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a+b)-¢) and (a+ (b-c)). (We could have used a  c¢f. Exer. 4.1

second case there is more interest in the performance of the algorithms, in ter ntheses would not have been required.)

guish the two expressions ((
complexity or of the size of the results produced.
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After the definition of rational expressions, we shall touch on the proble
determining the equivalence of expressions from a formal, or syntactic, point of -

(that is, without referring to the construction of the corresponding automata). We
then use the ideas thus defined to make explicit the

‘degree of closeness’ between
different expressions obtained for the language recognised by a single finite autom

by applying the MNY algorithm or state elimination method, using the diffe
possible orders on the states of the automaton. In the fourth part, we shall pre

the operation of derivation of expressions, which is the symbolic counterpart of
quotient of a language. ‘

a-b+c for ((a-b)+(c")) , a-(b+c) for (a-((b+0))) ,
and (a-b+e) for (((a-b)+c)7) .

k pressions (4.1) become
The transformation of a rational expression into a finite automaton, which i

the heart of many a problem in computer science, will be treated in the next sectio

+b-a, ((@+b)*-(ab) (a+b) and (a+b-(((a-b*)-a)" b))

. . . )

f the definitions and propositions about rational expressions will consl ]jr
. as from expressions. This process can be followed by
(E) and calculated

4.1 Rational expressions and languages

ocess of making formul ores . ‘
g the depth®” of an expression E which is an integer written d

We begin by defining rational expressions on a fixed alphabet, and the languages t

denote, then rational expressions on a set of variables and the result of interpre
such an expression.

following manner:

‘ i , ") =1+d(E) ,
d(0)=d(1)=d(a)=0, forallain A , d((E
| d((E+F))=d((E-F)) =1+ max(d(E),d(F)) -

4.1.1 Rational expressions over an alphabet

. . . ‘ ing
i ressi we assign a correspondi
jon 4.2 To each rational expression E in RatE A g

i beagiven nowennpty) alphabet and le (04, ) b five function VER e of A%, written® L[E], or | E|, and defined inductively - that is, by induction
ag 3 ’

Naturally, the operations + and - are binary, * is unary, and 0 and 1 are nullary (t
represent constants).

depth of expressions:

for atomic expressions:

Definition 4.1 A rational expression over A is a formula obtained inductively
the letters of A and the functions {0,1,+, -, %} in the following manner:
(i) 0,1, and q, for a in A, are rational expressions;

(i) if E and F are rational expressions, then (E +F), (E-F), and (E*) are ratio
expressions.

L[o] = L{l]=14 , and Lla)=a forallain 4 ; (4.2)

for composite expressions:

LI(E+F)] = {ZIE} U{LIF]} . LIE-F)] = {LEBLF] (4.3)
and  L[(E")] = {LE[}" .

We write RatE A* for the set of rational expressions over A.

O

Stating it in another way, rational expressions are well-formed formulas, ma
from the letters of A and 0 and I taken as atomic formulas, the binary operators
and -, and the unary operator *. For example,

(a-0)+(b-a)) , (((a+b))(a ) ((a+b)"))
and (a4 (0 ((((a- (07)-a)*) - b)))*)

are rational expressions.

hat E denotes the language L[E].

Li(a+b)] = {a,b} , * (ig
LI(((a+ b)) - (a-b) - ((a+)))] = {a, b} ab{a,b}" . (4.

ble and even more widely used) to

. . ] | . e
The definition of rational expressions calls for (cf. Section 6). Both terms use the

e the term ‘depth’ rather than ‘height’ (which is also possi

ety e ny confusion with ‘star height’, which will be defined later

well as the atoms: we needed the open and close parenthesis to ensure that expre
sions can be written unambiguously, since we have chosen an infix notation for reasor
of legibility for the operators + and - . Without parentheses we would be unable

fa rational expression as a tree.
o be different from the palenlheses used in expressions. This

square brackets in L[E] ' presson
urf?bersome notation is used in the definitions to make them more legible. Th

¥ ressions.
| E] will be used hereafter, when we are more accustomed to exp
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