-ni-not-null)
apply(case-tac [1—2] mr, simp-all add: exp-ind-def)
apply(case-tac ™, simp, case-tac nat, auto simp: exp-ind-def)
done

lemma [simp]: wprepare-add-one2 m Im (b, Bk # list) = b # |]
apply (simp only: wprepare-invs, simp)
done

lemma [simp|: wprepare-add-one2 m Im (b, Bk # list) =
(list = [| — wprepare-add-one2 m Im (b, [Oc])) A
(list # [| — wprepare-add-one2 m Im (b, Oc # list))

apply(simp only: wprepare-invs, auto)

done

lemma [simp]: wprepare-goto-first-end m Im (b, Oc # list)
= (b =[] — wprepare-goto-first-end m Im ([Oc], list)) A
(b # [| — wprepare-goto-first-end m Im (Oc # b, list))

apply(simp only: wprepare-invs, auto)

apply (rule-tac z = 1 in exl, auto)

apply (case-tac mr, simp-all add: exp-ind-def)

apply (case-tac ml, simp-all add: exp-ind-def)

apply(rule-tac x = rn in exl, simp)

apply (rule-tac x = Suc ml in exl, simp-all add: exp-ind-def)
apply (rule-tac z = mr — 1 in exl, simp)

apply (case-tac mr, simp-all add: exp-ind-def, auto)

done

lemma [simp]: wprepare-erase m Im (b, Oc # list) = b # ||
apply (simp only: wprepare-invs, auto simp: exp-ind-def)
done

lemma [simp]: wprepare-erase m Im (b, Oc # list)

= wprepare-erase m Im (b, Bk # list)
apply(simp only:wprepare-invs, auto simp: exp-ind-def)
done

lemma [simp]: [Im # [|; wprepare-goto-start-pos m Im (b, Bk # list)]
= wprepare-goto-start-pos m lm (Bk # b, list)

apply (simp only:wprepare-invs, auto)

apply (case-tac [!] Im, simp, simp-all)

done

lemma [simp]: wprepare-loop-start m Im (b, aa) = b # ||
apply (simp only:wprepare-invs, auto)

done

lemma [elim]: Bk # list = Oc™ @ Bk — Frn. list = BkE™
apply (case-tac mr, simp-all)

apply (case-tac rn, simp-all add: exp-ind-def, auto)
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done

lemma rev-equal-iff: x = y = revze = rev y
by simp

lemma tape-of-nl-falsel:

Im # [| = rev b @ [Bk] # Bk'™ @ Oc # Oc™ @ Bk # Bk # <lm:nat list>
apply (auto)
apply (drule-tac rev-equal-iff , simp add: tape-of-nl-rev)
apply (case-tac rev Im)
apply (case-tac [2] list, auto simp: tape-of-nl-abv tape-of-nat-list.simps exp-ind-def)
done

lemma [simp]: wprepare-loop-start-in-middle m Im (b, [Bk]) = False
apply (simp add: wprepare-loop-start-in-middle.simps, auto)

apply (case-tac mr, simp-all add: exp-ind-def)
apply (case-tac Im1, simp, simp add: tape-of-nl-not-null)
done

declare wprepare-loop-start-in-middle.simps[simp del]

declare wprepare-loop-start-on-rightmost.simps|simp del|
wprepare-loop-goon-in-middle.simps[simp del]
wprepare-loop-goon-on-rightmost.simps[simp del]

lemma [simp]: wprepare-loop-goon-in-middle m Im (Bk # b, []) = False
apply (simp add: wprepare-loop-goon-in-middle.simps, auto)
done

lemma [simp]: [Im # [|; wprepare-loop-start m Im (b, [Bk])] =
wprepare-loop-goon m Im (Bk # b, [])

apply (simp only: wprepare-invs, simp)

apply (simp add: wprepare-loop-goon-on-rightmost.simps
wprepare-loop-start-on-rightmost.simps, auto)

apply (case-tac mr, simp-all add: exp-ind-def)

apply (rule-tac rev-eq)

apply (simp add: tape-of-nl-rev)

apply (simp add: exp-ind-def[THEN sym)] exp-ind)

done

lemma [simp]: wprepare-loop-start-on-rightmost m Im (b, Bk # a # lista)

= wprepare-loop-goon-in-middle m Im (Bk # b, a # lista) = False

apply (auto simp: wprepare-loop-start-on-rightmost.simps
wprepare-loop-goon-in-middle.simps)

apply(case-tac [!| mr, simp-all add: exp-ind-def)

done

lemma [simp]: [Im # [|; wprepare-loop-start-on-rightmost m Im (b, Bk # a #
lista)]
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= wprepare-loop-goon-on-rightmost m Im (Bk # b, a # lista)
apply (simp only: wprepare-loop-start-on-rightmost.simps
wprepare-loop-goon-on-rightmost.simps, auto)
apply (case-tac mr, simp-all add: exp-ind-def)
apply (simp add: tape-of-nl-rev)
apply(simp add: exp-ind-def[THEN sym] exp-ind)
done

lemma [simp]: [Im # []; wprepare-loop-start-in-middle m Im (b, Bk # a # lista)]
= wprepare-loop-goon-on-rightmost m Im (Bk # b, a # lista) = False

apply(simp add: wprepare-loop-start-in-middle.simps

wprepare-loop-goon-on-rightmost.simps, auto)

apply (case-tac mr, simp-all add: exp-ind-def)

apply (case-tac Im1::nat list, simp-all, case-tac list, simp)

apply (simp add: tape-of-nl-abv tape-of-nat-list.simps tape-of-nat-abv exp-ind-def)

apply (case-tac [!] rna, simp-all add: exp-ind-def)

apply (case-tac mr, simp-all add: exp-ind-def)

apply(case-tac Im1, simp, case-tac list, simp)

apply (simp-all add: tape-of-nl-abv tape-of-nat-list.simps exp-ind-def tape-of-nat-abv)

done

lemma [simp]:
[lm # []; wprepare-loop-start-in-middle m Im (b, Bk # a # lista)]
= wprepare-loop-goon-in-middle m Im (Bk # b, a # lista)
apply (simp add: wprepare-loop-start-in-middle.simps
wprepare-loop-goon-in-middle.simps, auto)
apply(rule-tac x = rn in exl, simp)
apply (case-tac mr, simp-all add: exp-ind-def)
apply (case-tac Im1, simp)
apply (rule-tac © = Suc aa in exl, simp)
apply (rule-tac = list in exl)
apply (case-tac list, simp-all add: tape-of-nl-abv tape-of-nat-list.simps)
done

lemma [simp]: [Im # [|; wprepare-loop-start m Im (b, Bk # a # lista)] =
wprepare-loop-goon m Im (Bk # b, a # lista)
apply (simp add: wprepare-loop-start.simps
wprepare-loop-goon.simps)
apply (erule-tac disjE, simp, auto)
done

lemma start-2-goon:
[lm # []; wprepare-loop-start m Im (b, Bk # list)] =
(list = [| — wprepare-loop-goon m Im (Bk # b, [])) A
(list # [] — wprepare-loop-goon m Im (Bk # b, list))

apply (case-tac list, auto)

done

lemma add-one-2-add-one: wprepare-add-one m Im (b, Oc # list)

cdxlv



= (hd b = Oc — (b =[] — wprepare-add-one m Im ([], Bk # Oc # list)) A
(b # [| — wprepare-add-one m Im (tl b, Oc # Oc # list))) A
(hd b # Oc — (b =[] — wprepare-add-one m Im ([], Bk # Oc # list)) A
(b # []| — wprepare-add-one m Im (tl b, hd b # Oc # list)))
apply (simp only: wprepare-add-one.simps, auto)
done

lemma [simp]: wprepare-loop-start m Im (b, Oc # list) = b # [|

apply (simp)
done

lemma [simp]: wprepare-loop-start-on-rightmost m Im (b, Oc # list) =
wprepare-loop-start-on-rightmost m Im (Oc # b, list)

apply (simp add: wprepare-loop-start-on-rightmost.simps, auto)

apply (rule-tac z = rn in exl, auto)

apply (case-tac mr, simp-all add: exp-ind-def)

apply(case-tac rn, auto simp: exp-ind-def)

done

lemma [simp]: wprepare-loop-start-in-middle m Im (b, Oc # list) =
wprepare-loop-start-in-middle m Im (Oc # b, list)

apply(simp add: wprepare-loop-start-in-middle.simps, auto)

apply (rule-tac x = rn in exl, auto)

apply(case-tac mr, simp, simp add: exp-ind-def)

apply (rule-tac © = nat in exl, simp)

apply (rule-tac © = Im1 in exl, simp)

done

lemma start-2-start: wprepare-loop-start m Im (b, Oc # list) =
wprepare-loop-start m Im (Oc # b, list)

apply (simp add: wprepare-loop-start.simps)

apply (erule-tac disjE, simp-all )

done

lemma [simp|: wprepare-loop-goon m Im (b, Oc # list) = b # |]

apply (simp add: wprepare-loop-goon.simps
wprepare-loop-goon-in-middle.simps
wprepare-loop-goon-on-rightmost.simps)

apply (auto)

done

lemma [simp]: wprepare-goto-start-pos m Im (b, Oc # list) = b # |]
apply (simp add: wprepare-goto-start-pos.simps)
done

lemma [simp]: wprepare-loop-goon-on-rightmost m lm (b, Oc # list) = False
apply (simp add: wprepare-loop-goon-on-rightmost.simps)

done

lemma wprepare-loopl: [rev b @ Oc™" = OcSuc ™ @ Bk # Bk # <lm>;
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b #[]; 0 < mr; Oc # list = Oc™ @ Bk™]
= wprepare-loop-start-on-rightmost m Im (Oc # b, list)
apply(simp add: wprepare-loop-start-on-rightmost.simps)
apply (rule-tac © = rn in exl, simp)
apply (case-tac mr, simp, simp add: exp-ind-def, auto)
done

lemma wprepare-loop2: [rev b @ Oc™ Q@ Bk # <a # lista> = OcSuc ™ @ B
4 Bk # <lm>:
b # []; Oc # list = Oc™ @ Bk # <(a:nat) # lista> Q Bk™]

= wprepare-loop-start-in-middle m Im (Oc # b, list)
apply(simp add: wprepare-loop-start-in-middle.simps)
apply(rule-tac x = rn in exl, simp)
apply (case-tac mr, simp-all add: exp-ind-def)
apply (rule-tac © = nat in exl, simp)
apply (rule-tac x = a#tlista in exl, simp)
done

lemma [simp|: wprepare-loop-goon-in-middle m Im (b, Oc # list) =
wprepare-loop-start-on-rightmost m Im (Oc # b, list) V
wprepare-loop-start-in-middle m Im (Oc # b, list)
apply(simp add: wprepare-loop-goon-in-middle.simps split: if-splits)
apply (case-tac Im1, simp-all add: wprepare-loopl wprepare-loop2)
done

lemma [simp]: wprepare-loop-goon m Im (b, Oc # list)
= wprepare-loop-start m Im (Oc # b, list)
apply(simp add: wprepare-loop-goon.simps
wprepare-loop-start.simps)
done

lemma [simp|: wprepare-add-one m Im (b, Oc # list)

= b = [| — wprepare-add-one m Im ([], Bk # Oc # list)
apply (auto)
apply(simp add: wprepare-add-one.simps)
done

lemma [simp]: wprepare-goto-start-pos m [a] (b, Oc # list)
= wprepare-loop-start-on-rightmost m [a] (Oc # b, list)
apply (auto simp: wprepare-goto-start-pos.simps
wprepare-loop-start-on-rightmost.simps)
apply (rule-tac © = rn in exl, simp)
apply(simp add: tape-of-nat-abv tape-of-nat-list.simps exp-ind-def , auto)
done

lemma [simp|: wprepare-goto-start-pos m (a # aa # listaa) (b, Oc # list)
= wprepare-loop-start-in-middle m (a # aa # listaa) (Oc # b, list)
apply (auto simp: wprepare-goto-start-pos.simps
wprepare-loop-start-in-middle.simps)
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apply(rule-tac x = rn in exl, simp)

apply(simp add: tape-of-nl-abv tape-of-nat-list.simps exp-ind-def)
apply(rule-tac x = a in exl, rule-tac x = aa#tlistaa in exl, simp)
done

lemma [simp]: [Im # []; wprepare-goto-start-pos m Im (b, Oc # list)]
= wprepare-loop-start m Im (Oc # b, list)

apply (case-tac Im, simp-all)

apply (case-tac lista, simp-all add: wprepare-loop-start.simps)

done

lemma [simp]: wprepare-add-one2 m Im (b, Oc # list) = b # []
apply (auto simp: wprepare-add-one2.simps)
done

lemma add-one-2-stop:

wprepare-add-one2 m Im (b, Oc # list)

= wprepare-stop m Im (tl b, hd b # Oc # list)
apply(simp add: wprepare-stop.simps wprepare-add-one2.simps)
done

declare wprepare-stop.simps|simp del]

lemma wprepare-correctness:
assumes h: Im # ||
shows let P = (X (st, I, r). st = 0) in
let Q@ = (A (st, I, ). wprepare-inv st m Im (I, r)) in
let f = (X stp. steps (Suc 0, [], (<m # Im>)) t-wcode-prepare stp) in
TP (fn)AQ (Fn)
proof —
let 2P = (XA (st, I, r). st = 0)
let 2Q = (X (st, I, ). wprepare-inv st m Im (1, 1))
let 2f = (X stp. steps (Suc 0, [], (<m # Im>)) t-wcode-prepare stp)
have 3 n. 7P (?fn) A 2Q (?f n)
proof(rule-tac halt-lemma?2)
show wf wcode-prepare-le by auto
next
show ¥V n. = 2P (?fn) A 2Q (?fn) —
?2Q (7f (Suc n)) A (?f (Suc n), ?f n) € wcode-prepare-le
using h
apply (rule-tac alll, rule-tac impl, case-tac ?f n,
simp add: tstep-red tstep.simps)
apply (case-tac ¢, simp, case-tac [2] aa)
apply (simp-all add: wprepare-inv.simps wcode-prepare-le-def new-tape.simps
lex-triple-def lex-pair-def

split: if-splits)

apply (simp-all add: start-2-goon start-2-start
add-one-2-add-one add-one-2-stop)
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apply (auto simp: wprepare-add-one2.simps)
done
next
show ?Q (?f0)
apply (simp add: steps.simps wprepare-inv.simps wprepare-invs)
done
next
show — 7P (%f 0)
apply (simp add: steps.simps)
done
qed
thus ?thesis
apply (auto)
done
qed

lemma [intro]: t-correct t-wcode-prepare

apply (simp add: t-correct.simps t-wcode-prepare-def iseven-def)
apply (rule-tac x = 7 in ez, simp)

done

lemma twice-len-even: length (tm-of abc-twice) mod 2 = 0
apply(simp add: tm-even)
done

lemma fourtimes-len-even: length (tm-of abc-fourtimes) mod 2 = 0
apply (simp add: tm-even)
done

lemma t-correct-termi: t-correct tp —

list-all (A(acn, st). (st < Suc (length tp div 2))) (change-termi-state tp)
apply (auto simp: t-correct.simps List.list-all-length)
apply(erule-tac x = n in dllE, simp)
apply (case-tac tpln, auto simp: change-termi-state.simps split: if-splits)
done

lemma t-correct-shift:

list-all (M(acn, st). (st < y)) tp =

list-all (A(acn, st). (st <y + off)) (tshift tp off)
apply (auto simp: t-correct.simps List.list-all-length)
apply (erule-tac x = n in allE, simp add: shift-length)
apply (case-tac tp'n, auto simp: tshift.simps)
done

lemma [intro]:
t-correct (tm-of abc-twice Q@ tMp (Suc 0)
(start-of twice-ly (length abe-twice) — Suc 0))
apply (rule-tac t-compiled-correct, simp-all)
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apply(simp add: twice-ly-def)
done

lemma [intro]: t-correct (tm-of abe-fourtimes Q tMp (Suc 0)
(start-of fourtimes-ly (length abe-fourtimes) — Suc 0))

apply (rule-tac t-compiled-correct, simp-all)

apply(simp add: fourtimes-ly-def)

done

lemma [intro]: t-correct t-wcode-main
apply (auto simp: t-wcode-main-def t-correct.simps shift-length
t-twice-def t-fourtimes-def)
proof —
show iseven (60 + (length (tm-of abe-twice) +
length (tm-of abc-fourtimes)))
using twice-len-even fourtimes-len-even
apply (auto simp: iseven-def)
apply(rule-tac x = 80 + q + ga in exl, simp)
done
next
show list-all (M(acn, s). s < (60 + (length (tm-of abe-twice) +
length (tm-of abe-fourtimes))) div 2) t-wcode-main-first-part
apply (auto simp: t-wcode-main-first-part-def shift-length t-twice-def)
done
next
have list-all (M(acn, s). s < Suc (length (tm-of abc-twice Q@ tMp (Suc 0)
(start-of twice-ly (length abe-twice) — Suc 0)) div 2))
(change-termi-state (tm-of abc-twice @ tMp (Suc 0)
(start-of twice-ly (length abc-twice) — Suc 0)))
apply (rule-tac t-correct-termi, auto)
done
hence list-all (A(acn, s). s < Suc (length (tm-of abc-twice @ tMp (Suc 0)
(start-of twice-ly (length abe-twice) — Suc 0)) div 2) + 12)
(abacus.tshift (change-termi-state (tm-of abc-twice @ tMp (Suc 0)
(start-of twice-ly (length abe-twice) — Suc 0))) 12)
apply (rule-tac t-correct-shift, simp)
done
thus list-all (A(acn, s). s <
(60 + (length (tm-of abc-twice) + length (tm-of abc-fourtimes))) div 2)
(abacus.tshift (change-termi-state (tm-of abe-twice @ tMp (Suc 0)
(start-of twice-ly (length abe-twice) — Suc 0))) 12)
apply (simp)
apply(simp add: list-all-length, auto)
done
next
have list-all (A(acn, s). s < Suc (length (tm-of abe-fourtimes @ tMp (Suc 0)
(start-of fourtimes-ly (length abe-fourtimes) — Suc 0)) div 2))
(change-termi-state (tm-of abc-fourtimes @ tMp (Suc 0)
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(start-of fourtimes-ly (length abe-fourtimes) — Suc 0)))
apply (rule-tac t-correct-termi, auto)
done
hence list-all (A(acn, s). s < Suc (length (tm-of abe-fourtimes Q tMp (Suc 0)
(start-of fourtimes-ly (length abe-fourtimes) — Suc 0)) div 2) + (t-twice-len +
13))
(abacus.tshift (change-termi-state (tm-of abc-fourtimes @Q tMp (Suc 0)
(start-of fourtimes-ly (length abe-fourtimes) — Suc 0))) (t-twice-len + 13))
apply (rule-tac t-correct-shift, simp)
done
thus list-all (A(acn, s). s < (60 + (length (tm-of abc-twice) + length (tm-of
abe-fourtimes))) div 2)
(abacus.tshift (change-termi-state (tm-of abc-fourtimes @ tMp (Suc 0)
(start-of fourtimes-ly (length abc-fourtimes) — Suc 0))) (t-twice-len + 18))
apply (simp add: t-twice-len-def t-twice-def)
using twice-len-even fourtimes-len-even
apply (auto simp: list-all-length)
done
qed

lemma [intro]: t-correct (t-wcode-prepare |+| t-weode-main)
apply (auto intro: t-correct-add)
done

lemma prepare-mainpart-lemma:
args # [| =
3 stp In rn. steps (Suc 0, [, <m # args>) (t-wcode-prepare |+| t-wcode-main)
stp
= (0, Bk # 0cSU¢™ Bk 4 Oc # Bk'™ @ Bk # Bk # Ocbl-bin (<args>)
@ BE™)
proof —
let 2P1 =X (I, r). =[] Ar=<m# args>
let ?Q1 = X (I, r). wprepare-stop m args (I, r)
let 2P2 = 201
let 2Q2 = A (I, r). (3 Inrn. | = Bk # OcSUuc™ A
r = Bk # Oc # Bk @ Bk # Bk # Ocblbin (<args>) @
BE™)
let P8 = X tp. False
assume h: args # ||
have ?P1 F—> X ip. (3 stp tp’. steps (Suc 0, tp)
(t-wcode-prepare |+| t-wcode-main) stp = (0, tp’) N Q2 tp")
proof(rule-tac turing-merge.t-merge-halt[of t-wcode-prepare t-wcode-main ?P1
2P2 7P3 7P3 ?Q1 7Q2],
auto simp: turing-merge-def)
show Jstp. case steps (Suc 0, [], <m # args>) t-wcode-prepare stp of (st, tp’)
= st = 0 N\ wprepare-stop m args tp’
using wprepare-correctness|of args m] h
apply (simp, auto)
apply (rule-tac = n in exl, simp add: wprepare-inv.simps)
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done
next
fix a b
assume wprepare-stop m args (a, b)
thus Jstp. case steps (Suc 0, a, b) t-wcode-main stp of
(st, tp') = (st = 0) A (case tp’ of (I, 7) = | = Bk # OcSuc ™ A
(3in rn. r = Bk # Oc # Bk @ Bk # Bk # Ocblbin (<args>) @ pprny)
proof (simp only: wprepare-stop.simps, erule-tac exF)
fix ™
assume a = Bk # <rev args> Q Bk # Bk # OcSuc m p
b = Bk # Oc # BE™
thus ?thesis
using t-weode-main-lemma-prelof args <args> 0 OcSuc m g rn] h
apply (simp)
apply (erule-tac exE)+
apply (rule-tac x = stp in exl, simp add: tape-of-nl-rev, auto)
done
qed
next
show wprepare-stop m args F—> wprepare-stop m args
by (simp add: t-imply-def)
qged
thus 3 stp In rn. steps (Suc 0, [, <m # args>) (t-wcode-prepare |+| t-wecode-main)
stp
= (0, Bk # 0c5U¢™ B 4 Oc # Bk @ Bk # Bk # Ocbl-bin (<args>)
@ BEK™)
apply(simp add: t-imply-def)
apply(erule-tac exE)+
apply (auto)
done
qed

lemma [simp]: tinres r r’ =
fetch t ss (case r of [| = Bk | x # zs = z) =
fetch t ss (case v’ of [| = Bk | x # xs = x)
apply(simp add: fetch.simps, auto split: if-splits simp: tinres-def)
apply (case-tac [!] v/, simp-all)
apply (case-tac [!] n, simp-all add: exp-ind-def)
apply (case-tac [!] r, simp-all)
done

lemma [intro]: 3 n. (a:block)™ = |]
by auto

lemma [simp]: [tinres rr’; r £ [|; v’ # []] = hd r = hd 1’

apply (auto simp: tinres-def)
done
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lemma [intro|: hd (BkYC ™) = Bk
apply(simp add: exp-ind-def)
done

lemma [simp]: [tinres r [|; r # []] = hd r = Bk
apply (auto simp: tinres-def)

apply(case-tac n, auto)

done

lemma [simp]: [tinres [| r’; v’ # []] = hd r' = Bk
apply (auto simp: tinres-def)
done

lemma [intro]: Ina. tlr = ¢l (r @ Bk™) @ BE™ Vv tl (r @ BE™) = ¢l r @ Bk™
apply (case-tac r, simp)

apply (case-tac n, simp)

apply (rule-tac x = 0 in exl, simp)

apply (rule-tac x = nat in exl, simp add: exp-ind-def)

apply (simp)

apply (rule-tac z = n in exl, simp)

done

lemma [simp]: tinres r v’ = tinres (tl 1) (tl r’)
apply (auto simp: tinres-def)

apply (case-tac ', simp-all)

apply (case-tac n, simp-all add: exp-ind-def)
apply (rule-tac x = 0 in exl, simp)
apply(rule-tac x = nat in exl, simp-all)

apply (rule-tac x = n in exl, simp)

done

lemma [simp]: [tinres v [|; r # [|]] = tinres (tl r) |]
apply(case-tac r, auto simp: tinres-def)
apply(case-tac n, simp-all add: exp-ind-def)

apply (rule-tac x = nat in exl, simp)

done

lemma [simp]: [tinres [] r'] = tinres [] (¢t 1)
apply(case-tac r', auto simp: tinres-def)
apply (case-tac n, simp-all add: exp-ind-def)
apply (rule-tac © = nat in exl, simp)

done

lemma [simp]: tinres r v’ = tinres (b # 1) (b # r)
apply (auto simp: tinres-def)

done

lemma tinres-step2:

[tinres r r'; tstep (ss, I, r) t = (sa, la, ra); tstep (ss, I, r') t = (sb, Ib, rb)]
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= la = [b A tinres ra b N\ sa = sb
apply(case-tac ss = 0, simp add: tstep-0)
apply (simp add: tstep.simps [simp del])
apply (case-tac fetch t ss (case r of [| = Bk | x # zs = x), simp)
apply (auto simp: new-tape.simps)
apply (simp-all split: taction.splits if-splits)
apply (auto)
done

lemma tinres-steps2:
[tinres r r'; steps (ss, I, r) t stp = (sa, la, ra); steps (ss, I, r') t stp = (sb, b,
rb)]
= la = b A tinres ra rb N\ sa = sb
apply (induct stp arbitrary: sa la ra sb lb rb, simp add: steps.simps)
apply (simp add: tstep-red)
apply (case-tac (steps (ss, I, ) t stp))
apply (case-tac (steps (ss, 1, r') t stp))
proof —
fix stp sa la ra sb lb rb a b ¢ aa ba ca
assume ind: Asa la ra sb lb rb. [steps (ss, I, ) t stp = (sa, la, ra);
steps (ss, I, r') t stp = (sb, Ib, vb)] = la = Ib A tinres ra rb A sa = sb
and h: tinres r r' tstep (steps (ss, I, r) t stp) t = (sa, la, ra)
tstep (steps (ss, I, r') t stp) t = (sb, Ib, rb) steps (ss, I, r) t stp = (a, b,
c)
steps (ss, I, r') t stp = (aa, ba, ca)

have b = ba A tinres ¢ ca A\ a = aa
apply (rule-tac ind, simp-all add: h)
done

thus la = Ib A tinres ra rb N\ sa = sb
apply(rule-tacl = b and r = ¢ and ss = a and r’' = ca

and ¢t = ¢ in tinres-step2)
using &
apply(simp, simp, simp)
done
qed

definition t-wcode-adjust :: tprog
where
t-weode-adjust = [(W1, 1), (R, 2), (Nop, 2), (R, 3), (R, 3), (R, 4),
(L7 8)7 (L> 5)? (L> 6)7 (W07 5)7 (L7 6)7 (R7 7)7
(W1, 2), (Nop, 7), (L, 9), (W0, 8), (L, 9), (L, 10),
(L, 11), (L, 10), (R, 0), (L, 11)]

lemma [simp]: fetch t-wcode-adjust (Suc 0) Bk = (W1, 1)
apply (simp add: fetch.simps t-wcode-adjust-def nth-of .simps)

done

lemma [simp]: fetch t-wcode-adjust (Suc 0) Oc = (R, 2)

cdliv



apply(simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust (Suc (Suc 0)) Oc = (R, 3)
apply (simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust (Suc (Suc (Suc 0))) Oc = (R, 4)
apply (simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust (Suc (Suc (Suc 0))) Bk = (R, 3)
apply(simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 4 Bk = (L, 8)
apply(simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 4 Oc = (L, 5)
apply (simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 5 Oc = (W0, 5)
apply (simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 5 Bk = (L, 6)
apply(simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 6 Oc = (R, 7)
apply(simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 6 Bk = (L, 6)
apply (simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 7 Bk = (W1, 2)
apply (simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 8 Bk = (L, 9)
apply(simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 8 Oc = (W0, 8)
apply(simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
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done

lemma [simp]: fetch t-wcode-adjust 9 Oc = (L, 10)
apply (simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 9 Bk = (L, 9)
apply(simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 10 Bk = (L, 11)
apply(simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 10 Oc = (L, 10)
apply(simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 11 Oc = (L, 11)
apply (simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

lemma [simp]: fetch t-wcode-adjust 11 Bk = (R, 0)
apply(simp add: fetch.simps t-wcode-adjust-def nth-of .simps)
done

fun wadjust-start :: nat = nat = tape = bool
where
wadjust-start m rs (I, r) =
(3 In rn. | = Bk # 0cSuc ™ A
tlr = Oc # Bk™ @ Bk # 0c5U¢ ™S @ BE™)

fun wadjust-loop-start :: nat = nat = tape = bool
where
wadjust-loop-start m rs (I, r) =
(3 Inrmmlmr. | = Oc™ @ Bk # 0cSuc™ A
r = Oc # Bk"™ @ Bk # Oc™ @ Bk™ A
ml + mr = Suc (Suc rs) A mr > 0)

fun wadjust-loop-right-move :: nat = nat = tape = bool
where
wadgjust-loop-right-move m rs (I, r) =
(3 mlmralnrm. | = BE™ @ Oc # Oc™ @ Bk +# OcSuc m p
r = BE™ @ Oc™ @ BE™ A
ml + mr = Suc (Suc rs) A mr > 0 A
nl + nr > 0)

fun wadjust-loop-check :: nat = nat = tape = bool
where
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wadgjust-loop-check m rs (I, r) =
(3 mlmrin . | = Oc # BE™ @ Bk # Oc # Oc™ @ Bk # OcSuc ™ p
r = 0c™ @ BE™ A ml + mr = (Suc rs))

fun wadjust-loop-erase :: nat = nat = tape = bool
where
wadjust-loop-erase m rs (I, r) =
(3 mlmrinrn. | = BE™ @ Bk # Oc # Oc™ @ Bk # OcSuc ™ A
thr = 0c™ @ BE™ A ml + mr = (Suc rs) A mr > 0)

fun wadjust-loop-on-left-moving-O :: nat = nat = tape = bool
where
wadgjust-loop-on-left-moving-O m rs (I, r) =
3 mlmrin . 1 = Oc™ @ Bk # OcSue ™ A
r = Oc # Bk'™ @ Bk # Bk # Oc™ @ Bk™ A
ml + mr = Suc rs A mr > 0)

fun wadjust-loop-on-left-moving-B :: nat = nat = tape = bool
where
wadjust-loop-on-left-moving-B m rs (I, r) =
(3 mlmr nlnr . 1 = BE™ @ Oc # Oc™ @ Bk # OcSucm A
r = BE™ Q Bk # Bk # Oc™ @ BE™ A
ml + mr = Suc rs A mr > 0)

fun wadjust-loop-on-left-moving :: nat = nat = tape = bool
where
wadjust-loop-on-left-moving m rs (I, r) =
(wadjust-loop-on-left-moving-O m rs (I, r) V
wadjust-loop-on-left-moving-B m rs (I, r))

fun wadjust-loop-right-move2 :: nat = nat = tape = bool
where
wadjust-loop-right-move2 m rs (I, r) =
(3 mlmrinrn. | = Oc # Oc™ @ Bk # OcSuc ™ A
r = Bk @ Bk # Bk # Oc™" @ BE™ A
ml + mr = Suc rs A mr > 0)

fun wadjust-erase2 :: nat = nat = tape = bool
where
wadjust-erase2 m rs (I, r) =
(3 Inrn. | = Bk'™ @ Bk # Oc # 0c5U¢ ™ @ Bk # OcSuc ™ A
tlr = BE™)

fun wadjust-on-left-moving-0O :: nat = nat = tape = bool
where
wadjust-on-left-moving-O m rs (1, r) =
(3 rn. 1 = OcSUCTS @ Bk # OcdUc ™ A
r = Oc # BE™)
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fun wadjust-on-left-moving-B :: nat = nat = tape = bool
where
wadjust-on-left-moving-B m rs (I, r) =
(3 Inrn. 1 = BE'™ @ Oc # 0coUC ™ @ Bk # OcStcm p
r = Bk™)

fun wadjust-on-left-moving :: nat = nat = tape = bool
where
wadjust-on-left-moving m rs (I, r) =
(wadjust-on-left-moving-O m rs (I, r) V
wadjust-on-left-moving-B m rs (I, r))

fun wadjust-goon-left-moving-B :: nat = nat = tape = bool
where
wadjust-goon-left-moving-B m rs (I, r) =
(3 rn. 1 = OcUe™ A
r = Bk # OcSuc (Suc rs) g BE™)

fun wadjust-goon-left-moving-O :: nat = nat = tape = bool
where
wadjust-goon-left-moving-O m rs (I, r) =
(3 mlmr . I = Oc™ @ Bk # OcSuc ™ A
r= 0c™ @ BE™ A
ml + mr = Suc (Suc rs) A mr > 0)

fun wadjust-goon-left-moving :: nat = nat = tape = bool
where
wadjust-goon-left-moving m rs (I, r) =
(wadjust-goon-left-moving-B m rs (I, r) V
wadjust-goon-left-moving-O m rs (1, 1))

fun wadjust-backto-standard-pos-B :: nat = nat = tape = bool
where
wadjust-backto-standard-pos-B m rs (I, r) =
Frm.l=]A
r = Bk # 0cSuc m @ Bi 4 OcSuc (Suc rs) g BE™)

fun wadjust-backto-standard-pos-O :: nat = nat = tape = bool
where
wadjust-backto-standard-pos-O m rs (I, r) =

3 ml mrrn. 1 = Oc™ A

r = O0c™ @ Bk # 0cSuc (Suc rs) @ prrm A
ml + mr = Sucm A mr > 0)

fun wadjust-backto-standard-pos :: nat = nat = tape = bool

where
wadjust-backto-standard-pos m rs (I, r) =
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(wadjust-backto-standard-pos-B m rs (I, r) V
wadjust-backto-standard-pos-O m rs (I, 1))

fun wadjust-stop :: nat = nat = tape = bool
where
wadjust-stop m rs (I, r) =

(3 rn. I = [Bk] A
r = 0cSUC M @Q BE 4 OcSuc (Suc rs) g BE™)

declare wadjust-start.simps[simp del] wadjust-loop-start.simps[simp del]

del]

del]
del]
del]

del]

wadjust-loop-right-move.simps[simp del] wadjust-loop-check.simps|simp del]

wadjust-loop-erase.simps[simp del] wadjust-loop-on-left-moving.simps|simp

wadjust-loop-right-move2.simps|[simp del] wadjust-erase2.simps[simp del]

wadjust-on-left-moving-O.simps|[simp del] wadjust-on-left-moving-B.simps[simp
wadjust-on-left-moving. simps[simp del] wadjust-goon-left-moving-B.simps|simp
wadjust-goon-left-moving-0.simps[simp del] wadjust-goon-left-moving.simps|simp
wadjust-backto-standard-pos.simps|[simp del] wadjust-backto-standard-pos-B.simps|simp

wadjust-backto-standard-pos-0.simps|simp del| wadjust-stop.simps[simp del]

fun wadjust-inv :: nat = nat = nat = tape = bool
where
wadjust-inv st m rs (I, r) =

)

(if st = Suc 0 then wadjust-start m rs (I, r)

else if st = Suc (Suc 0) then wadjust-loop-start m rs (I, )
else if st = Suc (Suc (Suc 0)) then wadjust-loop-right-move m rs (I, r)
else if st = 4 then wadjust-loop-check m rs (1, r)

else if st = 5 then wadjust-loop-erase m rs (I, r)

else if st = 6 then wadjust-loop-on-left-moving m rs (I, 1)
else if st = 7 then wadjust-loop-right-move2 m s (I, )
else if st = 8 then wadjust-erase2 m rs (I, r)

else if st = 9 then wadjust-on-left-moving m rs (1, r)

else if st = 10 then wadjust-goon-left-moving m rs (I, r)
else if st = 11 then wadjust-backto-standard-pos m rs (1, r)
else if st = 0 then wadjust-stop m rs (I, r)

else False

declare wadjust-inv.simps[simp del]

fun wadjust-phase :: nat = t-conf = nat
where
wadjust-phase rs (st, I, r) =

(if st = 1 then 8
else if st > 2 N\ st < 7 then 2
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else if st > 8 N\ st < 11 then 1
else 0)

thm drop While.simps

fun wadjust-stage :: nat = t-conf = nat
where
wadjust-stage rs (st, I, r) =
(if st > 2 A st < 7 then
rs — length (takeWhile (A a. a = Oc)
(tl (dropWhile (A a. a = Oc) (rev 1 @Q r))))
else 0)

fun wadjust-state :: nat = t-conf = nat
where
wadjust-state rs (st, I, r) =
(if st > 2 A st < 7then 8 — st
else if st > 8 N st < 11 then 12 — st
else 0)

fun wadjust-step :: nat = t-conf = nat
where
wadjust-step rs (st, I, r) =
(if st = 1 then (if hd r = Bk then 1
else 0)
else if st = 3 then length r
else if st = 5 then (if hd r = Oc then 1
else 0)
else if st = 6 then length 1
else if st = 8 then (if hd r = Oc then 1
else 0)
else if st = 9 then length [
else if st = 10 then length [
else if st = 11 then (if hd r = Bk then 0
else Suc (length 1))
else 0)

fun wadjust-measure :: (nat X t-conf) = nat X nat x nat X nat
where
wadjust-measure (rs, (st, 1, r)) =
(wadjust-phase rs (st, I, ),
wadjust-stage rs (st, 1, r),
wadjust-state rs (st, 1, r),
wadjust-step rs (st, 1, r))

definition wadjust-le :: ((nat x t-conf) x nat x t-conf) set
where wadjust-le = (inv-image lex-square wadjust-measure)

lemma [intro]: wf lex-square
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by (auto intro:wf-lex-prod simp: abacus.lex-pair-def lez-square-def
abacus.lex-triple-def)

lemma wf-wadjust-le[intro]: wf wadjust-le
by (auto intro:wf-inv-image simp: wadjust-le-def
abacus.lex-triple-def abacus.lex-pair-def)

lemma [simp|: wadjust-start m rs (c, [|) = False
apply (auto simp: wadjust-start.simps)
done

lemma [simp]: wadjust-loop-right-move m rs (¢, [|) = ¢ # |]
apply (auto simp: wadjust-loop-right-move.simps)
done

lemma [simp]: wadjust-loop-right-move m rs (c, [])
= wadjust-loop-check m rs (Bk # ¢, |[])
apply (simp only: wadjust-loop-right-move.simps wadjust-loop-check.simps)
apply (auto)
apply (case-tac [!] mr, simp-all add: exp-ind-def)
done

lemma [simp|: wadjust-loop-check m rs (c, [|) = ¢ # ||
apply (simp only: wadjust-loop-check.simps, auto)
done

lemma [simp]: wadjust-loop-start m rs (c, []) = False
apply(simp add: wadjust-loop-start.simps)
done

lemma [simp]: wadjust-loop-right-move m rs (¢, [|) =
wadjust-loop-right-move m rs (Bk # ¢, [])
apply (simp only: wadjust-loop-right-move.simps)

apply (erule-tac exE)+

apply (auto)

apply (case-tac [!] mr, simp-all add: exp-ind-def)
done

lemma [simp]: wadjust-loop-check m rs (¢, [|) = wadjust-erase2 m rs (tl ¢, [hd
c)

apply (simp only: wadjust-loop-check.simps wadjust-erase2.simps, auto)

apply (case-tac mr, simp-all add: exp-ind-def, auto)

done

lemma [simp]: wadjust-loop-erase m rs (c, [])
= (¢ = [| — wadjust-loop-on-left-moving m rs ([], [Bk])) A
(¢ # [| — wadjust-loop-on-left-moving m rs (tl ¢, [hd c]))
apply (simp add: wadjust-loop-erase.simps, auto)
apply (case-tac [!] mr, simp-all add: exp-ind-def)
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done

lemma [simp|: wadjust-loop-on-left-moving m rs (c, []) = False
apply (auto simp: wadjust-loop-on-left-moving.simps)
done

lemma [simp]: wadjust-loop-right-move2 m rs (¢, [|) = False
apply (auto simp: wadjust-loop-right-move2.simps)

done

lemma [simp]: wadjust-erase2 m rs ([], [|) = False
apply (auto simp: wadjust-erase2.simps)

done

lemma [simp]: wadjust-on-left-moving-B m rs

(Oc # Oc # Oc™ @ Bk # Oc # Oc™, [Bk])
apply(simp add: wadjust-on-left-moving-B.simps, auto)
apply(rule-tac x = 0 in exl, simp add: exp-ind-def)
done

lemma [simp]: wadjust-on-left-moving-B m rs

(BE™ @Q Bk # Oc # Oc # Oc™ @ Bk # Oc # Oc™, [Bk])
apply(simp add: wadjust-on-left-moving-B.simps exp-ind-def , auto)
apply (rule-tac z = Suc n in exl, simp add: exp-ind)
done

lemma [simp]: [wadjust-erase2 m rs (c, []); ¢ # []] =
wadgjust-on-left-moving m rs (tl ¢, [hd c])

apply (simp only: wadjust-erase2.simps)

apply (erule-tac exE)+

apply (case-tac In, simp-all add: exp-ind-def wadjust-on-left-moving.simps)

done

lemma [simp]: wadjust-erase2 m rs (c, [])

= (¢ = [| — wadjust-on-left-moving m rs ([], [Bk])) A
(¢ # [| — wadjust-on-left-moving m rs (tl ¢, [hd c]))
apply (auto)
done

lemma [simp]: wadjust-on-left-moving m rs ([], []) = False

apply (simp add: wadjust-on-left-moving.simps
wadjust-on-left-moving-O.simps wadjust-on-left-moving-B.simps)

done

lemma [simp]: wadjust-on-left-moving-O m rs (¢, [|) = False

apply (simp add: wadjust-on-left-moving-O.simps)
done
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lemma [simp]: [wadjust-on-left-moving-B m s (c, []); ¢ # []; hd ¢ = Bk] =
wadgjust-on-left-moving-B m rs (tl ¢, [Bk])

apply(simp add: wadjust-on-left-moving-B.simps, auto)

apply (case-tac [!] In, simp-all add: exp-ind-def, auto)

done

lemma [simp]: [wadjust-on-left-moving-B m rs (c, []); ¢ # []; hd ¢ = Oc] =
wadjust-on-left-moving-O m rs (tl ¢, [Oc])

apply (simp add: wadjust-on-left-moving-B.simps wadjust-on-left-moving-O.simps,

auto)

apply (case-tac [!] In, simp-all add: exp-ind-def)

done

lemma [simp]: [wadjust-on-left-moving m rs (¢, []); ¢ # []] =
wadjust-on-left-moving m rs (tl ¢, [hd c])

apply (simp add: wadjust-on-left-moving.simps)

apply (case-tac hd ¢, simp-all)

done

lemma [simp]: wadjust-on-left-moving m rs (¢, [])

= (¢ = [| — wadjust-on-left-moving m rs ([], [Bk])) A
(¢ # [] — wadjust-on-left-moving m rs (tl ¢, [hd c]))
apply (auto)
done

lemma [simp|: wadjust-goon-left-moving m rs (c, [|) = False

apply (auto simp: wadjust-goon-left-moving.simps wadjust-goon-left-moving-B.simps
wadjust-goon-left-moving-0.simps)

done

lemma [simp]: wadjust-backto-standard-pos m rs (¢, [|) = False

apply (auto simp: wadjust-backto-standard-pos.simps
wadjust-backto-standard-pos-B.simps wadjust-backto-standard-pos-0.simps)
done

lemma [simp]:
wadjust-start m rs (¢, Bk # list) =
(¢ = [| — wadjust-start m rs ([], Oc # list)) A
(¢ # [| — wadjust-start m rs (¢, Oc # list))
apply(auto simp: wadjust-start.simps)
done

lemma [simp|: wadjust-loop-start m rs (c, Bk # list) = False
apply (auto simp: wadjust-loop-start.simps)
done

lemma [simp]: wadjust-loop-right-move m rs (¢, b) = ¢ # ||

apply (simp only: wadjust-loop-right-move.simps, auto)
done
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lemma [simp]: wadjust-loop-right-move m rs (¢, Bk # list)
= wadjust-loop-right-move m rs (Bk # c, list)
apply (simp only: wadjust-loop-right-move.simps)
apply (erule-tac exE)+
apply(rule-tac x = ml in exl, simp)
apply(rule-tac x = mr in exl, simp)
apply (rule-tac x = Suc nl in exl, simp add: exp-ind-def)
apply (case-tac nr, simp, case-tac mr, simp-all add: exp-ind-def)
apply (rule-tac © = nat in exl, auto)
done

lemma [simp]: wadjust-loop-check m rs (¢, b) = ¢ # |]
apply (simp only: wadjust-loop-check.simps, auto)
done

lemma [simp]: wadjust-loop-check m rs (¢, Bk # list)

= wadjust-erase2 m rs (tl ¢, hd ¢ # Bk # list)
apply (auto simp: wadjust-loop-check.simps wadjust-erase2.simps)
apply (case-tac [!] mr, simp-all add: exp-ind-def, auto)
done

lemma [simp]: wadjust-loop-erase m rs (¢, b) = ¢ # ||
apply (simp only: wadjust-loop-erase.simps, auto)
done

declare wadjust-loop-on-left-moving-0.simps[simp del]
wadjust-loop-on-left-moving-B.simps[simp del]

lemma [simp]: [wadjust-loop-erase m rs (¢, Bk # list); hd ¢ = Bk]
= wadjust-loop-on-left-moving-B m rs (tl ¢, Bk # Bk # list)
apply (simp only: wadjust-loop-erase.simps
wadgjust-loop-on-left-moving-B.simps)
apply (erule-tac exE)+
apply (rule-tac x = ml in exl, rule-tac x = mr in ezl
rule-tac x = In in exl, rule-tac x = 0 in exl, simp)
apply (case-tac In, simp-all add: exp-ind-def, auto)
apply (simp add: exp-ind exp-ind-def[THEN sym))
done

lemma [simp|: [wadjust-loop-erase m rs (¢, Bk # list); ¢ # [|; hd ¢ = Oc] =
wadjust-loop-on-left-moving-O m rs (tl ¢, Oc # Bk # list)
apply (simp only: wadjust-loop-erase.simps wadjust-loop-on-left-moving-0.simps,
auto)
apply (case-tac [!] In, simp-all add: exp-ind-def)
done

lemma [simp]: [wadjust-loop-erase m rs (¢, Bk # list); ¢ # [|]] =
wadgjust-loop-on-left-moving m rs (tl ¢, hd ¢ # Bk # list)
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apply (case-tac hd ¢, simp-all add:wadjust-loop-on-left-moving.simps)
done

lemma [simp]: wadjust-loop-on-left-moving m rs (¢, b)) = ¢ # ||

apply (simp add: wadjust-loop-on-left-moving.simps
wadjust-loop-on-left-moving-0.simps wadjust-loop-on-left-moving-B.simps, auto)
done

lemma [simp|: wadjust-loop-on-left-moving-O m rs (¢, Bk # list) = False
apply (simp add: wadjust-loop-on-left-moving-0.simps)
done

lemma [simp|: [wadjust-loop-on-left-moving-B m rs (¢, Bk # list); hd ¢ = Bk]
= wadjust-loop-on-left-moving-B m rs (tl ¢, Bk # Bk # list)

apply (simp only: wadjust-loop-on-left-moving-B.simps)

apply (erule-tac exE)+

apply (rule-tac x = ml in exl, rule-tac x = mr in exl)

apply (case-tac nl, simp-all add: exp-ind-def, auto)

apply (rule-tac x = Suc nr in ezxl, auto simp: exp-ind-def)

done

A~~~

lemma [simp]: [wadjust-loop-on-left-moving-B m rs (¢, Bk # list); hd ¢ = Oc]
= wadjust-loop-on-left-moving-O m rs (tl ¢, Oc # Bk # list)

apply (simp only: wadjust-loop-on-left-moving-O.simps
wadjust-loop-on-left-moving-B.simps)

apply (erule-tac exE)+

apply(rule-tac x = ml in exl, rule-tac x = mr in exl)

apply (case-tac nl, simp-all add: exp-ind-def, auto)

done

lemma [simp]: wadjust-loop-on-left-moving m rs (¢, Bk # list)
= wadjust-loop-on-left-moving m rs (tl ¢, hd ¢ # Bk # list)
apply (simp add: wadjust-loop-on-left-moving.simps)
apply (case-tac hd ¢, simp-all)
done

lemma [simp]: wadjust-loop-right-move2 m rs (¢, b) = ¢ # []
apply (simp only: wadjust-loop-right-move2.simps, auto)
done

lemma [simp]: wadjust-loop-right-move2 m rs (¢, Bk # list) = wadjust-loop-start
m rs (¢, Oc # list)

apply (auto simp: wadjust-loop-right-move2.simps wadjust-loop-start.simps)
apply(case-tac In, simp-all add: exp-ind-def)

apply (rule-tac x = 0 in exl, simp)

apply (rule-tac z = rn in exl, simp)

apply (rule-tac © = Suc ml in exl, simp add: exp-ind-def, auto)

apply (rule-tac © = Suc nat in exl, simp add: exp-ind)

apply (rule-tac x = rn in exl, auto)
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apply (rule-tac x = Suc ml in exl, auto simp: exp-ind-def)
done

lemma [simp]: wadjust-erase2 m rs (¢, Bk # list) = ¢ # []
apply (auto simp:wadjust-erase2.simps )
done

lemma [simp|: wadjust-erase2 m rs (¢, Bk # list) =
wadjust-on-left-moving m rs (tl ¢, hd ¢ # Bk # list)

apply (auto simp: wadjust-erase2.simps)

apply (case-tac In, simp-all add: exp-ind-def wadjust-on-left-moving.simps

wadjust-on-left-moving-O.simps wadjust-on-left-moving-B.simps)

apply (auto)

apply(rule-tac x = (Suc (Suc rn)) in exl, simp add: exp-ind-def)

apply (rule-tac © = Suc nat in exl, simp add: exp-ind)

apply (rule-tac x = (Suc (Suc rn)) in exl, simp add: exp-ind-def)

done

lemma [simp]: wadjust-on-left-moving m rs (¢,b) = ¢ # |]
apply (simp only:wadjust-on-left-moving.simps
wadjust-on-left-moving-O.simps
wadjust-on-left-moving-B.simps
, auto)
done

lemma [simp]: wadjust-on-left-moving-O m rs (¢, Bk # list) = False
apply(simp add: wadjust-on-left-moving-0.simps)
done

lemma [simp]: [wadjust-on-left-moving-B m rs (¢, Bk # list); hd ¢ = Bk]
= wadjust-on-left-moving-B m rs (tl ¢, Bk # Bk # list)

apply (auto simp: wadjust-on-left-moving-B.simps)

apply (case-tac In, simp-all add: exp-ind-def, auto)

done

lemma [simp]: [wadjust-on-left-moving-B m rs (¢, Bk # list); hd ¢ = Oc]
= wadjust-on-left-moving-O m rs (tl ¢, Oc # Bk # list)
apply (auto simp: wadjust-on-left-moving-O.simps
wadjust-on-left-moving-B.simps)
apply(case-tac In, simp-all add: exp-ind-def)
done

lemma [simp|: wadjust-on-left-moving m rs (¢, Bk # list) =
wadjust-on-left-moving m rs (tl ¢, hd ¢ # Bk # list)

apply (simp add: wadjust-on-left-moving.simps)

apply(case-tac hd ¢, simp-all)

done

lemma [simp]: wadjust-goon-left-moving m rs (¢, b) = ¢ # ||
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apply(simp add: wadjust-goon-left-moving.simps
wadjust-goon-left-moving-B.simps
wadjust-goon-left-moving-O.simps exp-ind-def, auto)
done

lemma [simp]: wadjust-goon-left-moving-O m rs (¢, Bk # list) = False
apply(simp add: wadjust-goon-left-moving-O.simps, auto)

apply (case-tac mr, simp-all add: exp-ind-def)

done

lemma [simp|: [wadjust-goon-left-moving-B m rs (¢, Bk # list); hd ¢ = Bk]
= wadjust-backto-standard-pos-B m rs (tl ¢, Bk # Bk # list)
apply (auto simp: wadjust-goon-left-moving-B.simps
wadgjust-backto-standard-pos-B.simps exp-ind-def)
done

lemma [simp]: [wadjust-goon-left-moving-B m rs (¢, Bk # list); hd ¢ = Oc]
= wadjust-backto-standard-pos-O m rs (tl ¢, Oc # Bk # list)
apply (auto simp: wadjust-goon-left-moving-B.simps
wadjust-backto-standard-pos-0.simps exp-ind-def)
apply (rule-tac = m in exl, simp, auto)
done

lemma [simp|: wadjust-goon-left-moving m rs (¢, Bk # list) =
wadjust-backto-standard-pos m rs (¢l ¢, hd ¢ # Bk # list)
apply (case-tac hd ¢, simp-all add: wadjust-backto-standard-pos.simps
wadjust-goon-left-moving.simps)
done

lemma [simp]: wadjust-backto-standard-pos m rs (¢, Bk # list) =
(¢ =[] — wadjust-stop m rs ([Bk], list)) A (¢ # [] — wadjust-stop m rs (Bk

# ¢, list))

apply (auto simp: wadjust-backto-standard-pos.simps
wadjust-backto-standard-pos-B.simps
wadjust-backto-standard-pos-0.simps wadjust-stop.simps)

apply (case-tac [!] mr, simp-all add: exp-ind-def)

done

lemma [simp]: wadjust-start m rs (¢, Oc # list)
= (¢ = [| — wadjust-loop-start m rs ([Oc], list)) A
(¢ # [| — wadjust-loop-start m rs (Oc # ¢, list))
apply (auto simp:wadjust-loop-start.simps wadjust-start.simps )
apply(rule-tac x = In in exl, rule-tac x = rn in ezl
rule-tac x = Suc 0 in exl, simp)
done

lemma [simp]: wadjust-loop-start m rs (¢, b) = ¢ # ||

apply (simp add: wadjust-loop-start.simps, auto)
done
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lemma [simp]: wadjust-loop-start m rs (¢, Oc # list)
= wadjust-loop-right-move m rs (Oc # c, list)
apply (simp add: wadjust-loop-start.simps wadjust-loop-right-move.simps, auto)
apply (rule-tac = ml in exl, rule-tac © = mr in exl,
rule-tac x = 0 in exl, simp)
apply (rule-tac x = Suc In in exl, simp add: exp-ind, auto)
done

lemma [simp]: wadjust-loop-right-move m rs (¢, Oc # list) =
wadgjust-loop-check m rs (Oc # ¢, list)
apply(simp add: wadjust-loop-right-move.simps
wadjust-loop-check.simps, auto)
apply (rule-tac [!] x = ml in exl, simp-all, auto)
apply (case-tac nl, auto simp: exp-ind-def)
apply(rule-tac x = mr — 1 in exl, case-tac mr, simp-all add: exp-ind-def)
apply (case-tac [!] nr, simp-all add: exp-ind-def, auto)
done

lemma [simp]: wadjust-loop-check m rs (¢, Oc # list) =
wadjust-loop-erase m rs (tl ¢, hd ¢ # Oc # list)

apply (simp only: wadjust-loop-check.simps wadjust-loop-erase.simps)

apply (erule-tac exE)+

apply(rule-tac x = ml in exl, rule-tac x = mr in exl, auto)

apply (case-tac mr, simp-all add: exp-ind-def)

apply (case-tac rn, simp-all add: exp-ind-def)

done

lemma [simp]: wadjust-loop-erase m rs (¢, Oc # list) =
wadjust-loop-erase m rs (¢, Bk # list)

apply (auto simp: wadjust-loop-erase.simps)

done

lemma [simp]: wadjust-loop-on-left-moving-B m rs (¢, Oc # list) = False
apply (auto simp: wadjust-loop-on-left-moving-B.simps)

apply (case-tac nr, simp-all add: exp-ind-def)

done

lemma [simp]: wadjust-loop-on-left-moving m rs (¢, Oc # list)
= wadjust-loop-right-move2 m rs (Oc # c, list)
apply (simp add:wadjust-loop-on-left-moving.simps)
apply (auto simp: wadjust-loop-on-left-moving-O.simps
wadjust-loop-right-move2.simps)
done

lemma [simp]: wadjust-loop-right-move2 m rs (¢, Oc # list) = False
apply (auto simp: wadjust-loop-right-move2.simps )

apply (case-tac In, simp-all add: exp-ind-def)

done
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lemma [simp|: wadjust-erase2 m rs (¢, Oc # list)
= (¢ = [| — wadjust-erase2 m rs ([], Bk # list))
A (¢ # [| — wadjust-erase2 m rs (¢, Bk # list))
apply (auto simp: wadjust-erase2.simps )
done

lemma [simp]: wadjust-on-left-moving-B m rs (¢, Oc # list) = False
apply (auto simp: wadjust-on-left-moving-B.simps)
done

lemma [simp]: [wadjust-on-left-moving-O m rs (¢, Oc # list); hd ¢ = Bk] =
wadgjust-goon-left-moving-B m rs (tl ¢, Bk # Oc # list)
apply (auto simp: wadjust-on-left-moving-O.simps
wadjust-goon-left-moving-B.simps exp-ind-def )
done

lemma [simp]: [wadjust-on-left-moving-O m rs (¢, Oc # list); hd ¢ = Oc]
= wadjust-goon-left-moving-O m rs (tl ¢, Oc # Oc # list)
apply (auto simp: wadjust-on-left-moving-O.simps
wadgjust-goon-left-moving-0.simps exp-ind-def)
apply (rule-tac x = rs in exl, simp)
apply(auto simp: exp-ind-def numeral-2-eq-2)
done

lemma [simp]: wadjust-on-left-moving m rs (¢, Oc # list) =
wadjust-goon-left-moving m rs (tl ¢, hd ¢ # Oc # list)
apply(simp add: wadjust-on-left-moving.simps
wadjust-goon-left-moving. simps)
apply (case-tac hd c, simp-all)
done

lemma [simp]: wadjust-on-left-moving m rs (¢, Oc # list) =
wadgjust-goon-left-moving m rs (tl ¢, hd ¢ # Oc # list)

apply (simp add: wadjust-on-left-moving.simps
wadjust-goon-left-moving.simps)

apply (case-tac hd ¢, simp-all)

done

lemma [simp|: wadjust-goon-left--moving-B m rs (¢, Oc # list) = False
apply (auto simp: wadjust-goon-left-moving-B.simps)
done

lemma [simp]: [wadjust-goon-left-moving-O m 1s (¢, Oc # list); hd ¢ = Bk]
= wadjust-goon-left-moving-B m rs (tl ¢, Bk # Oc # list)
apply (auto simp: wadjust-goon-left-moving-O.simps wadjust-goon-left-moving-B.simps)
apply (case-tac [!] ml, auto simp: exp-ind-def)
done
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lemma [simp]: [wadjust-goon-left-moving-O m rs (¢, Oc # list); hd ¢ = Oc] =

wadjust-goon-left-moving-O m rs (tl ¢, Oc # Oc # list)
apply (auto simp: wadjust-goon-left-moving-O.simps wadjust-goon-left-moving-B.simps)
apply(rule-tac x = ml — 1 in exl, simp)
apply (case-tac ml, simp-all add: exp-ind-def)
apply (rule-tac x = Suc mr in exl, auto simp: exp-ind-def)
done

lemma [simp]: wadjust-goon-left-moving m rs (¢, Oc # list) =
wadjust-goon-left-moving m rs (tl ¢, hd ¢ # Oc # list)

apply (simp add: wadjust-goon-left-moving.simps)

apply (case-tac hd ¢, simp-all)

done

lemma [simp]: wadjust-backto-standard-pos-B m s (¢, Oc # list) = False
apply(simp add: wadjust-backto-standard-pos-B.simps)
done

lemma [simp]: wadjust-backto-standard-pos-O m rs (¢, Bk # xs) = False
apply(simp add: wadjust-backto-standard-pos-0.simps, auto)
apply(case-tac mr, simp-all add: exp-ind-def)

done

lemma [simp|: wadjust-backto-standard-pos-O m rs ([], Oc # list) =
wadjust-backto-standard-pos-B m s ([], Bk # Oc # list)
apply (auto simp: wadjust-backto-standard-pos-O.simps
wadjust-backto-standard-pos-B.simps)
apply(rule-tac x = rn in exl, simp)
apply (case-tac ml, simp-all add: exp-ind-def)
done

lemma [simp]:
[wadjust-backto-standard-pos-O m rs (¢, Oc # list); ¢ # []; hd ¢ = Bk]
= wadjust-backto-standard-pos-B m rs (tl ¢, Bk # Oc # list)
apply(simp add:wadjust-backto-standard-pos-0.simps
wadjust-backto-standard-pos-B.simps, auto)
apply (case-tac [!] ml, simp-all add: exp-ind-def)
done

lemma [simp]: [wadjust-backto-standard-pos-O m rs (¢, Oc # list); ¢ # [|; hd ¢ =
Oc]
= wadjust-backto-standard-pos-O m rs (tl ¢, Oc # Oc # list)
apply (simp add: wadjust-backto-standard-pos-0.simps, auto)
apply (case-tac ml, simp-all add: exp-ind-def, auto)
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apply(rule-tac x = nat in exl, auto simp: exp-ind-def)
done

lemma [simp]: wadjust-backto-standard-pos m rs (¢, Oc # list)

= (¢ = [| — wadjust-backto-standard-pos m rs ([, Bk # Oc # list)) A
(¢ # [] — wadjust-backto-standard-pos m rs (tl ¢, hd ¢ # Oc # list))
apply (auto simp: wadjust-backto-standard-pos. szmps)
apply(case-tac hd c, simp-all)
done
thm wadjust-loop-right-move.simps

lemma [simp]: wadjust-loop-right-move m rs (c, [|) = False
apply (simp only: wadjust-loop-right-move.simps)

apply (rule-tac iffT)

apply (erule-tac exE)+

apply (case-tac nr, simp-all add: exp-ind-def)

apply (case-tac mr, simp-all add: exp-ind-def)

done

lemma [simp]: wadjust-loop-erase m rs (c, [|) = False
apply (simp only: wadjust-loop-erase.simps, auto)
apply (case-tac mr, simp-all add: exp-ind-def)

done

lemma [simp]: [Suc (Suc rs) = a; wadjust-loop-erase m rs (¢, Bk # list)]
= a — length (takeWhile (Aa. a = Oc) (¢l (dropWhile (Aa. a = Oc) (rev (il
¢) @Q hd ¢ # Bk # list))))
< a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev ¢ @ Bk
# list))) v
a — length (takeWhile (Aa. a = Oc) (¢ (dropWhile (Aa. a = Oc) (rev (¢l ¢) @
hd ¢ # Bk # list)))) =
a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev ¢ @ Bk
4 list)))
apply (simp only: wadjust-loop-erase.simps)
apply (rule-tac disjI2)
apply (case-tac ¢, simp, simp)
done

lemma [simp]:

[Suc (Suc rs) = a; wadjust-loop-on-left-moving m rs (¢, Bk # list)]

= a — length (takeWhile (Aa. a = Oc) (¢l (dropWhile (Aa. a = Oc) (rev (il
¢) Q hd ¢ # Bk # list))))

< a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev ¢ @ Bk
4 list)))) v

a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev (tl ¢) @
hd ¢ # Bk # list)))) =

a — length (takeWhile (Aa. a = Oc) (¢l (dropWhile (Aa. a = Oc) (rev ¢ @ Bk
4 list))))
apply (subgoal-tac ¢ # [])
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apply (case-tac ¢, simp-all)
done

lemma drop While-exp1: dropWhile (Aa. a = Oc) (Oc™ @ zs) = drop While (\a.
a = Oc) zs

apply (induct n, simp-all add: exp-ind-def)

done

lemma take While-expl: takeWhile (Aa. a = Oc) (Oc™ @ zs) = Oc™ Q take While
(Aa. a = Oc) xs

apply (induct n, simp-all add: exp-ind-def)

done

lemma [simp]: [Suc (Suc rs) = a; wadjust-loop-right-move2 m rs (¢, Bk # list)]
= a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc)
(rev ¢ @ Oc # list))))
< a — length (take While (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc)
(rev ¢ @ Bk # list))))
apply(simp add: wadjust-loop-right-move2.simps, auto)
apply(simp add: drop While-exp! take While-expl)
apply (case-tac In, simp, simp add: exp-ind-def)
done

lemma [simp]: wadjust-loop-check m rs ([], b) = False
apply (simp add: wadjust-loop-check.simps)
done

lemma [simp]: [Suc (Suc rs) = a; wadjust-loop-check m rs (¢, Oc # list)]

= a — length (takeWhile (Aa. a = Oc) (¢l (dropWhile (Aa. a = Oc) (rev (il
¢) @ hd ¢ # Oc # list))))

< a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev ¢ @ Oc
# list)))) v

a — length (take While (Aa. a = Oc) (¢l (dropWhile (Aa. a = Oc) (rev (tl ¢) @
hd ¢ # Oc # list)))) =

a — length (take While (Aa. a = Oc) (tl (drop While (Aa. a = Oc) (rev ¢ @ Oc
# list))
apply (case-tac ¢, simp-all)
done

lemma [simp]:

[Suc (Suc rs) = a; wadjust-loop-erase m rs (¢, Oc # list)]

= a — length (takeWhile (Aa. a = Oc) (¢ (dropWhile (Aa. a = Oc) (rev ¢ Q
Bk # list))))

< a — length (takeWhile (Aa. a = Oc) (¢l (dropWhile (Aa. a = Oc) (rev ¢ @ Oc
4 list))) v

a — length (take While (Aa. a = Oc) (tl (drop While (Aa. a = Oc) (rev ¢ @ Bk
# list)))) =

a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev ¢ @ Oc

# list))))
apply(simp add: wadjust-loop-erase.simps)
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apply (rule-tac disjI2)

apply (auto)

apply(simp add: drop While-exp! take While-expl)
done

declare numeral-2-eq-2[simp del]

lemma wadjust-correctness:
shows let P = (X (len, st, I, r). st = 0) in
let @ = (X (len, st, I, ). wadjust-inv st m rs (1, r)) in
let f = (X stp. (Suc (Suc rs), steps (Suc 0, Bk # OcSuc ™,
Bk # Oc # Bk @ Bk # 0c5U ™ @ BE™) t-wcode-adjust stp)) in
S0P (fn)AQ (Fn)
proof —
let 2P = (X (len, st, I, r). st = 0)
let 2Q = X (len, st, I, r). wadjust-inv st m rs (I, r)
let 2f = X stp. (Suc (Suc rs), steps (Suc 0, Bk # OcSuc m
Bk # Oc # Bk'™ @ Bk # 0c5u¢ s @ BE™) t-wcode-adjust stp)
have 3 n. 7P (?fn) A 2Q (?f n)
proof (rule-tac halt-lemma2)
show wf wadjust-le by auto
next
show ¥V n. =~ 2P (?fn) A 2Q (?fn) —
7Q (7f (Suc n)) A (?f (Sucn), ?fn) € wadjust-le
proof (rule-tac alll, rule-tac impl, case-tac ?f n,
stmp add: tstep-red tstep.simps, rule-tac congl, erule-tac conjF,
erule-tac conjE)
fixnabcd
assume 0 < b wadjust-inv b m rs (¢, d) Suc (Suc rs) = a
thus case case fetch t-wcode-adjust b (case d of | = Bk | © # zs = x)
of (ac, ns) = (ns, new-tape ac (¢, d)) of (st, ) = wadjust-inv st m rs
apply (case-tac d, simp, case-tac [2] aa)
apply (simp-all add: wadjust-inv.simps wadjust-le-def new-tape.simps
abacus.lex-triple-def abacus.lex-pair-def lex-square-def
split: if-splits)
done
next
fixnabcd
assume 0 < b A wadjust-inv b m rs (¢, d)
Suc (Suc 1s) = a A steps (Suc 0, Bk # OcSuc m,
Bk # Oc # Bk'™ @ Bk # 0c5uc s @ BE™) t-wcode-adjust n = (b, ¢, d)
thus ((a, case fetch t-wcode-adjust b (case d of [| = Bk | ¢ # zs = x)
of (ac, ns) = (ns, new-tape ac (¢, d))), a, b, ¢, d) € wadjust-le
proof (erule-tac conjE, erule-tac conjE, erule-tac conjE)
assume 0 < b wadjust-inv b m rs (¢, d) Suc (Suc rs) = a
thus ?thesis
apply (case-tac d, case-tac [2] aa)
apply (simp-all add: wadjust-inv.simps wadjust-le-def new-tape.simps
abacus.lex-triple-def abacus.lex-pair-def lex-square-def
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split: if-splits)
done
qed
qed
next
show ?Q (?f0)
apply(simp add: steps.simps wadjust-inv.simps wadjust-start.simps)
apply (rule-tac x = In in exlauto)
done
next
show — 7P (%9f 0)
apply(simp add: steps.simps)
done
qed
thus ?thesis
apply (auto)
done
qed

lemma [intro]: t-correct t-wcode-adjust

apply (auto simp: t-wcode-adjust-def t-correct.simps iseven-def)
apply(rule-tac x = 11 in exl, simp)

done

lemma wcode-lemma-pre’:
args # [| =
3 stp rn. steps (Suc 0, [, <m # args>)
((t-wcode-prepare |+| t-wcode-main) |+| t-wcode-adjust) stp
= (0, [Bk], OcSuc m @ B # OcSuc (bl-bin (<args>)) @ BE™)
proof —
let 2P1 =X (I, r). l=[] Ar=<m# args>
let Q1 = A(l, r). | = Bk # Oc°Uc ™ A
(3in rn. r = Bk # Oc # Bk @ Bk # Bk # Ocblbin (<args>) @ pprn)
let ?P2 = ?2Q1
let 2Q2 = X (I, r). (wadjust-stop m (bl-bin (<args>) — 1) (I, 1))
let ?P3 = X tp. False
assume h: args # [|
have ?P1 F—> X ip. (3 stp tp’. steps (Suc 0, tp)
((t-weode-prepare |+| t-wcode-main) |+| t-weode-adjust) stp =
(0, tp") N 2Q2 tp’)
proof (rule-tac turing-merge.t-merge-halt[of t-wcode-prepare |+| t-wcode-main
t-wcode-adjust ?P1 ?P2 ?P3 ?P3 ?Q1 ?Q2],
auto simp: turing-merge-def)

show T stp. case steps (Suc 0, [], <m # args>) (t-wcode-prepare |+| t-wcode-main)

stp of
(st, tp") = st = 0 A (case tp’ of (I, r) = 1 = Bk # OcSuc m p

(3 Inrn. r = Bk # Oc # Bkln @ Bk # Bk # chl—bin (<args>) Q@
BE™™))
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using h prepare-mainpart-lemmalof args m)
apply (auto)

apply (rule-tac x = stp in exl, simp)
apply (rule-tac z = In in exl, auto)

done
next
fix In rn
show T stp. case steps (Suc 0, Bk # OcSuc ™ B 4 Oc # Bk @ Bk # Bk
#
Ocbl-bin (<args>) @ BE™) t-wcode-adjust stp of
(st, tp') = st = 0 A wadjust-stop m (bl-bin (<args>) — Suc 0) tp’
using wadjust-correctness[of m bl-bin (<args>) — 1 Suc In rn]
apply (subgoal-tac bl-bin (<args>) > 0, auto simp: wadjust-inv.simps)
apply(rule-tac x = n in exl, simp add: exp-ind)
using h
apply (case-tac args, simp-all, case-tac list,
simp-all add: tape-of-nl-abv tape-of-nat-list.simps exp-ind-def
bl-bin.simps)
done
next
show ?Q1 F—> ?P2
by (simp add: t-imply-def)
qed
thus 3 stp rn. steps (Suc 0, [|, <m # args>) ((t-wcode-prepare |+| t-wcode-main)
|+
t-weode-adjust) stp = (0, [Bk], OcSU¢ ™ @ Bk # OcSuC (bl-bin (<args>)) @
BkTTL)
apply(simp add: t-imply-def)
apply (erule-tac exE)+
apply (subgoal-tac bl-bin (<args>) > 0, auto simp: wadjust-stop.simps)
using A
apply(case-tac args, simp-all, case-tac list,
simp-all add: tape-of-nl-abv tape-of-nat-list.simps exp-ind-def
bl-bin.simps)
done
qed

The initialization TM ¢-wcode.

definition t-wcode :: tprog
where
t-weode = (t-wcode-prepare |+| t-weode-main) |+| t-wcode-adjust

The correctness of t-wcode.

lemma wcode-lemma-1:
args # [| =
3 stp In rn. steps (Suc 0, [], <m # args>) (t-wcode) stp =
(0, [BK], 0cSuc m @ Bk ” OcSuc (bl-bin (<args>)) @ BE™)
apply (simp add: wcode-lemma-pre’ t-wcode-def )
done
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lemma wcode-lemma:
args # [| =
3 stp In rn. steps (Suc 0, [], <m # args>) (t-wcode) stp =
(0, [Bk], <[m ,bl-bin (<args>)]> @Q BE™)
using wcode-lemma-1[of args m)
apply(simp add: t-wcode-def tape-of-nl-abv tape-of-nat-list.simps)
done

13 The universal TM

This section gives the explicit construction of Universal Turing Machine,
defined as UTM and proves its correctness. It is pretty easy by composing
the partial results we have got so far.

definition UTM :: tprog
where
UTM = (let (aprog, rs-pos, a-md) = rec-ci rec-F in
let abe-F = aprog [+] dummy-abe (Suc (Suc 0)) in
(t-weode |+| (tm-of abe-F @ tMp (Suc (Suc 0)) (start-of (layout-of abc-F)

(length abc-F) — Suc 0))))

definition F-aprog :: abc-prog
where
F-aprog = (let (aprog, rs-pos, a-md) = rec-ci rec-F in
aprog [+] dummy-abc (Suc (Suc 0)))

definition F-tprog :: tprog
where
F-tprog = tm-of (F-aprog)

definition t-utm :: tprog
where
t-utm =
(F-tprog) @ tMp (Suc (Suc 0)) (start-of (layout-of (F-aprog))
(length (F-aprog)) — Suc 0)

definition UTM-pre :: tprog
where
UTM-pre = t-wcode |+| t-utm

lemma F-abc-halt-eq:
[turing-basic.t-correct tp;
length Im = k;
steps (Suc 0, Bkl7 <Im>) tp stp = (0, BE™, Oc™QBE™);
rs > 0]
= 3 stp m. abc-steps-l (0, [code tp, bl2we (<Im>)]) (F-aprog) stp =
(length (F-aprog), code tp # bl2wc (<Im>) # (rs — 1) # 0™)

cdlxxvi



apply (drule-tac F-t-halt-eq, simp, simp, simp)

apply (case-tac rec-ci rec-F)

apply (frule-tac abc-append-dummy-complie, simp, simp, erule-tac exE,
erule-tac exE)

apply (rule-tac © = stp in exl, rule-tac x = m in exl)

apply(simp add: F-aprog-def dummy-abe-def)

done

lemma F-abc-utm-halt-eq:
[rs > 0;
abe-steps-1 (0, [code tp, bl2we (<Im>)]) F-aprog stp =
(length F-aprog, code tp # bl2wc (<lm>) # (rs — 1) # 0™)]
= Jstp m n.(steps (Suc 0, Bk, Bk], <[code tp, bl2wc (<Im>)]>) t-utm stp =
(0, BE™, Oc™ @ BE™))
thm abacus-turing-eq-halt
using abacus-turing-eq-halt
[of layout-of F-aprog F-aprog F-tprog length (F-aprog)
[code tp, bl2we (<Im>)] stp code tp # bl2we (<Im>) # (rs — 1) # 0™ Suc
(Suc 0)
start-of (layout-of (F-aprog)) (length (F-aprog)) [] 0]
apply (simp add: F-tprog-def t-utm-def abc-lm-v.simps nth-append)
apply (erule-tac exE)+
apply (rule-tac x = stpa in exl, rule-tac x = Suc (Suc ma) in exl,
rule-tac x = [ in exl, simp add: exp-ind)
done

declare tape-of-nl-abv-cons[simp del]

lemma t-utm-halt-eq”:
[turing-basic.t-correct tp;
0 < rs;
steps (Suc 0, Bkl, <Im:nat list>) tp stp = (0, BE™, Oc™QBE"™)]
= Jstp m n. steps (Suc 0, [Bk, Bk], <[code tp, bl2wc (<Im>)]>) t-utm stp =

(0, BE™, Oc™ @ Bk™)
apply(drule-tac | = 1 in F-abc-halt-eq, simp, simp, simp)
apply (erule-tac exE, erule-tac exE)
apply (rule-tac F-abc-utm-halt-eq, simp-all)
done

lemma [simp]: tinres zs (zs @ BkY)
apply (auto simp: tinres-def)
done

lemma [elim]: [rs > 0; Oc™ @ BE™ = ¢ Q Bk"]
= 3dn. ¢ = Oc™ @ BEK"
apply (case-tac na > n)
apply (subgoal-tac 3 d. na = d + n, auto simp: exp-add)
apply(rule-tac x = na — n in exl, simp)
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apply (subgoal-tac 3 d. n = d + na, auto simp: exp-add)

apply (case-tac s, simp-all add: exp-ind, case-tac d,
simp-all add: exp-ind)

apply(rule-tac £ = n — na in exl, simp)

done

lemma t-utm-halt-eq’”:
[turing-basic.t-correct tp;
0 < rs;
steps (Suc 0, Bk!, <lm:nat list>) tp stp = (0, BE™, Oc™QBEk™)]
— Jstp m n. steps (Suc 0, [Bk, Bk], <[code tp, bl2we (<lm>)]> @ Bk") t-utm
stp =
(0, BE™, Oc™ @ Bk™)
apply (drule-tac t-utm-halt-eq’, simp-all)
apply (erule-tac exE)+
proof —
fix stpa ma na
assume steps (Suc 0, [Bk, Bk|, <[code tp, bl2wc (<Im>)]>) t-utm stpa = (0,
BE™®, Oc™ @ Bk
and gr: rs > 0 4
thus 3 stp m n. steps (Suc 0, [Bk, Bk], <[code tp, bl2wc (<Im>)|> @ Bk*) t-utm
stp = (0, BE™, Oc™ @ Bk™)
apply(rule-tac x = stpa in exl, rule-tac x = ma in exI, simp)
proof (case-tac steps (Suc 0, [Bk, Bk], <[code tp, bl2we (<lm>)]> @ Bk') t-utm
stpa, simp)
fixabc
assume steps (Suc 0, [Bk, Bk], <[code tp, bl2we (<Im>)]>) t-utm stpa = (0,
BE™A Oc™ @ Bk™%)
steps (Suc 0, [Bk, Bk], <[code tp, bl2we (<lm>)]> @ Bk') t-utm stpa =
(a, b, ¢)
thus a =0 A b= BE"™ A (3n. ¢ = Oc™ @ BE™)
using tinres-steps2]of <[code tp, bl2wc (<Im>)]> <[code tp, bl2wc (<Im>)]>
@ Bk'
Suc 0 Bk, Bk] t-utm stpa 0 BE™% Oc™ @ BE™ a b (]
apply (simp)
using gr
apply (simp only: tinres-def, auto)
apply(rule-tac x = na + n in exl, simp add: exp-add)
done
qed
ged

lemma [simp]: tinres [Bk, Bk| [Bk]

apply (auto simp: tinres-def)
done

lemma [elim]: Bk™* = b Q@ Bk" = 3Im. b = Bk™
apply (subgoal-tac ma = length b + n)
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apply(rule-tac x = ma — n in exl, simp add: exp-add)
apply (drule-tac length-equal)

apply (simp)

done

lemma t-utm-halt-eq:
[turing-basic.t-correct tp;
0 < rs;
steps (Suc 0, Bk', <Im::nat list>) tp stp = (0, BE™, Oc™QBE™)]
— Jstp m n. steps (Suc 0, [Bk], <[code tp, bl2we (<lm>)]> @ Bk') t-utm stp

(0, BE™, Oc™ @ BEk™)
apply (drule-tac i = i in t-utm-halt-eq"”’, simp-all)
apply (erule-tac exE)+
proof —
fix stpa ma na '
assume steps (Suc 0, [Bk, Bk], <[code tp, bl2wc (<Im>)]> @ Bk') t-utm stpa
= (0, BE™® Oc™ @ BE"%)
and gr: rs > 0 '
thus I stp m n. steps (Suc 0, [Bk], <[code tp, bl2wc (<Im>)]> @ Bk*) t-utm stp
= (0, BK™, Oc™ @ Bk™)
apply(rule-tac = stpa in exl)
proof (case-tac steps (Suc 0, [Bk], <[code tp, bl2we (<lm>)]> @ Bk') t-utm
stpa, simp)
fixabc '
assume steps (Suc 0, [Bk, Bk], <[code tp, bl2we (<Im>)]> Q BE"Y) t-utm stpa
= (0, BK™®, Oc™ @ Bk™)
steps (Suc 0, [Bk], <[code tp, bl2we (<Im>)]> @ Bk") t-utm stpa = (a,
b, ¢)
thus a = 0 A (3m. b = BE™) A (3n. ¢ = Oc™ Q BEk™)
using tinres-steps|of |Bk, Bk] [Bk] Suc 0 <[code tp, bl2we (<Im>)]> @ Bk’
t-utm stpa 0
BE™% Oc™ @ BE™ a b ¢
apply (simp)
apply (auto simp: tinres-def)
apply (rule-tac z = ma + n in exl, simp add: exp-add)
done
qed
qed

lemma [intro]: t-correct t-wcode
apply (simp add: t-wcode-def )
apply (auto)

done

lemma [intro]: t-correct t-utm

apply (simp add: t-utm-def F-tprog-def)
apply (rule-tac t-compiled-correct, auto)
done

cdlxxix



lemma UTM-halt-lemma-pre:
[turing-basic.t-correct tp;
0 < rs;
args # [J; ‘
steps (Suc 0, Bk*, <args::nat list>) tp stp = (0, BE™, OcTS@Bkk)]]
= Jstp m n. steps (Suc 0, [], <code tp # args>) UTM-pre stp =
(0, BE™, Oc™ @ BE™)
proof —
let 2Q2 =X (I, r). 3 Inrn. I = BE™ A r = Oc™ @ BE™)
term ?Q2
let 2P1 =X (I, r). Il =1 A1 =<codetp # args>
let Q1 = A (I, r). (I = [Bk] A
3 . r= OcSuc (code tp) @ BE 4 OcSuc (bl-bin (<args>)) @ BE™))
let 7P2 = ?Q1
let ?P3 = X (I, r). False
assume h: turing-basic.t-correct tp 0 < rs
args # [] steps (Suc 0, Bk*, <args::nat list>) tp stp = (0, BE™, Ocrs@Bkk)
have ?P1 F—> X ip. (3 stp tp’. steps (Suc 0, tp)
(t-wcode |+| t-utm) stp = (0, tp’) N 2Q2 tp’)
proof(rule-tac turing-merge.t-merge-halt [of t-wcode t-utm
?P1 ?2P2 ?P3 ?P3 ?Q1 ?Q2], auto simp: turing-merge-def)
show Jstp. case steps (Suc 0, [, <code tp # args>) t-wcode stp of (st, tp’) =

st =0 A (case tp’ of (I, r) = 1 = [Bk] A
Q. r = OcSuc (code tp) @ Bi # OcSuc (bl-bin (<args>)) @
BE™))
using wcode-lemma-1[of args code tp] h
apply(simp, auto)
apply (rule-tac x = stpa in exl, auto)
done
next
fix rn
show T stp. case steps (Suc 0, [Bk], OcSuc (code tp) @
Bk # OcSuc (bl-bin (<args>)) @ BE™) t-utm stp of
(st, tp’) = st = 0 A (case tp’ of (I, r) =
(3n. 1 = BE™) A (3rn. r = Oc™ @ BEK™))
using t-utm-halt-eq[of tp rs i args stp m k rn] h
apply (auto)
apply (rule-tac z = stpa in exl, simp add: bin-wc-eq
tape-of-nat-list.simps tape-of-nl-abv)
apply (auto)
done
next
show ?Q1 F-—> ?P2
apply (simp add: t-imply-def)
done
qed
thus ?thesis
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apply(simp add: t-imply-def)
apply(auto simp: UTM-pre-def)
done

qed

The correctness of UTM, the halt case.

lemma UTM-halt-lemma:
[turing-basic.t-correct tp;
0 < rs;
ags £ i
steps (Suc 0, Bk, <args::nat list>) tp stp = (0, BE™, Ocrs@Bkk)]]
= Jstp m n. steps (Suc 0, [], <code tp # args>) UTM stp =
(0, BE™, Oc™ @ Bk™)
using UTM-halt-lemma-pre[of tp rs args i stp m k|
apply (simp add: UTM-pre-def t-utm-def UTM-def F-aprog-def F-tprog-def)
apply (case-tac rec-ci rec-F, simp)
done

definition TSTD:: t-conf = bool
where
TSTD ¢ = (let (st, I, r) = cin
st=0A(3 m. l=BEk™ A3 rsn. r= 05U @ BE"))

thm abacus-turing-eq-uhalt

lemma nstd-casel: 0 < a = NSTD (trpl-code (a, b, c))
apply(simp add: NSTD.simps trpl-code.simps)
done

lemma [simp]: Vm. b # BE™ = 0 < bl2wc b
apply (rule classical, simp)
apply (induct b, erule-tac z = 0 in allE, simp)
apply (simp add: bl2we.simps, case-tac a, simp-all
add: bl2nat.simps bl2nat-double)
apply(case-tac 3 m. b = BE™, erule exE)
apply (erule-tac z = Suc m in dllE, simp add: exp-ind-def, simp)
done
lemma nstd-case2: Vm. b # Bk™ = NSTD (trpl-code (a, b, c))
apply (simp add: NSTD.simps trpl-code.simps)
done

thm lg.simps
thm IlgR.simps

lemma [elim]: Suc (2 * ) = 2 * y = RR
apply (induct z arbitrary: y, simp, simp)
apply (case-tac y, simp, simp)

done
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lemma bi2nat-zero-eq|simp]: (bl2nat ¢ 0 = 0) = (In. ¢ = Bk"™)
apply (auto)

apply (induct ¢, simp add: bl2nat.simps)

apply (rule-tac z = 0 in exl, simp)

apply (case-tac a, auto simp: bl2nat.simps bl2nat-double)

done

lemma bl2wc-exp-ex:

[Suc (bl2we ¢) =2 ° m] =3 rsn. ¢ = Oc’ Q@ Bk™
apply (induct ¢ arbitrary: m, simp add: bl2wc.simps bl2nat.simps)
apply (case-tac a, auto)
apply (case-tac m, simp-all add: bl2wc.simps, auto)
apply(rule-tac x = 0 in exl, rule-tac z = Suc n in exl,

simp add: exp-ind-def)
apply (simp add: bl2wc.simps bl2nat.simps bl2nat-double)
apply (case-tac m, simp, simp)
proof —

fix ¢ m nat

assume ind:

Am. Suc (bi2nat ¢ 0) = 2 “m = Jrsn. ¢ = Oc™ @ Bk™

and h:

Suc (Suc (2 * bl2nat ¢ 0)) = 2 x 2 " nat
have Irs n. ¢ = Oc™ @ BEk"
apply(rule-tac m = nat in ind)
using A
apply (simp)
done
from this obtain rs n where ¢ = Oc"™ @ Bk" by blast
thus 37s n. Oc # ¢ = Oc™ @ BEK"
apply(rule-tac x = Suc rs in exl, simp add: exp-ind-def)
apply (rule-tac © = n in exl, simp)
done
qed

lemma [elim]:
[Vrs n. c # 0cSUC ™ @ BE™:
bl2we ¢ = 2 " lg (Suc (bl2we ¢)) 2 — Suc 0] = bl2wec ¢ = 0
apply (subgoal-tac 3 m. Suc (bl2we ¢) = 2°m, erule-tac exk)
apply (drule-tac bl2wc-exp-ex, simp, erule-tac exE, erule-tac exE)
apply (case-tac rs, simp, simp, erule-tac * = nat in allE,
erule-tac x = n in allE, simp)
using bl2wc-exp-ez|of ¢ lg (Suc (bl2we ¢)) 2]
apply(case-tac (2::nat) ~ lg (Suc (bl2we c)) 2,
simp, simp, erule-tac exE, erule-tac exE, simp)
apply (simp add: bl2wc.simps)
apply (rule-tac x = rs in exl)
apply(case-tac (2::nat) “rs, simp, simp)
done
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lemma nstd-case3:
Vrsn. ¢ # 0cSUC ™ @ BE" = NSTD (trpl-code (a, b, c))
apply(simp add: NSTD.simps trpl-code.simps)
apply (rule-tac impl)
apply (rule-tac disjI2, rule-tac disjI2, auto)
done

lemma NSTD-1: = TSTD (a, b, c)
= rec-exec rec-NSTD [trpl-code (a, b, ¢)] = Suc 0
using NSTD-lemmal [of trpl-code (a, b, c)]
NSTD-lemma2|of trpl-code (a, b, c)]
apply(simp add: TSTD-def)
apply (erule-tac disjE, erule-tac nstd-casel)
apply (erule-tac disjE, erule-tac nstd-case2)
apply (erule-tac nstd-case3)
done

lemma nonstop-t-uhalt-eq:
[turing-basic.t-correct tp;
steps (Suc 0, Bk‘l, <Im>) tp stp = (a, b, ¢);
= TSTD (a, b, c)]
= rec-exec rec-nonstop [code tp, bl2wc (<Im>), stp] = Suc 0
apply(simp add: rec-nonstop-def rec-exec.simps)
apply (subgoal-tac
rec-exec rec-conf [code tp, bl2wc (<Im>), stp] =
trpl-code (a, b, ¢), simp)
apply (erule-tac NSTD-1)
using rec-t-eq-steps|of tp | Im stp]
apply (simp)
done

lemma nonstop-true:

[turing-basic.t-correct tp;

Y stp. (- TSTD (steps (Suc 0, Bkl, <Im>) tp stp))]

= VY y. rec-calc-rel rec-nonstop
([code tp, bl2we (<Im>), y]) (Suc 0)

apply (rule-tac alll, erule-tac x = y in allE)
apply (case-tac steps (Suc 0, Bkl, <Im>) tp y, simp)
apply (rule-tac nonstop-t-uhalt-eq, simp-all)
done

declare ci-cn-para-eq[simp)

lemma F-aprog-uhalt:
[turing-basic.t-correct tp;
Y stp. (= TSTD (steps (Suc 0, Bkl, <Im>) tp stp));
rec-ci rec-F = (F-ap, rs-pos, a-md)]
— Y stp. case abe-steps-1 (0, [code tp, bl2we (<Im>)] @ (@ md — rs-pos
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@ suflm) (F-ap) stp of (ss, e) = ss < length (F-ap)
apply (case-tac rec-ci (Cn (Suc (Suc 0)) rec-right [Cn (Suc (Suc 0)) rec-conf
([¢d (Suc (Suc 0)) 0, id (Suc (Suc 0)) (Suc 0), rec-halt])]))
apply (simp only: rec-F-def, rule-tac i = 0 and ga = a and gb = b and
gc = c in cn-gi-uhalt, simp, simp, simp, simp, simp, simp, simp)
apply(simp add: ci-cn-para-eq)
apply (case-tac rec-ci (Cn (Suc (Suc 0)) rec-conf
([id (Suc (Suc 0)) 0, id (Suc (Suc 0)) (Suc 0), rec-halt])))
apply (rule-tac rf = (Cn (Suc (Suc 0)) rec-right [Cn (Suc (Suc 0)) rec-conf
([id (Suc (Suc 0)) 0, id (Suc (Suc 0)) (Suc 0), rec-halt])])
and n = Suc (Suc 0) and f = rec-right and
gs = [Cn (Suc (Suc 0)) rec-conf
([id (Suc (Suc 0)) 0, id (Suc (Suc 0)) (Suc 0), rec-halt])]
and i = 0 and ga = aa and gb = ba and gc = ca in
en-gi-uhalt)
apply (simp, simp, simp, simp, simp, simp, simp,
simp add: ci-cn-para-eq)
apply (case-tac rec-ci rec-halt)
apply (rule-tac rf = (Cn (Suc (Suc 0)) rec-conf
([id (Suc (Suc 0)) 0, id (Suc (Suc 0)) (Suc 0), rec-halt]))
and n = Suc (Suc 0) and f = rec-conf and
gs = ([id (Suc (Suc 0)) 0, id (Suc (Suc 0)) (Suc 0), rec-halt]) and
i = Suc (Suc 0) and gi = rec-halt and ga = ab and gb = bb and
gc = ¢b in cn-gi-uhalt)
apply (simp, simp, simp, simp, simp add: nth-append, simp,
simp add: nth-append, simp add: rec-halt-def)
apply (simp only: rec-halt-def)
apply (case-tac [!] rec-ci ((rec-nonstop)))
apply (rule-tac alll, rule-tac impl, simp)
apply (case-tac j, simp)
apply (rule-tac © = code tp in exl, rule-tac calc-id, simp, simp, simp, simp)
apply (rule-tac x = bl2we (<Im>) in exl, rule-tac calc-id, simp, simp, simp)
apply (rule-tac rf = Mn (Suc (Suc 0)) (rec-nonstop)
and f = (rec-nonstop) and n = Suc (Suc 0)
and aprog’ = ac and rs-pos’ = bc and a-md’ = cc in Mn-unhalt)
apply (simp, simp add: rec-halt-def , simp, simp)
apply (drule-tac nonstop-true, simp-all)
apply (rule-tac alll)
apply(erule-tac z = y in allE)+
apply (simp)
done

thm abc-list-crsp-steps

lemma uabc-uhalt”:
[turing-basic.t-correct tp;
V stp. (= TSTD (steps (Suc 0, B!, <lm>) tp stp));
rec-ci rec-F = (ap, pos, md)]
=V stp. case abe-steps-1 (0, [code tp, bl2wce (<Im>)]) ap stp of (ss, e)

cdlxxxiv



= ss < length ap
proof(frule-tac F-ap = ap and rs-pos = pos and a-md = md
and suflm = [] in F-aprog-uhalt, auto)
fix stp a b
assume h:
Y stp. case abc-steps-1 (0, code tp # bl2wc (<Im>) # gmd — Posy ap stp of
(ss, e) = ss < length ap
abe-steps-1 (0, [code tp, bl2we (<Im>)]) ap stp = (a, b)
turing-basic.t-correct tp
rec-ci rec-F = (ap, pos, md)
moreover have ap # ||
using h apply(rule-tac rec-ci-not-null, simp)
done
ultimately show a < length ap
proof (erule-tac x = stp in allE,
case-tac abc-steps-1 (0, code tp # bl2wce (<Im>) # gmd — Posy ap stp, simp)
fix aa ba
assume ¢: aa < length ap
abe-steps-1 (0, code tp # bl2we (<Im>) # gmd — pos) ap stp = (aa, ba)
ap # ||
thus ?thesis
using abc-list-crsp-steps|of [code tp, bl2we (<Im>)]
md — pos ap stp aa ba] h
apply (simp)
done
qed
qged

lemma uabc-uhalt:
[turing-basic.t-correct tp;
YV stp. (= TSTD (steps (Suc 0, Bk!, <lm>) tp stp))]
=V sitp. case abc-steps-1 (0, [code tp, bl2wc (<Im>)]) F-aprog
stp of (ss, e) = ss < length F-aprog
apply (case-tac rec-ci rec-F, simp add: F-aprog-def)
thm wabc-uhalt’
apply (drule-tac ap = a and pos = b and md = ¢ in uabc-uhalt’, simp-all)
proof —
fix abc
assume
Y stp. case abe-steps-1 (0, [code tp, bl2we (<Im>)]) a stp of (ss, €)
= ss < length a
rec-ci rec-F = (a, b, ¢)
thus
V stp. case abc-steps-1 (0, [code tp, bl2we (<Im>)]
(a [+] dummy-abe (Suc (Suc 0))) stp of (ss, e) =
ss < Suc (Suc (Suc (length a)))
using abc-append-uhalt! [of a [code tp, bl2we (<im>)]
a [+] dummy-abe (Suc (Suc 0)) [| dummy-abe (Suc (Suc 0))]
apply (simp)
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done
qed

lemma tutm-uhalt”:
[turing-basic.t-correct tp;
YV stp. (— TSTD (steps (Suc 0, Bk!, <lm>) tp stp))]
=V stp. = isS0 (steps (Suc 0, [Bk, Bk|, <[code tp, bl2wc (<Im>)|>) t-utm
stp)
using abacus-turing-eq-uhalt[of layout-of (F-aprog)
F-aprog F-tprog [code tp, bl2wc (<Im>)]
start-of (layout-of (F-aprog )) (length (F-aprog))
Suc (Suc 0)]
apply (simp add: F-tprog-def)
apply (subgoal-tac ¥ stp. case abe-steps-1 (0, [code tp, bl2we (<Im>)])
(F-aprog) stp of (as, am) = as < length (F-aprog), simp)
thm abacus-turing-eq-uhalt
apply(simp add: t-utm-def F-tprog-def)
apply (rule-tac uabc-uhalt, simp-all)
done

lemma tinres-commute: tinres r v’ = tinres r' r
apply (auto simp: tinres-def)
done

lemma inres-tape:
[steps (st, I, r) tp stp = (a, b, c); steps (st, I/, v') tp stp = (a’, b, ¢');
tinres 1 l'; tinres r r']
= a = a’ A tinres b b’ A tinres c ¢’
proof(case-tac steps (st, ', r) tp stp)
fix aa ba ca
assume h: steps (st, I, r) tp stp = (a, b, ¢)
steps (st, U/, ') tp stp = (a’, b, ¢')
tinres 1 1’ tinres v r'
steps (st, U, r) tp stp = (aa, ba, ca)
have tinres b ba A ¢ = ca A a = aa
using h
apply (rule-tac tinres-steps, auto)
done

thm tinres-steps?2

moreover have b’ = ba A tinres ¢’ ca A a’ = aa
using h
apply (rule-tac tinres-steps2, auto intro: tinres-commute)
done

ultimately show ?thesis
apply (auto intro: tinres-commute)
done

qed
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lemma tape-normalize: ¥ stp. — isS0 (steps (Suc 0, [Bk, Bk|, <[code tp, bl2wc
(<Im>)]>) t-utm stp)

=V stp. = isS0 (steps (Suc 0, BE™, <[code tp, bl2we (<Im>)]> @ BEK™)
t-utm stp)
apply (rule-tac alll, case-tac (steps (Suc 0, BkE™,

<[code tp, bl2wc (<Im>)]> @ BE™) t-utm stp), simp add: isS0-def)

apply(erule-tac = stp in allE)
apply(case-tac steps (Suc 0, [Bk, Bk], <[code tp, bl2wc (<Im>)]>) t-utm stp,
simp)
apply (drule-tac inres-tape, auto)
apply (auto simp: tinres-def)
apply (case-tac m > Suc (Suc 0))
apply (rule-tac £ = m — Suc (Suc 0) in exl)
apply (case-tac m, simp-all add: exp-ind-def , case-tac nat, simp-all add: exp-ind-def)
apply (rule-tac x = 2 — m in ez, simp add: exp-ind-def [THEN sym| exp-add| THEN
sym])
apply(simp only: numeral-2-eq-2, simp add: exp-ind-def)
done

lemma tutm-uhalt:

[turing-basic.t-correct tp;

YV stp. (— TSTD (steps (Suc 0, Bk!, <args>) tp stp))]

=V stp. = isS0 (steps (Suc 0, BE™, <[code tp, bl2wc (<args>)]> @ BE™)
t-utm stp)
apply (rule-tac tape-normalize)
apply (rule-tac tutm-uhalt’, simp-all)
done

lemma UTM-uhalt-lemma-pre:
[turing-basic.t-correct tp;
Y stp. (= TSTD (steps (Suc 0, BE!, <args>) tp stp));
args # [|]
= V stp. 0 isS0 (steps (Suc 0, [|, <code tp # args>) UTM-pre stp)
proof —
let 2P1 =X (I, 7). Il =] A r = <code tp # args>
let Q1 = X\ (I, r). (I = [Bk] A
3 rn.r= OcSuc (code tp) @ Bi # OcSuc (bl-bin (<args>)) @ BE™))
let 2P} = ?Q1
let 2P3 = X (I, r). False
assume h: turing-basic.t-correct tp ¥V stp. = TSTD (steps (Suc 0, Bkl, <args>)
tp stp)
args # ||
have ?P1 F—> X tp. = (3 stp. 1550 (steps (Suc 0, tp) (t-wcode |+| t-utm) stp))
proof(rule-tac turing-merge.t-merge-uhalt [of t-wcode t-utm
¢P1 ?P3 9P3 ?P4 ?Q1 ?P3], auto simp: turing-merge-def)
show 3 stp. case steps (Suc 0, [, <code tp # args>) t-wcode stp of (st, tp’) =

st =0 A (case tp’ of (I, r) = 1 = [Bk] A
Q. r = OcSuc (code tp) @ Br 4 OcSuc (bl-bin (<args>)) q
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BE™))
using wcode-lemma-1[of args code tp] h
apply(simp, auto)
apply (rule-tac z = stp in exl, auto)
done
next
fix ™ stp
show isS0 (steps (Suc 0, [Bk], OcSuc (code tp) @ py, +# Ocsuc (blbin (<args>))
@ BE™) t-utm stp)
= Fulse
using tutm-uhalt[of tp | args Suc 0 rn] h
apply (simp)
apply (erule-tac x = stp in allE)
apply(simp add: tape-of-nl-abv tape-of-nat-list.simps bin-wc-eq)
done
next
fix rn stp
show isS0 (steps (Suc 0, [Bk], OcSuc (code tp) @ B 4 OcSuc (bl-bin (<args>))
Q@ BE™) t-utm stp) =
isS0 (steps (Suc 0, [Bk], OcSuc (code tp) @ py, # OcSuc (bl-bin (<args>)) @
BE™) t-utm stp)
by simp
next
show ?Q1 F—> ?P/4
apply (simp add: t-imply-def)
done
qed
thus ?thesis
apply (simp add: t-imply-def UTM-pre-def)
done
qged

The correctness of UTM, the unhalt case.

lemma UTM-uhalt-lemma:

[turing-basic.t-correct tp;

V stp. (- TSTD (steps (Suc 0, Bkl, <args>) tp stp));

args # []]

= V stp. - isS0 (steps (Suc 0, [], <code tp # args>) UTM stp)
using UTM-uvhalt-lemma-pre|of tp | args]
apply(simp add: UTM-pre-def t-utm-def UTM-def F-aprog-def F-tprog-def)
apply (case-tac rec-ci rec-F, simp)
done

end
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