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"I, INTRODUCTION

IMG 1s a compiler writing system reported by McClure in
[1]. As part of the TMG system, TMGL is a language for describing
translation procedures. A sentence in TMGL can be thought of as a
recognition subroutine which performs the syntactic analysis of a
string; it is executed dynamically and has definite rules of flow.
This is in contrast to the usual syntax directed compiler, in which
the order of analysis is not specified by the writer. Once the
analysis has been accomplished, the output is then constructed,

The formalization of the syntatic analysis schema used
in TMG and the invest;gation of its properties form the scope of this
work. The results presented here can be then extgnded to include
translations into a suitably defined output alphabet.

In Chapter II we define the "TMG Recognition Schema'" (TS);
then we describe an automaton (TSA) corresponding to a given TS and
we show that the TSA accepts ex;;tly the language '"recognized" by
the TS. In Chapter III we show that the lanéuages recognized by
a subclass of TS, the so called "well-fofmed TS", include all deter-
ministic efl,

In Chapter IV we study the varfous ways in which the TS
could fail to recognize an input string; we call these "failures".

Then, these types of failures are investigated and among other results,



some closure properties and decidability results are obtained.

Chapter V discusses time compleiity: it is shown that the
languages 'recognized" by the Ts; the TSL, can be recognized in
linear time by a given algorithm.

In Chapter VI the relation between TSL and other classes
of languages is investigated. It is shown that the TSL are context
sensitive, they include some non-cfl's and the TSL over a one letter
alphabet are not regular.

Chapter VII and Chapter VIII relate to generalizations of
the TS. Two of these models, the gTS and the (%,m)-TS, which are
shown to be equivalent, are studied; it is shown that they compare
favorably with the Sriginal model. A third model (the eTS) is
.briefly.described and 1is shown to be equivalent to the gTS. Finally
it is shown that there exists a class of one way deterministic
balloon automata which accepts the class of languages recognized by

the gTS.

II, THE TMG RECOGNITION SCHEMA AND ITS AUTOMATON

First, we will give an informal description of our basic
concept.,

The "TMG recognition schema", or shortly TS, has a set of
variables, a set of terminal symbols, a distinguished symbol and a set

of rules, just like a phrase structure grammar. The rules have one



of the forms A..a or A,.BC/D where A,B,C,D are variables, "a" is a
terminal symbol or the null string € or the metasymbol "f",

Unlike a grammar there is at most one rule for each
variable in a TS, A variable in a TS behaves very much like a sub-
routine; given a string, a variable is "called". If its rule is of
the form A..BC/D, it will "call" another variable. if the rule is
of the form A..a, for some input symbol a, it will try to match the
next input symbol. The outcome of a variable "call" can be success
or failure. Suppose variable A is called on string x$§ ($ is a special
symbol called endmarker) and the rule for A is A..BC/D. Then A
calls B and two cases arise:

Case 1 B succeeds and fecognizes a substring X) s where Yy = x
for'some y. Then C is called on string y$.
"Case la C succeeds and accepts Yy Y1, = Y for some Yo-

Then A succeeds and accepts XYy
Case 1b C fails. D is called on x$ (i.e. we have back-
tracking). If D succeeds and accepts Xys XpXq = X for

some x,, then A succeeds and accepts x If D fails then

2¢
A fails,
Case 2 B fails. Then D is called on x$ and we proceed as in
Case 1b.
We should also mention at this point that a string can be

rejected by a TS for other reasons beside failure in the sense

described above (which we call "recognition failure"), for example,



if the procedure stops because a variable is called for which there .o eee....
is no rule in the TS (we call it a "subroutine failure").
Now we give a formal definition for the TS:

Definition 2.1 A TMG Recognition Schema (TS) R is a 5-tuple

R= (V,L,P,S,$) in which:
V is a finite set of variables
L 18 a finite set of terminal symbols
S is an element of V
$ 1s a symbol called endmarker, $ not in I. (For any
input alphabet I we will use the notation Ze for the set
TU{$h.
* P 1is a finite set of rules of the form a) or b):
a) A..BC/D, A,B,C,D in V.
b) A..a, a in XJ]{e,f}, f 18 a metasymbol
not in Ee and € is the null string.
For any variable A there is at most one rule with A on the lefthand
side, |
n
We define the set of relations for each n in N, A ==?(xty,i),
R

*
x,y in Ee , 1 in {0,1}, as follows:

1) If A,.a is in P, a in Ee, then

1

*
A =3 (arx, 0) for all x in I, , and
R

1

*
A = (Tbx, 1), for all x in I, bin I, bfa.
R
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2)

1

(In the derivation A =% (arx,O), A has outcome 0 - i.e,

R

success - on ax and it recognizes the aubstring a, which
is indicated by the fact that the marker ! follows the

1
substring which has been recognized. 1In A %(rbx, 1,

R

A has outcome 1 - i.e. recognition failure - on string bx
and, as 1s alwayc the case for outcome 1, the string
recognized is the null string or equivalently the marker l‘

precedes the string bx).

If A..e 18 in P, then

1 *
A = (Ix, 0) for all x in I, -
R

(The outcome for a rule A..c is success, the string recognized being ¢€).

3)

If A..f is in P, then

1 *
A= (rx, 1) for all x in L, -
R

(The outcome for a rule A..f is 1, the string recognized being, of course €).

4)

Let A..BC/D be in P. For each X) 5%, X

*
° 3andx41nz , 1f:

(@ B =>(x;Mx,x,,0), C=»(x,lx,,0), then A =» (x x.I'x,,0),
R 17273 R 2°73 R 17273
k=¢+mtl. (B and C succeed; then A succeeds and it recog-

nizes the concatenation of Xy and xz).

> clxy,00, € 5 By, DB}
(b) B T(xl Xy, ), C =? ( xz,l), D?(x3 xl‘,O, and

k
X)X, = XX, =X, then A ? (;3rxa, 0), k = 24mip+l.

(B succeeds on x X,, recognizing x , but C fails on x

1 1’ 2°
Then D is called; A recognizes whatever D recognizes).



L. . '
() Bw~=(xx,,1), D=ir-(x Px.,0), then

k ‘R 172° 172
A = (xl[‘x2 0), k = 2.-hﬁ+1. (This case is similar to
R

b). B fails and D is called; A recognizes whatever D

recognizes).

m r P ‘
@ B o lxy,00, ¢ =2 Tep)s D=m (Bxpep,0),

1 7227 R R
then A —> (rxlxz,l), k = fimtp+l., (The same as b),
R 4
only that D fails; A fails toos).
L m ) k
(e) B =‘p(r‘x ,1) and D=>(rx ,1), then A.—-#(rx
R R
k = g4+mtl. (The same as c), only that D fails hence,
A failg).
n ok
If A =4>(xry, 1), %,y in Ze , 1 in {0,1}, we say that A derives
R .

(xry,i) in n steps. (Equivalently, we will say A has outcome 1 on
Xy and it recognizes the substring x). We say that A derives (xry,i)
1f A derives (xry,i) in r steps for some r, and we write A =$'(XYY,1).

R
The language recognized by R is:

TR) = {x | x in ", S => (x$T,0)} .
R

Remarks

*
1. Let A =¢»(xry,i), for some xy in I, . Ifis= 0 we say that A
R
succeeds on xy. If i = 1, we have a recognition failure (or simply

failure).
2, We generalize the form of the rules in P, to include expressions

A..allazl... /un, where @, in V+, for 1 {1i{n and n} 1. We do



this recursively in the following way:

a) The expression A..B, A and B in V, stands for the set of
rules A..Bxllxz, X,..€, X,..f where X,, X, are new variables, to be
added to V, and which do not appear in any other rule in P.

b) The expression A..B;B, stands for the set of rules A..Blelxl,
Xl..f and X1 is a new variable which does not appear in any other rule
in P.

¢) The expression A..Ble.....Bk, for k 2 3 stands for the set
of rules A"xlBk’ xl"BlBZ""Bk-l where Xl 1s a new variable which
does not appear in any other rule in P.

d) The expression A..a/B, A and B in V, a in V+, stands for the
set of rules A..X1X2/B, )1..a, Xz.ae wher% Xl,XZ are variables which

do not appear in any other rule in P.

e) The expression A..allaé/..../an, for n ) 2 and o, in
+

V, 1€ 1i¢ n, stands for the set of rules A..allxl,xl..azla3....l a

and Xl is a new variable which does not appear in any other rule in P.
3. We generalize further the form of the rules in P to include

*
expressions A..allazl..../an, where o, in (Vﬂzeﬂ{f,e}) for 1 ¢ 1 ¢ n,

i
: *
n)1l. Leto, =BaY¥ for somel ¢ i¢m, Band Y in (VUEeU{f,e}) and

a in ZeV{f,e}. Then, in a recursive manner, the expression above

) L \J ]
stands for the set of rules A..a1/a2/..../an, Xl..a where a, = o

] h |
]
if § # 1 and a, = BXlY and Xl is a new variable which does not appear

in any other rule in P.



As an example, consider the TS R = (V,I,P,S,$) where

V={s, A X, X}, I ={a}, P ={S..AX, A.X X Ale, X_..a,

$ $’
Xge o $}.

Given an input string an$, it can be shown that if n is even then
A ?(anr$,0), otherwige A ?(an-lras,o).Using now the rule for S,

S..AX$ we get: for n even A =R? (an"$,0), X = ($P,O) and S =1?(an$|‘,0);

$
for n odd A =R¢(an-1?3$.0)xs = (Tas$, 1) and S =ﬁ> (Fa™s,1) hence

a" is in T(R) if and only if n is even:
T(R) = {a" | n ) O and n even} .

Let R = (V,I,P,S,8) be a TS. We will show that the TS can be thought
of as an automaton and for this purpose we define the "TS-automaton" A(R):

Definition 2.2 Let R = (V,I,P,S,$)be a TS,

The tape alphabet of A(R) is ' = vu{xlxz/xz,‘lx1 inVorX, =Xand AinV,

for 1 = 1,2,3}.

The internal states of A(R) are {s,r}.

A configuration of A(R) is a 3-tuple (q,x,w) where q is in {s,r}, x = xlr*,z,

*
x'l’x2 in Ze, P is a special symbol (which indicates the position of
*

the read head on string x.%,), v is in (M"N) ', N being the set of

natural numbers. The position of I in X is denoted by the function

p: Z*PZ* + N, as follows: if x = x_['x [x,] = k (by |x| we denote
* %e “e ’ ) 172 71 I

the length of the string x), then px) = k.

We define the relation ’_A—(—ﬁ) between two configurations a, B, and

we write al-A—(i—)B, as follows: assume & = (q.x,w), w = (xl’il)“'(xk’ik)’



' v ' . ] ' ] . [}
B=(, x,w), x= x_lrxz, x -xll‘xzand X % =x.1x2, q, q
in {S,r}, (.0' - (xl,il)...(xk-l’ik"l) (I)' .

1]
1) Letq=s,xk=A,AinV, A..BC/D in P; then q =g, x = x
"

and w = (B¢/D, p(N) (B, p(»).

2) Letq=s,xk=A,A:LnV, A..ainP,ainZe; then if X =

2
1 1 1] "
X b 4 = X X = X = = . X = X
a¥; we have Y 122 % 3s 4 s and o e; 1if ) b.3,
) 1 "
b#a, wehave X = X, q =randw = €.

A
3) Ifq=8s,X%X =A,AinV, A..c In P, then x = x, q =38 and

w =g,
L ]
4) Ifq=s,Xk=A,AinV,A..f1nP,thenx=x,q=r

"
and w = €,

- 1 ]
©5) Let X, = AB/C, A,B,C in V; if q = s thenq =s, X = x and
" - ' v
w = (AB/C, :Lk) (B, p(¥)); 1f q =r thenq =5, p(x) = ik and
"

w = (AB/C, 1) (c, 1).

1 1
s thenq =8, x =x

6) Let X AB/C, A,B,C in V; if q

"

and w = €. If q=r then q' =.g, p(x') =14, w" = (AB/E,ik) (C,:Lk).
7) LEt Xk L ]

AB/C, A,B,C in V; if q = s then q =8, x =xand
"

1 1 n
w =¢€¢., If q=r1 then q =r,p(x)=ik,w =g,

If °"A-(§—)B’ we say A(R) makes one move from configuration a to
®
configuration B. We write uI-A(TB if there are Gps Oogeesyl s

@=a, B=o and ay f—l—f(_ﬁ)ai+1’ for 1 £ 1< n -1 and some n,
the number of moves.

*

The language accepted by A(R) is {w|w in Z*, (s,lws,(5,0)) AR

(s, wsh,e)}.

We will show now that the language accepted by A(R), for a given
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R, is exactly T(R).

Theorem 2.1 The language accepted by A(R) is T(R).
Proof Let R = (V,%,P,S,%) be a TS.

Part One., First we show:

e

* *
(a) If A=>(x,lx »0), x.x, in I $, then for all x, in T ,Yin
R 1 72 1

* 2 * 3
Mx N) we haven(s, x3rx1x2, v (A, |x3|)) A (s, x3x1rx2,Y).

(b) If A=—ﬁ-?(rx, 1), x in Z*$, then for all y in E*,Yin (T'x N)*,
we have (s, ylx, v(a, Iyl))fxt—la (r, ylx,v). We prove (a) and (b)
simultaneously, by induction on n.
n = 1(a) Assume the rule for A in P is A..a, a in XeU{e} and
A=E> (af‘xz, 0). From configuration (s, x3'[‘ax2, y(A,|x3|)), A(R) will
go in one move to gs, x38rx2’Y)'

(b) Assume the ru.le for A in P 15 A..a, a in Xe and
A—-ﬁ?(f‘bx, 1), b # a. From configuratim; (s,yf\bx,Y(A, ly1)), A(R)
will go to (z, y"bx,Y), according to Definition 2,2,

Finally, assume the rule for A is A..f, and A——ﬁ} (f"x, 1). Then
(s, yrx, YA,y (@, y[\:.:,Y).

A(R)n
Induction siep (a) A?Ré(x{xz,O), n > 1, The first move must come

from a rule of the form A..BC/D in P.

Case 1 B ?(ylryzxz,O), C-—R#(yzrxz,O), X) = ¥;¥,. Comsider in A(R),

(s, x3ryly2x2, Y(A, |x3|)). Using Definition 2.2, in one move we get

the configuration in A(R) (s, x3l\y1y2x2, (Bc/p, |x3|))(B,|x3|). Using the
inductive hypothesis on (a) and the derivation B? (yll”yzxz,O) from
above, we get (s, x3ylt‘y2x2, Y (Bc/p, |x3|)) and then (s, x3y1[‘y2x2,
(8C/p, |x3|) (c, |x3y1|)). Repeating the same argument for C we get
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(s, x3yly2rx2, Y(BC/D, ]x3|)) and finally the configuration
(s, x3xlrx2,Y).

Case 2 B?(Px 1), D?(XIPXZ’ 0). We have in A(R) in one move

1%2»
(s, x3rx1x2, Y& [x5D) gy G x4l%,%,,v (BC/D, x40 (3, |x5])).

Using the inductive hypothesis on (b) this time, we get (r, x3rxlx2,
- - *
y(BC/D, |x3|)) and then (s, x3rx1x2,Y (BC/D, Ix3]) (D,|x3|))m

(s, x3x1rx2,Y (BC/D, |x3|)) f‘T('R—) (s, x3x1{‘x2,7).
Case 3 B-T-? (yl?yz,O), C=R-‘>(ry2, 1), D=R# ("lrxz, 0) and Y1y = X%,
This case is treated similarly.

(b) A=:$'(rx, 1), n > 1. The first step must come from a rule
of the form A..BC/Din P,
Case 1 B?(Px, 1), D=R>(Px, 1). We have in one move in A(R)
(s, ylix, ¥4, Iyl))m (s, ylx, v(Bc/p, |y[) (B, |y|)). The inductive
hypothesis and B? (Px, 1) imply A(R) goes to (r, y[\x,Y (B¢c/p, |y|))
and then (s, ylx,Y (B¢/D, |y|) (D, |y|)). Using this time the
inductive hypothesis on D, D.? (I‘ X, 1), we get the fimal configuration
of A(R) as (r, yl'x,y).
Case 2 B';(xlt\xz, 0), C?(rxz, 1), D‘—;?(rxlxz, 1) and x = XX, .
This case is treated similarly.
Part Two. We want to prove:

(c) For all y in 2*,\'.111 Tx N)*, if (s, yrxlxz, v (A, IYI)),E_*(R_?
(s, yxlrxz,y), X%, in Z*$, then A?(xll‘xz, 0).

@) Forally fn ', vin @Tx ™%, if (s, ylx,v(a, YD) s

v’\v * ' '
(r, y 'x ,¥, x in L §, then A?(Px, 1), y=y and x = x .
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We prove (c), (d) by induction on n, the number of moves of the
automaton A(R).
a=1 (¢) A one move derivation in this case implies, by Definition

2.2, x) = ain zg{e} and A..a is in P. It follows that A=R# (arxz, 0).

(d) By Definition 2.2 we have either x, = b, b in % e? and

1
A..a which implies x = bxz, A=f?(rb Xys 1), or we have A..f in P which
implies A?(rx, 1).

Induction step: n > 1. (a) First we have: (s, yrxlxz,y(A, |y|))}-A—,(‘E—)
(s, ylx,x,,v(BC/D, lyD (8, |y])), where A..BC/D is in P. It is

assumed in (c) that the tape cell with (B, |y|) will be eventually
replaced by € in some configuration of A(R).

Case 1 We assume that (B, |y|) is replaced by € in state s;

moreover,, when (C, k) is written in its place, for some k, this one

is also eventually erased and we assume that (C, k) is replaced by ¢
in state r. From the first assumption follows, by the inductive .
hypothesis (c), that if x = x,x,, and (s, yf‘x, Y(EC/D,|y|)(B,|Y|)"—m)

12

(s, vy x3t‘x4, Y(Bc/p, |y|)), x = X3, 5 then B? (x3f‘x4, 0). Next

A(R) goes to (8, y x3\"x4, Y(C/D, |y|) (c, !y‘x3[)) and finally to

(x, yx3rx4, Y(BC/D, |y|)). By the inductive hypothesis (d) follows
C=R=>((‘x4, 1). Finally A(R) goes to (s, yrxlxz, Y(8c/D, |y|) (@, !yl)) a®)
(s, yx; X, ). The last part implies D?(xlrxz, . By Definition

2.1 we have A==> (xlrxz, .

Case 2 When (B, |y|) and (c, k) are replaced by ¢,A(R) is in state s.

Case 3 When (B, |y|) is replaced by ¢ A(R) is in state c.



13

The cases 2 and 3 are treated similarly.

(d) First we have (s, ylx, Y(a, IYI)”X%R—) (s, yl'x,v(8c/p, |y])
B, |y|)), where A..BC/D is in P.
Case 1 We assume (B, |y|) 1s replaced by € in state r. Then we get
the configuration (r, y[\x, Y(Bc/D, |y|)) which goes in one move to
(s, yl\x, Y(BC/D, Iyl) O, |ly])). 1t follows that (D, Iyl) must also
be replaced by € in state r (otherwise the symbol (A, |y|) would be
finally replaced by € in state s). By the inductive hypothesis (d)
we conclude B? (Tx, 1) and also D? (’x, 1). The final configuration
is (s, yrx, Y) and hence y' = ¥y, x' = x. Also it follows, since
A..BC/D, Bi—.:«(rx, 1), D-i?(rx, 1) that A-E—ycl‘x, 1).
Case 2 (B, ly]) is replaced by € in state s. This case is treated

similarly.

*
A(R)

(s, xI,e). From (c) follows the reverse, i.e., if x is accepted by

From (a) if S"? (xl‘, 0), x in Z*$ then (s, rx,(S,O))

A(R) then it belongs to T(R). ) QED

We will now prove a "uniqueress" result, which in conjunction with

the previous theorem will be used in establishing later results.

x.
Lemma 2.1 Let R = (V,z,P,S,$) be a TS. Assume that (q, xry,y)i'A—i's
*
(ql’ "1“'1”’1) and (q, xry,Y)m) (q,, le‘yz,vz) for some
* *
4,4;,4, in {s,r}, xy = X9 = %9, in L8, v,v;,Y, in (Px N) and in
configurations (ql, xlf‘ yl’Yi)’ (ql, xzryz,y-z) A(R) has no next move.

Then q; = 9, xl = x, and Y-l = Y2-
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Proof According to Definition 2.2, in any configuration of A(R) there
is at most one possible move and therefore A(R) is deterministic.

The lemma follows immediately. QED

ITI. TS AND DETERMINISTIC PDA'S

In this chapter we define a subclass of TS, the "well-formed TS",
and we show that the class of languages they recognize include all
deterministic cfl's ([4], [5], [6]).

Definition 3.1 A well-formed TS (or shortly wfTS) R = v,z,P,s,$) is

a TS with the property: for all x in X* either Seﬁ#(x$f,0) or
S:ﬁ%(fxs, 1)1 (We mention at this point that, as we will show later,
given a TS R it is undecidable whether R is also a wfTS) .

We first give the hefinition of a DPDA (the notation used is

similar to the ome in [14]):

Definition 3.2 A deterministic pushdown automata (DPDA) is a 7-tuple

Q= (K,Z,P,G,Zo,qo,F), where:
K is a finite set of states.
I is a finite set of input symbols.
r is a finite set of pushdown symbols,
6 is a mapping from K x (ZU{e}) x T into K x P* such that for each

q in K and Z in'T, 1if 6(q, e Z) ¥ ¢ then §(q,a,2) = @ for all a in %.

Zo is an element of T.
q, is in K (the initial state)

F is a subset of K (the set of final states),
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* * *
Let Fa'be the relation on Kx £ x I’ defined as follows:

1) For a in tU{e},Z in I, if &(q,a,Z) = (p,y) then we write
(q,aw,0Z) fa-(p,w,ay), and this is called a move.

*
2) For a and B in T and x, in tWMe}, 1 €1 £ k, we write
*
(q, xl....ka,a) FE-(p,w,B) if there exist 9 =9 eees Qg =P in
K and in T such that ( )
and ¢, = 0a,..., ¢ . =B in such that (q,, x,...xw,0, fa-
(qi+1, x1+1""ka’ai+l) for 1 { 1 { k.
*
A word w is accepted by Q if (qo,w,zo)f—a—(q,e,a) for some q in

*
F and o« in T , The set of all words accepted by Q is denoted by T(Q).

Theorem 3.1 Let Ql = (Kl,z,r,sl,

language accepted by Q1 be T(Ql). There exists a wfTS R such that

Zo,qo,FI) be a DPDA and let the

I(®) = 1@Q,).

Proof The language accepted by Q1 by final state is T(Ql) = {x|x in Z*
and (qo,x;zo) F%; (q,€,Y) for any y in r* and q in F}. According to

[2], p. 168, we can assume that for all x in Z*’ there are p in K and a

ia F* such that (qo,x,zo) F%; (p,e,a), which means that the automaton

Q1 always scans the input string., We will construct from Q1 a new

DPDA Q which will accept x$, for some x in 2*, if and only if x is in T(Ql)
and in addition Q will always erase its storage tape before accepting or

rejecting, Let I = {aill {1 ¢{m} and K ='{qi|1 ¢ 1 ¢ n-2}, Then

1
Q= (K,Z,P,G,Zo,qo,F) vhere K = {qill ¢ 1 { n}, K contains two new states
» @, F={q}. Qvwill simulate Q, until the endmarker is reached;
Tp-1> 94 % 1

then if Q1 is in an accepting state, Q goes to q, which erases the tape
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and accepts the string. If, however, Ql is in a non-accepting state,
then Q goes to 93 which will erase the tape. Then: 6(q,$,2) = (qn, Z)
if q is in F and 6§(q,$,2) = (qn-l’ Z) if q is not in F, for all Z in T.
Also 6(qn,e,z) = (qn,e) and G(qn_l,e,z) = (qn_l,e) for all Z in T,
Now consider the TS R = (V,Z,P,[qozoqn],$) where: V includes the set
{lq, 2 qj]| 4,9, 10 K, Z in I‘}U{[inqj;a]Iqi,qj fn K, Zin T, a in
Ze}; V also contains variables which are implicitly defined in the
handshort notation of the rules in P, (A variable of the form [inqj]
will have outcome 0 and will recognize a string x only if Q, in state
: 9y and with Z on its storage tape will eventually erase Z in state qj
having scanned substring x on its input tape; for variables [qi Z 8],
where s # qj, the outcome wili be 1).

P containa the following rules (according to [l4] we can assume
for Q that if §(q,a,Z) = (p,y) for some q, p in K, a in EJU{E}, Zin T,
thenly| { 2):

1) if G(qi,e,z) =9 (1.e..there are no e-rules for q, in K, Z in T)
then P contains
(P1) [qiij] . al[qiij;alllaz[qiij;azll...../am[inqj;am] for all
qj in K (variables of the form [qilqj;a] are used to register the fact
that a symbol a has been recognized).

2) if G(qi,ak,z) = (qz,XRYE), X,,Y, in T, then
(®2)  [q,2q 52, 1..[a,Xq,1[q,¥)q,1/..../[aXq, 1[q ¥ q,], for all q, in K.

3) if S(qi,ak,Z) = (qz,xz), X, in T, then

(P3) [qiij;ak]"[qzxij] for all 9 in K,
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4) 1if <S(q:l,ak s Z)m (qn,E), then
(P4) [inqz;ak] .. €, and [inqj;ak] .. £, for all qj in K, qj ¥ q,-
5) 1if 6(qi,e,Z) = (qz,szz), then
(®5) layZay] .. leyXpq,1lq;,¥q,V/...../[a9,%,q,1[q Y)q,] for all q, in K.
6) if G(qi,e,z) = (qz,xl), then
(P6) [inqzl .. [qzxij], for all 9 in K.
7) 1if G(qi,e,z) = (ql,e), then

(P7) [qiqul .. €, and [inqj] .. f, for all qj in K, qj ¥ q,.

* *
Part One .We show that if (q,x,Z) i—Q— (p,e,e), x in L., 210 T, then

[qzp] = (x}',0) and [qZs] '—T-i%(rx, 1) for all s in K and s ¥ p.

. \J .
The proof is by induction on n , the number of moves of Q.

Base:n =1 Casel x = a;,a, in I, and G(q,ai,z) = (p,e). Then

[qZp;a .] .o €, [an;ai] .. £ for all s # p and [qZp] .. aI[qZp;alll...../
am[qZp;am]. It follows [q‘Zp;ai] ?(", 0) and [qZp] ‘;—I‘{?(ail‘,O). Also
in P we have [qZs] .. al[qu;a ]/...../am [qu;am]. It follows
[azs; a,] =R)(f‘, 1) for s # p and hence [qZs] =>(rai, 1).

Case 2 x = ¢ and §(q,e,2) = (p,e). (qZp] ..e, [qZs] .. £ for
8 # p and hence [qZp] =f?(l‘,0), [qZs] ?(T’ 1) for all s ¥ p. These
two cases are the only possible ones and the base of the induction is

thus proved.

Induction step Case 1 We first assume the first move from configuration

(q,x,2) 18 not an c-move. Suppose x = a;¥, a; in I, and G(q,ai,Z) =

L ) A
(p ,XY), X,Yin T, p 4n K. Then (q,2,y,2) l—b-(p ,¥,XY). For some
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' ' * *
p in k we will also have (p ,ylyz,XY) }6-(p ,yz,Y) Fa'(p,e,c). By
? " " [ ]
induction [p Xp ] =R$(ylry2, 0) and [p Yp] =Rv(y2“, 0); also [p Xs]ﬁ
” 11}

(rylyz, 1), s # p and [p Ys] ———fi?(ryz, 1), s ¥ p. We have the rule

L 1 ] "
[qZp; ai]..[p qu] [qlYp]/.../[p an] [anp]. Let k be such that p = ql?.

|
From above [p qu] =1? (rylyz, 1) for all j # k.

[} 1 "

We also have [p Yp] = (yzf‘, 0) and together with [p Xp ] =§-)(ylry2, 0)
we get [qZp; ai] 1? (ylyzf‘, 0). Finally the rule for [qZpl: [qZp]..
al[qZp; 31]/...../am[qZp; am] gives us [qZP]——K(aiYIYZI\’ 0).

Consider now the rule for [qZs; ai], s # p. [qZs; ai] ..

' ' ) ]
[p X q1][qle]/ ceee [ P an][ans]. We know already that [p qu]=¢

" L
(rylyz, 1) for ¥k, p = q, and [p qu] =§?(ylry2, 0). We also have
[qus] =?? (ryz, 1), s # p which ipplies [qZs; ai] =7? (Pylyz, 1) and
finally [qu]=§7(raiyly2, 1) for ?11 s # p.
N T ]
Next, assume S(q,ai,'z) = {p , X). Then [qZp; ai] .. [p Xp] and
J
by induction [p Xp]ﬁ (yl*, 0), hence [qZp] =I? (aiyf‘, 0); [qZs; ai] .e
[pXs] and [pXs] -? (ry, 1), all s # p, hence [qu]=Z (Paiy, 1) for all
J t
s ¢ p. If G(q,ai,z)-(p ,€) then [qZp , ai] .. € and [qZs; ai] .. £,
1
all s ¥ p and the theorem follows.
' : '
Case 2 TFirst move is an e-move, 6(q,€,2) = (p ,XY). Then let
v * " *

X = XX, such that (p , X %,, XY) {-6 (p »Xy ,Y) ‘6- (p, & €. By induction

1 ” 1 n ”
lp Xp ]=-§>(xlrx2, 0) and [p Xs] =p (Mx;x,, 1), all s # p ; [p ¥p] =¢

"

(le\, 0) and [p Ys] ?([\xz, 1), all s # p. The rule for [qZp]:

[qZp]..[p'qu][qlYp]/...../[p'an][anp]; let k be such that q =P

L
Then [q qu] —;R‘7(x1rx2, 0), [qup] ?(xzr‘, 0) and from above follows the
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theorem. Other cases are treated similarly.

]
*
Part Two We show that if [qZp] %v(xr, 0), xinI , p,qin K, Z in T,
* .
then (q,x,Z) {—6 (p,e,€).
1
The proof is by induction on n .

n = 1. The only possible case 1s {qZp]..c and [qZp]=i> (P,O), X = €,

Hence, 6(q,c,2) = (p,e) and (q,€,2) i—é (p,e,€).

Induction step Case 1 Suppose the rule for [qZp] is: [qZp]..alqup; alll
1 H
ve-../a _laZp; a_]; also [qzZp; a;]..[p qul[qlYP]/...../[P Xq 1lq Ypls
Then there are X 9%y and k such that x = a %1% and [p qu] r=—>v'(x1rx2,
[q,¥p] =P (x,0, 0), 8(q,a,,2) = (%), 2,5,Y in T, q,p in K. By
induction (p ,xlxz,XY) l—a (qk,xz,Y) {—6— (p,e,€) which proves the case.
] -
Cage 2 The rule for [qZp) is: [qZp]..[p Xq,] [qlYp]/...../
1 - 1
[p an][anp]. Then, there are xl,xz,k such that x = Xy X5 [p qu'l =
?
1er. q. Y] =7 (x,1, 0), 8(q,€,2) = (p ,X¥). By induction
T
(q’xlxz,z) }—Q— (P sx1x2’xz) t'_Q' (qk’XZ’Y) l__ (p,e,&)
Now we can show that for all x in £* , X$ 1s in T(Q) iff x 1is in
T(R). Assume x$ is in T(Q). Then (q ,X$, z ) !—j (q ,E,E). Using
Part One we get [q z qn] = (x$], 0), [q Z s] =>(rx$ 1), for all s ¥ q,-
Assume now x is in T(R); then [qozoqn] == (x$l', 0) and using

Part Two we get (qo,x$,Zo) ‘—g— (qn, € 9,

Part Three We have to show that R is a wfTS, that is for all x in X*

either [qozoqn] ?(xSt‘, 0) or [qozoqn] < (Mx$, 1). By the definition
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* *
of Q we must have for all x in I either (q,,%%,2 ) Fa (q,,€,€) or

*
(qo,x$,zo) ka (qn_l,e,e) and using ncw Part One the theorem follows. QED

IV. FAILURE TYPES AND ADDITIONAL PROPERTIES FOR TS

In this chapter we discuss the ways in which the TS could fail to
recognize an input string. These "failure types" are: recognitionm,
subroutine, end, partial-acceptance and loop failures. We show that
partial-acceptance and end failures can be eliminated; moreover,
subroutine failures can be replaced by loop failures so that for any
TS, an equivalent TS can be constructed which has only recognition or
loop failures. Using these results we prove some closure properties:
The TSL are closed under intersection, the complement of a wfISL is a
TSL, the wfTSL are closed under union. Also, we show the following
problems to be unsolvable: the Z*-problem for wfTS, the emptiness
problem for wfTS, the problem of deciding whether a given TS is a wfTS.

We start by defining the various types of failures:

*
Definition 4.1 Let R = (V,L,P,5,$) be a TS. For AinV, xin I :

1) A has a recognition failure (or simply failure) om x if
* .

(s,txs$, (4,0)) hx—(?) (r,x$,¢e).

2) A has a subroutine failure on x 1f either there is no rule

*
for A in P or (s,rx$,(A,o))sz§3 (s,xlrxz,y(B,n)) for some y in (PxN)*,

n in N, B in V such that XXy = x$ and there 1is no rule for B in P.
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3) A has an end failure on x if (s,Fx$,(A,o))}K%§3 (s,x$r,y(B,n))

for some y in (FxN)*, n in N, B in V, and the rule for B in P is B..a,
for some a in Zl (In case 2) above A(R) halts because no rule is
available for some variable. In case 3) A(R) halts because the read
head "falls off" the input tape).

4) R has a partial-acceptance (p-a) failure on x if (s,bx1x2$,

* %

(S,o))tziis (s,xlrx2$,s) for some x, in I . (We will say equivalently,
that S has a p-a failure on x. The definition of a p-a failure shows
that if S has outcome O but has not scanned the whole string, the
string is rejected and it does not belong to T(R)).

5) A has a loop failure on x if A(R) in configuration (s,sz,(A,O))

can make an unbounded number of moves.
In the following theorem we will éhow that those are the only
possible faillures.
Theorem 4.1 Llet R = (V,I,P,5,$) be a TS and x in Z*, x is not in T(R).
1f S does not have on x a subroutine, end, partial-acceptance or loop
failure then S has a recognition failure on x.
Proof A(R) in configuration (s,rx$,(S,o)) can only make a finite number
of moves, since otherwise S would have a loop failure on x. By Lemma 2.1
there is a unique configuration (q,xlrxz,y) such that X %Xy = x$,
(S,PX$,(S,0))kK%§3 (q,xlrxz,y) and A(R) has no move in this configuration.
First, assume y ¥ €; by the definition of A(R) we must have y = Yl(B,n)

for some B in V, n in N (since otherwise a move is possible). Also, we

must have a rule for B in P, since otherwise we would have a subroutine
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failure. The rule for B cannot be B..c or B..f; if the rule is B..a,
for some a in Ze, a move is still possible unless X, = € in which
case we have an end failure, Therefore the assumption y ¥ € leads to
a contradiction.
Assume now vy = €; we cannot have q = s, since we would have a
p-a failure. If q = r then, according to the definition of A(R), we
have backtracking and X, = €. We conclude that (s,rx$,(S ,0)) f;iz;)
(r,sz,e) and we have a recognition failure. QED
Consider a variable A which has the rule A..e .This variable
has the following property: if we start A(R) in configuration
(s,V'x,(A,0)), for some x in Z*SU{e}, the storage tape is eventually
erased and no input symbol is checked for a match (we notice x can be ¢),.
In other words, when A(R) has scanned the input string and has also
successfully matched the endmarker, every variable called afterwards
has to have this property if A(R) is to accept the input, since the
first attempt to match a symbol in Ze will cause the read-head to
"fall off" the input tape and A(R) will halt,
Next we study the set of variables in V which have this property

and which belong to one of the sets U(R), V(R):

Definition 4.2 Let R be a TS, R = (V,Z,P,S,$). Construct U(R)< V and

V(R) SV as follows:
n v = {A|A 1n V, A..c in P} v, - {A|A 1n V,A..f 1in P}.

2) Ui = Uil){AIif A..BC/D in P for some B,C,D in V then (B,C in Ui)

or (BinV, and Din V) or (B,Din VU and C taV )}, V = v Utal1£ A..Bc/D

i i
in P for some B,C,D in V then (B,D in Vi) or (BinU

i+1

1 and C,D in Vi)},

for 1) 0.
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3) Let I be the smallest integer such that UI+1 = UI and

VI+1 = VI (the existence of I is assured by the finiteness of V). Let

U(R) = U, V(R) = VI'

I’
The following lemma gives a precise description to the mentioned

property of the elements of U(R), V(R):

*
Lemma 4.1 a) (s,f,(A,o))sz; (s,l,c) 1ff A in U(R).

b) (B,P,(A,o))k2§; (r,t,e) 1ff A in V(R).

Proof

The 'only if" part. The proof is by induction on n, the number of

moves in A(R).
n =1 In (a) we must have the-rule A,.€, hence A in Uo. For (b) we
must have the rule A..f, hence A is in V .

Induction step (a) Assume A..BC/D is the rule for A. Then several cases

*
arise. First let A succeed through B and C, that is (s,r,(B,o))fZ'E;

G,h,9), (S,P,(C,o))f‘i" (s,l’,e). By induction B is in U(R) and
A(R)

C is in U(R), and by construction of U follows that A is in U(R).
All other cases are similarly treated.

(b) Assume A..BC/D is the rule for A. Conmsider first the case
B and D fail: (s,r,(B,o))*z%i' (,t,9), (s,P,(D,o))rK%ES (r,b,e). By
induction B ig in V(R) and D is in V(R). We finally get that A is in

o’

V(R). The other case is similar.

"1f" Consider the sets Uo’ Ul,...,UI and vo’vl""’VI' Given a

variable A in U(R) we can associate with A an integer i such

that A 1s the Ui and not in Uj for j < 1i. Similarly, if



24

A is in V(R), let i be such that A is in V1 and not in Vj for all
j < 1. The proof is by induction on i associated with A in V,
Base (a) 1 =o or Ain Uo; the theorem follows,

(b) A in Vo and the theorem follows.

Induction step (a) Assume A is in Ui' Consider first the case

where A..BC/D in P and A is in Uy because B,C in U By induction

i-1°
(S.P.(B,O))fz%i) (s,l,e) and (S,P,(C,O))|K%§) (s,},e). It follows

e, (4,00 by (8,1, (BE/D,0) (B, gmy (8,5, (C,00) by (8, ,e). AL
other cases are similarly treated.

(b) A in V,, A..BC/D in P. Consider the case where B is in

i’
Ui-l’ C,D in vi-l’ We apply the inductive hypothesis to obtain

* *
(s,‘, (B,o))fzzib (s,r,e) and .also (s,r, (C,o))lzzis (r,r,e) and a

similar expression for D. The theorem follows. QED

In order to prove some important properties of the TS, such as
closure under intersection, we have to show that partial-acceptance
failures can be eliminated. We make use of the previous lemma in order

to prove:

Theorem 4.2 Given a TS R = (V,I,P,S,%), there is a TS R' which has no
p-a failures and T(R) = T(R').

Proof Consider the TS R = (v',z,P',§,$) where V. = {A,A] all A in V}
$4{J} and J 1s not in V. The significance of the pair of variables A, A

) ]
in V corresponding tc the variable A in V 1is the following: A in R
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behaves like A in R, accepting the same strings; however A will sccept
only strings in Z*S and only those which are also accepted by A. For
example, assume the rule for S in R is S..AB/C; first we notice that
in R', we have to use S as the distinguished symbol. Then (assume
for the moment that B is not in U(R)) on a recursive argument we have
to write the rule for S in R' as: S5..AB/C. 1In other words we keep
track of the variable which accepts the last symbol of the string and
make sure this one is the endmarker. Formally, P' is formed as follows:

1) 41f A..c is in P, then P contains A..J and A..e.

2) 1f A..a is in P, a in I, then P' has A..aJ] and A..a.

3) 4f A..$ is in P, then A..$, A..$ are in P,

4) if A..f is in P, then P contaims A..f, A..f.

5) 1f A..BC/D is in P and C is not in U(R), then P' contains
A..BC/D and .A..BC/D. |

6) 4if A..BC/D is in P and C is in U(R), then P contains A..BC/D

and A..BC/D.

The rest of the proof follows in three parts:

*
Part One First we show: for all X, in I, 1 in {0,1}, A=y (xll‘xz,i)

iff A? (x sz, i). The proof is easily obtained by induction, first on

1

the number of steps in the derivation in R and then for the "if" part,

) 1
the induction is on the number of steps in the derivation in R .

*
Part Two For all x in I

b4

(a) A = (x$f',0) 1ff A = x$,0)
) A=y (s, 1) 168 A2 (Txs, 1)
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The "only if" part By induction on the number of steps in the derivation

in R.
Base (a) A one step derivation implies A=§* (SP,O), and A..S in P,
We get A..$ in P', K’i? (Sr,o).

(b) Several cases arise. If A..f is in P, then A..f is in P and
the theorem holds. If A..a is in P, a in I, then A..aJ is in P and
in R' we get 7\? ('\x$, 1). Finally, the case A..$ in P is also easily
verified.

Induction step (a) Again, several cases are possible:

Case 1 A..BC/D is in P, C is not in U(R).

1a) B =y (x}x,8, 0), C =¥ (x,8F, 0) for some x  1n ¥, x %, = X
Then by induction C = (xzsl‘, 0). Also, A..BC/D is in P', B =§>,(xlt x,$, 0),
‘hence & =% x$h, 0).

ib) B 7 (rx$, 1.), D = (xsf*, 0). By induction D ? (xs$l,0)
and we get & =% (xsf, 0).

1c) Similar.
Case 2 A..BC/D in P, C in U(R). This case is similarly treated.

() Given A =7 (%8, 1).
Case 1 A..BC/D is in P, C is not in U(R).

12) B.=>(1x$, 1), D =2 (Mx$, 1). By induction D =+ (Ixs, 1).
Also we have A..BC/D in P and B Ul (Tx$, 1),hence X = (l\x$, 1).

1b) B==I={?(x1Yx2$, 0),C ?(szs, 1), n?(l‘xs, 1), for some
x, in I, x,X, = x. By induction & T (%8, 1), B = (Ns, 1.

A..BC/D 1s in P' and B -—I-{——‘;-"(xlrxzs, 0), hence A —i“—?('\xs, 1).
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Case 2 A..BC/D in P, C in U(R). The only possibility is: B = (A:$, 1)
and D =§-(sz, 1). We have A..BC/D in P' and applying the inductive
hypothesis we get A = (sz, 1).

"if" By induction on the number of steps in the derivation in R'.

This part of the proof is similar to the one above.

Part three We will show R' has no partial-acceptance failures by
showing that for no A in V and no X;,%, in Z* we have A =ﬁ$'(xﬂ‘x2$, 0).
The proof is by induction on the number of steps in the derivation in R'.
Base Assume we have a one step derivation in R'. The rule in P'
corresponding to the derivation step cannot be of the form A..aJ or
A..Jor A..f. The only remaining possibility is A..$ but this does

not apply either because we assumed XX, in 2*.

Induction step Two cases arise:

Case 1 let the rule for A in P' be A..BE/B.

la) let B —’I‘{—';#(x3rx4x2$, 0), (-:-"—Ii% (xarxzs, 0); but this contradicts
the hypothesis, hence it is not possible.

1b) and lc) are similar.
Case 2 let A..BC/D be in P', The reasoning from above applies here
too and we conclude R' has no partial-acceptance failures. QED
Remarks

1) By using techniques similar to the ones in Theorem 4.2 it
can be shown that in a TS the end failures can also be eliminated.
Therefore we can replace all p-a and end failures by subroutine failures.

Moreover, any subroutine failure can be replaced by a loop failure; for
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example, if there is no rule for variable A, we write for A the rule
A. .AA/A which will produce a loop failure instead. Hence, for any
given TS R there exists a TS R' such that T(R) = T(R') and R' has only
recognition or loop failures.

2) Another way of eliminating subroutine failure is to replace
them by end failure. Assume there is no rule for A in P; we will
include in P: A..a;A/asA/.../a A where {ai[ 1{14{n}=12.Itis
easy to see that when A is called an end failure will result.

Using the result from above we can now prove that the TS languages

are closed under intersection.

Theorem 4.3 Let Ri = (Vi,z,Pi,Si,

TS R such that T(R) = T(ROAT(R,).

$), 1 = 1,2, be two TS. There is a

25222. We will assume kl’ R2 have no partial-accepgance failures and
dalso that ViV, = #. Consider the TS R = (V,I,P,S,$) in which:

V= vlu VZU{S,X,J,Y,Z} where S,X,J,Y,Z are new variables,

P = P,UP,U{S..X¥/S,,Y..£,X..5,2/J,2..c}. Ve will show: S =» (xs$l, 0)
1ff 5, =¥ x$h, 0), 1 = 1,2.

i
The "only if" part Assume S =§'(x$r, 0). The rule for S is S..XY/SZ;

we notice that X cannot have a recognition failure (due to the rule
X..SIZ/J and to the fact that J has no rule in P), hence the only way

for S to succeed is for X and S2 to succeed. But X succeeds only if S1

succeeds and since Sl,S2 cannot have partial-acceptance failures, it
follows S1 =§Z (xSP, 0) and S2 =§; sh, 0).

"{f" Assume Si ? (x$F, 0), 1 = 1,2, We have 2 ? (F, 0) and using
b

the rule for X we get X ’15{' (xSP, 0). We have in R: Y ? (P, 1) and
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Sy ? (x$]N, 0); using the rule for S we finally get § -? (k$ I, 0. QED

Theorem 4.4 The complement of a wfTS language is a TS language.

Proof Let R = (V,I,P,S,$) be a wfIS. Consider the TS R' = (V',I,P',S",$)
as follows: V' includes the set VU{S', J,A), where S', A, J are new
variables.

Let T = {ai[ 1¢{ 1<k }; P' contains the rules in P and also the
rules: S'..SJ/A, A. .alA/azA/...../akA/$.

First we show: for all x in Z*, if x 18 in T(R) then x 1is not
in T(R'). Indeed, x in T(R) means S -‘—';?(xﬂ\, 0); then by the rule
S$'..SJ/A we have in R' a subroutine failure (there is no rule for J in
P'). By Lemma 2.1 the result is unique, hence x is not in T(R').

On the otheﬁr hand, suppose x is not in T(R). We must have, under
the assumi)t:lon R is wfTS, S ?(l\x$, 1). Now A 'R%‘ (x$h, 05 for all
x in E*, and the rule S'..SJ/A will finally give S' "—E‘—,‘? (x$l, 0), hence

x 1s in T(R'). We conclude that T(R') = T(R). QED

Next, we show that the wfTSL are closed under union.
Theorem 4.5 Let Ri - (Vi,'X,Pi,Si,s), 1 =1,2, be two wETS. There
exists a WETS R such that T(R) = T(R,WT(R,).
Proof We will assume VanZ = 4. Consider the wETS R = (v,z,P,S,$) as
follows: V includes the set V1UV2; it also contains S, a new variable,
P includes PIUPZ and it also contains the rules S..Sll S,. We will
show: for all x in Z*, x is in T(R) 1iff x is in T(RI)UT(RZ). First

assume x is in T(R); this implies S =R$(x$'\,0). The rule for S in R:

Y
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S..Sl/SZ. The derivation S =R#(x$r, 0) is produced either by Sl =§>

(x$f, 0), which implies x is in T(Rl), or by S =R$(rx$, 1) and

1
Sz-j? (xsr, 0), which implies x is in T(Rz). In either case x is in
T(Rl)UT(RZ)' On the other hand,ﬂsuppose x is in T(RIX}T(RZ). If x

is in T(Rl) then we also have S ?(xﬂ‘, 0) and S = xs$h, 0), 1.e.

1
x is in T(R); 1if x is in T(RZ) and not in T(Rl), we easily get x is in
T(R). Finally R is well formed: suppose x is not in T(R). Then x is
not in T(R)JT(R,) which implies S, =» (Ix§, 1) and S, =¥ (fx$, 1).

1 )

We also have $4 =§?(rk$, 1), S, -?? (Fxs, 1) and finally S =ﬁr(rx$, 1). QED

In the next theorem we show the 2*-prob1em for wfTS is unsolvable
(for definitions see [.2]).
Theorem 4.6 It 1s unsplvable whether the language recognized by an
arbitrary wfTS contains all the strings over its input alphabet.
Proof We know that the question (Ql) whether the intersection of two
languages accepted by two arbitrary DPDA's is empty, is unsolvable ([2]).
Let Ll’ L2 be languages accepted by the arbitrary DPDA's Al’ A2. We
know ([2]) that we can construct two DPDA's, A] and A; such that the

2

languages accepted by those are il and iz. By Theorem 3.1 we can
effectively find two wfTS, R; and R, such that T(R)) = El and T(R,) = fz.
Moreover, by Theorem 4.5, we can construct a wfTS R such that T(R) =

f.lU i2' Suppose now that the question whether T(R) = 2* was solvable.
Then we could decide whether ff)fz -z or, equivalently, whether

Lf\LZ = 4. This implies we could solve the given instance of Ql’ which

is a contradiction, QED
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At this point we can show that the emptiness problem for wfTS is
unsolvable.
Theorem 4.7 It is unsolvable whether the language recognized by an
arbitrary wfTS is empty.
Proof Consider the question Q1 as in Theorem 4.6 and the instance of

Q, with DPDA's A, and A, which accept the languages L, and L, respectively.
1 1 2 1 2

We will make the following assumption about A A,: let # be a

1!

new symbol; the input alphabet of Al and A, will contain #, and if this

2
symbol appears in a string, the string is rejected. This assumption

does not change the generality of the proof, because given an arbitrary
DPDA, an equivalent DPDA with the above property can be constructed.

Consider the wfTS Rl,R2,R for which an effective construction was

provided in Theorem 4.6; 1t was shown that if we could decide whether
* .
T(R) = I we would have a solutfon for the given instance of Ql'

Next we will describe the effective construction of a wfTS R3

*
such that T(R) = £ 1iff T(RB) = ¢. (The existence of a 2§.R3 is

guaranteed by Theorem 4.4. However, we are about to show that a well-
formed R3 can be found). It follows that if we could decide whether
T(R3) = ¢ we then would have a solution for the instance of Ql.

Let R = (V,IU{#},P,S,$). Consider R, = (v3,zl,r3,33,#) where:

5 includes V“{S3,S4,X,A},

83,54,X,A are new variables. P3 includes P and also the set of rules:

21 = 1U{$}; let ¢ = {ai|l ¢ 1 g¢ml. Vv

S4..XS,, X..SX/¢, S,..af,

4
A..alA/azA/...amA/$ .
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% *
We first show: if T(R) = £ then T(RB) = ¢, Assume T(R) = £ , Let

*
y in Zl be an input string for R3. We write y: y = xl$x?_$...:'cn__1$xu for

%
some integer n and some strings x, in I , 1 < 1 {( n. We have

i

S ? (xi$[‘, 0) for 1 £ 1 ¢ n-1, because S ——I-?(xisl‘, 0) as we assumed
3
*
T(R) = Z . Since any string with # is rejected we have S =» (l\xn#, 1),

R,

which together with X..SX/e implies X ‘T? (x1$..xn_1$ xn#, 0). And
3
*
since A ? (Mx#, 1) for all x in I , we have A - (Txn#, 1). Then
3

3
s, =» (Mx_#, 1) and finally S, =» (ry#, 1), vwhich implies that y
4 R3 n 3 R3

is mot in T(Rj).
Next we show: if T(R) # Z* then T(R3) ¥ 4. Let x in Z* and
s =% (Ix§, 0). Then, 1n R, X =¥ (fxs#, 0), A < slt, 00, s, = G$#l, 0)
3 3 3
and finally S, R (x$#1, 0) which implies T(R3) ¢ 4. We then conclude

3

*
that T(R) = I 1iff T(R3) = ¢ and thus the proof is complete. QED

Corollary It is unsolvable whether the language recognized by an
arbitrary TS is empty or accepts Z*.

The above result, expressed in terms of the TMG system from which
the TS was modeled, implies that given a program in the TMG language,
we cannot know if this program does anything at all. Since the
emptiness problem is decidable for cfl's, the TS languages are, from
this point of view, at a disadvantage for practical applications.

As we mentioned earlier, given a TS we can eliminate certain
types of failures. For instance, Theorem 4.2 shows that p~a failures
can be eliminated if we are willing to tolerate subroutine failures.

It was also pointed out that given any TS R, a TS R' can be constructed
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such that T(R) = T(R') and any failure in R' is either a recognition
or a loop failure. The question which arises is whether we can
eliminate the loop failures in a given TS. Moreover, if we could
eliminate all the loop failures without introducing other types of
failures except recognition failures then we would reduce the given TS
to a well-formed TS (In fact to a slightly restricted wfTS since the
definition of a wfTS requires only S, the distinguished variable, to
have only recognition failures). We suspect that loop failures caﬁnot
be eliminated in a TS and the following result seems to support this -
view.

Theorem 4.8 It is unsolvable whether an arbitrary TS is a wfTS.

Proof It was shown in Theorem 4.6 that it is unsolvable, for an arbitrary

*
wfTS Rl’ whether T(Rl) = 3 . Let R1 = (vlz P Sl,$) be a wfTS. Consider

1’
the TS R = (V,L,P,S,$) where: V includes V1 and also contains a new
variable S. P includes Pl and the rules: S..Slls; We will show that

*
R is a wiTS if and only if T(Rl) = L ., If we could decide whether R
*
is a wfTS we could decide whether T(Rl) = I . First we show that if R
*
is a wfTS then T(Rl) = £ ., The rule for S: S..Slle implies that for
*
no x in I , Sl =R> (’'x$, 1), because we would have then S ? (Tx$, 0)
and this 1s not possible in a wfTS. Hence we must have S1 =i (xsr, 0),
*
for all x in £ , or T(Rl) = E*.
* *
Now suppose T(Rl) = I ; then § =g (x$t, 0) for all x in I and

therefore R is a wfTS. QED
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V. TIME COMPLEXITY OF TSL

We will describe a procedure which, given a TS and an input
string of length n, will accept the string if and only if it is in the
language recognized by the TS. Then we will prove the procedure halts
after at most c.n steps from some constant c.

Algorithm 5.1 Let R= (V,2,P,5,8) be a TS and w = aja,...a

$s

*
w in I §, the input string.

The recognition matrix M of w 18 a r x n matrix, r being the number

of elements in V, where each entry m(i,j) is in the set {(0,k)|

1< k¢n}J{e,1,2}. Initially for all i,j,m(i,j) = €. Let i,j be
integers; i will designate the row, j will designate the column. Let
V= {Aill ¢1¢rl,s= A,, and write the elements of P as {p1|1 ¢ 1¢ r}
wﬁére Py is the rulé for'Ai if there is such a rule in p, otherwise

p, = 6. The meaning of m(1,j) is the following:

- if m(4,3j) = (o,k), for some integer k, j-1 < k ¢ n, then
Ai =§?(ajaj+1...akrak+1...$, 0).

- if m(1,j) = 1 then Ai < (raj...$, 1)

- if m(i,3j) = 2 then Ai has on ajaj+1....$ a subroutine failure
or an end failure or a loop failure. (See Definition 4.1).

The main part of the algorithm consists of filling in the entries
of the recognition matrix M of w; this is described by the block
diagram in Fig, 5.1:

1) The entrfes of M are filled in by columns from right to left,

the last column 1is filled in first.
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2)‘ The entries of a given column j are filled in as follows:
the column is scanned from top down (we call this a '"pass') considering
all entries m(i,j) = €, until an entry is found which can be filled
in. After this is done, another pass is initlated, starting from the
first row. An entry m(i,j) can be filled in in several cases:

a) There is no rule for A,, i.e. Py = ¢; then we have a sub-
routine failure and m(1,j) is set to 2,

b) The rule for A, has the form A,..a, for some a in ZéJ{e,f}.

i i

if a 18 in Ze, then it is matched against a,, the symbol corresponding

j°
to column j; if a = aJ the m(i,j) is set to (0,j). In case a ¥ aj
or if a = £ we have a recognition failure and m(i,j) is set to 1. If
a = ¢ then g(i,j) is set to (o, j-1) which indicates that the symbol
aj has yet to be checked against a.symbol in Ee.

.c) Let the rule for A, be Ai"AkAQ/As' In érder to fi11 in
m(i,j), we must first have m(k,j) # €. Let m(k,j) = (o,n,;), for some
n, J< n, <n (other cases are similar). Next consider m(%, n1+1); under
the assumptions made m(z,n1+1) fe. If m(e, nl+1)-- (o, nz) for some
n,, 0, { n, then m(i,j) 1is set to (o,nz). If m(2, n1+1) = 2 then
m(i,j) is set to 2 and we have a subroutine failure. If m(%, nl+1) =1
then we consider m(s,j) - if m(i,j) 1is to be filled in we must have
m(s,}) # ¢ - and we set m(1,}) = m(s,}).

3) After r passes, the column to the left is considered.

However, if less than r passes have been made and no other entry can
be filled in, all entries (1,j) such that m(i,j) = € are set to 2 (we

have in this case loop failures). When finally M is filled in, the

value of m(1,1) is checked. If m(1,1) = (o,n) the string is accepted.
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Fig.5.1 Block Diagram for Algoritm 5.1



37

27.
30. 28, T 0. =n

m@,j)-2 L in U(R m(k,j);(O,nl))

29. T
a(1,1)« ©,n)) g
31.

T
34, 3
m(i,})e m(l,nl+l) ‘ «,3)
13
T
(oo tod et B
) . 22 F 25. .
ATTA A(k,1)= ik, 1)
AL A A A -
26.[ 2@, <2
Go top v

24, ‘( Go toa

n(i,}) e n(s,3)

m(i,3)=(0,1)




38

Example 5.1 Consider R = (V,I,P,S,$) where:
Ve={all¢1¢6},8=4

L a {a}.

1°

P = Al-.AyAg, AyoBAc/Ay, Agiie, A Ay, Ag..a, Ag..$

Let the input string be W = zaaaaa$. By applying the Algorithm 5.1 we

get from M on w:

1 2 3 4 5 6 7
1 |7@,D 1 1 1 ©,7N 1 0,7
2 | (0,6) (0,5) (0,4) (0,3) (0,6) (0,50  (0,6)
3 | (0,0) (0,1) (0,2) (0,3) (0,4) (0,5  (0,6)
4 | (0,5) (0,4) (0,3 (0,6) (0,5  (0,6) 1
5 | 0,1)  (0,2) (0,3 (0,4) (0,5  (0,6) 1
.6 1 1 1 1 1 1 0,7)

To 1llustrate how the algorithm works, suppose columns 4 through
7 have been filed in and columm 3 is considered next. The first pass
will skip over m(1,3), m(2,3); m(3,3) will be set to (0,2). On the
next pass m(5,3) 1s set to (0,3). The third pass will consider m(4,3);
as m(5,3) = (0,3) and the rule for A4 is Aﬂ"ASAZ’ we consider
m(2,4) = (0,3) and we set m(4,3) to (0,3). When M is completed, we
check that m(1,1) = (O,n); in this case (0,7), and the string is

2(2"-1)
accepted. It will be shown later that T(R) = {a |n

= 0’1’2’0..}.
In Fig. 5.1 various steps in the algorithm were deaignated by

numbers from 1 to 45. It can be shown that each of these steps takes a
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finite amount of time to perform on any computer. (For a more
formal treatment of a "random access machine'" see [11], [13]). The
next theorem gives a bound for the number of steps, in the sense

described above, required by Algorithm 5.1.

Theorem 5.1 For a given TS, Algorithm 5.1 recognizes a string of
length n in less than c.n steps, for some constant c.

Proof Consider the three integers n-j, K,i where n is the length of
the input string, j,k,i are the contents of the counters for,
respectively, column number, number of passes and the row number.

The algorithm can make at most r, steps, L2 < 45 by Fig. 5.1, before 1
or K is increased; an upper bound'for the number of steps, for a given

i, is rz,t Let ¢C= r%rl; it follows that the matrix is completely

1°
processed after c.n steps. We will show that for all 1,§, 1 <1 ¢ r,
1 ¢Jg¢n:

(a) m(i,3j) = (o,k) 1ff A =§f(aj...akfak+l....an$,o).

(®) m(i,§) =1 iff &, =>R(t‘aj....an$, 1).

The "only if'" part We will prove (a), (b) simultaneously by induction

on the number of passes on the columms of M.

Base m(i,j) is filled in on the first pass (which implies j = n).
(a) We have m(i,n) = (o,k) for some k, two cases are possible.

We could have Ai"$ and then k = n or we could have A, ..c and then

k = n-1. 1In both cases the theorem is easily verified.
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(b) We have m(_j_,‘n) = 1; then either Aj..a and a ¥ § for some

ain I, or Aj..f. 1In both cases A ?(rs, 1).

Induction step Let P contain A "AlAm/Ap'

i

(a) We have m(i,j) = (o,k), for some k. Several cases arise:
Case 1 m(2,j) =1, m(p,}) = (0,k). By induction AR, ?(f‘aj....au& 1),

Ap = (aj....akf‘ak+1...an$, o). Using the rule for A, we get

b 8
Ai ? (aj....ak“ak+1...an$, o). Other cases are similarly treated.

(b) m(i,3j) = 1.
Case 1 m(2,§) = 1, m(p,j) = 1. By induction A ‘—Tf(raj...an‘-i, 1),

. -

Ap 2 (f‘aj....an$, 1). Using the rule for A : Ai B (“aj....ans, 1).
The other case is treated similarly.
"if" We prove (a), (b) simultaneously, by induction on the number of
derivation steps in R (see Definition 2.1).

" Bagse For one step derivation the theorem is easily checked.

=>
Induction step Let P contain A:L“AR,Am/Ap’ (a) We have A (wlrwz, o)

where _wl = aj....ak, v, = ak+1""8‘n-1$' As before,‘several cases
arise. Suppose Az?(rwlwz, 1), Apri-; (wll‘wz. o) .Then, by induction
m(%,3) = 1, m(p,j) = (o,k). The algorithm will give m(i,j) = (o,k).
Other cases are proved similarly.

(b) Assume A =2 (fw, 1), vhere w = aj....an_ls. Also let
Al -I?(rw , 1), Ap =R* (v » 1). Then by Algorithm 5.1 and using the
inductive hypothesis we get m(2,j) = 1, m(p,j) = 1 and m(i,§) = 1.

The proof is similar for the other case. QED
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VI. TS AND THE PHRASE STRUCTURE GRAMMARS

In this chapter we will show that the TSL are context sensitive
and that they include some non - cfl's. Also, it will be shown that
the TSL over a one letter alphabet are not regular.

In showing that the TSL are context sensitive we will use the
concept of a deterministic linear bounded automaton. The linear
bounded automaton (2ba) was studied in [9], (10]). We will use the
following definition of a deterministic f&ba:

Definition 6.1 A deterministic linear bounded automaton M is a

6-tuple M = (K,Z G,qo,F) in vhich:

M’PM’
K 1is a finite set of states

Iy 1s a finite set of input symbols; I, contains two special

M
symbols: the left marker ¢ and the right marker §$.

I'M ;l;s a finite set of tape symbols, ZM_C_ I‘M.

q, i1s an element of K

F is the set of final states, F< K.

¢ is a mapping from K x Ty into K x T x {c,L,Rr}.
A configuration of M is denoted (q, lez...zn,i) where q is in K, 21’22""’

z in I‘M, and 1 is an integer, 1 { 1 ¢ n. We define the relation *-M_
between two configurations of M as follows:
1) If 6(q,Zi) = (p,2,L) and 1 > 1 then we say that (q,Z i)

P;; (r,2

129+ 2>
RTER A AP AR T O B

2) 1If G(q,Zi) = (p,2,C) then we say that (q,zlzz....zn,i)

}ﬁ-(p,zlzz....zi_lzzi+1....zn,1).
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3) 1If s(q,zi) = (p,Z,R) then we say that (q’zlzz""znfL)

*
i—b—{- (p’ZIZZ veeeZy 122 qeeeeZpy i+l1). We define the relation |—;4— as

the reflexive, transitive closure of The language accepted by M

'T('

1s {w|w is in (ZM-¢,$)*, (q°,¢w$, 1) }%%(q,&,i) for some q in F,
a in FM*, and integer i}.
Theorem 6.1 For any TS R = (V,I,P,S,$) there exists a deterministic
2ba M such that the language accepted by M is T(R).
Proof First we notice that Algorithm 5.1 does not illustrate the
point of this theorem; to implement Algorithm 5.1 on a multitape
Turing machine in the natural way would require nlogn tape. The
reason is the following: an entry has to store elements in the
set {(o;k)' l<kgn whiéh encoded will take an amount of tape
proportionai to logn; as there are n columns in the matrix, we need
nlogn tape. Consider the deterministic ¢ba M = (K,ZM,FM,G,qo,F) in
which:

K= {qo,ql,qZ}U{[p,a]|p in {s,r}, a in VU{},c}}.

Iy = ZU{¢,$}.

Ty = {Me}-2.(PU{e})T where r = |V| (by |X| we denote the number
of elements in the set X), and T is the tape alphabet of A(R).
(In the course of the computation, input symbols are not erased, but
they can be rewritten followed by a string over F* of length r or
less). Let the tape of M contain initially ¢ala2....an$.
6 is given by the following rules:

1) For all a in Ze? G(qo,a) = ({s,c],las,C). (The marker

moves along the tape in the course of the computation. The rule
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above writes the marker at the beginning of the computation, pointing
to the first input symbol).

2) If A..BC/D is in P, then for all v,8([s,c],yA) = ([s,c],
y(BC/D)B,C). 1If A..c is in P, then for all v,6([s,c], yA) =
(Is,e], Y, C). Also, if A..f 1s in P then for all v,86([s,c], YA) =
(fr,el,y, €). (In a given state in K, the symbols s,r show the last
variable called has succeeded or failed, respectively.

3) If A..ais in P, a in Ze, then for all a in Ze, a, $a
and all a, 6([3,5],TaiaA) = ([r,e],taia,c).

4) "If A..a, in P, a in I, then for all a.&([s,s],faiaA) -

i
(s}, aia,R), ané also 6([s,f],aj) =.([s,e],raj, L) for all aj in Ze.
If A..$ in P, then §([s,c1,M$c8) = ([s,e], $a,C).(When there is a
match, the marker is moved to the next cell. For $ the marker is
erased and any attempt to match another symbol will cause M to halt).

5) 8([9,5],31) = ([s,e],ai,L) for all a, in Ze. §([s,e],
v(&B/C)) = ([s,e], Y(AB/C)B,C), §([s,c], Y(A®/C)) = ([s¢],v,C) and
§([s,e]l, v(aB/C)) = ([s,e],y,C) for all y and all A,B,C in V.

6) If A..a is in P, a in Ly then §({s,e], aiuA) = ({s,A], aia,R)
for all a, in I. 8([s,Al, a,) = ([s,Al,a,,R) and 6([s,A],Taj) =

([s,e],rajA,C) for all a;,a in I, A in V. (In state [s,A] M moves to

]

the right searching for the marker ! and when this is found, A is called).
7) For all y and all B,C,D, in V: 8@r,c], v(BC/D)) = ([s,e],

v(BC/D),C), 8([r,e], v(BC/D)) = ([s,c], y(BC/D),C) and &(Ir,e],

v(8Cc/D)) = ([r,el,y, C). (In state [r,c], or [s,c], M moves to the
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left to report a failure, or success). We also have for all a, in
£, and all a: 6([r,e],Fai) - ([r,?],ai,L), 5([r,rl,ai) = ([x,F1,
ai,L), §(fr,l], aia) - ([r,e],raia,c). (In state [r,}] M backtracks
after a recognition failure and the marker is moved to the place the
last rule was called from).

8) 6([s,c),¢) = (q1,¢,R), 6(q1,ai) - (ql’ai’R) for all a, in I
and 6(q1,$) - (q2,$,c). (The symbol ¢ 1s reached when S succeeds;
then M, in state 9, verifies the marker } has been erased which means
the string has been accepted. ¢, is the final state).

It remains to show that x in b is accepted by M iff % in T(R).
The following can be shown by induction: 1let the input string be
¢ alaz...ans, let a configuration of M be described as (q,w,i) where
qin K, w= (yl)(yz)..., each Yy in I‘M, 1 an integer, 1 ¢ i ¢ n, which
shows the location of the read-head; then ([s,e],y(faiaA)(ai+1)(ai+2)
@) @S, D) by (laye], Y@ Gy (e (ay )8, 9)
for some y in T *, o in P*, Ain vV, 1,4 in {1,2,...n}, 1ff A‘ﬁ?
(ag----a sta...a 8, 0) and ([s,e),y(Pa,am)...$, 1) b e e,

Y(I‘aia)(a Y...5, 1) 1ff A ?(rai....& 1). The theorem follows

1+1
immediately. QED

It was shown in Theorem 5.1 that any TS language can be
recognized in linear time on a suitable "machine" using Algorithm
5.1, On the other hand, it is not known if there is a cfl which cannot
be reccgnized in linear time by a suitable algorithm. In view of

these facts we conjecture that there are cfl which are not TS.
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It is easy to see that there are TS languages which are not
context-free. For example consider the deterministic cfl
L = {a"%a" | n,m 21} and L, = {a®"a" | n,m » 1}. Their inster-
section L = Lll\L2 = {a"b"c" | n2 1} is not a cfl but according to
Theorem 3.2 and Theorem 4.5 there is a TS Rsuch that L = T(R).

Next we will prove that the TSL over a one letter alphabet are
not regular by producing such a non-regular language. (The cfl's over
a one letter alphabet are regular, [12]). Consider Example 5.1:

R = (V,E,P,A,$), where V = {A, | 11 ¢6}, £ ={al,
P={A ..ALA_, A ..A AS/A3, A3..e, A,..AcA,y, As..a, A6..$}.

1°77276° "2° 4 4°"572”

- .2(27-1)
Theorem 6.2 Let R be the TS described above. Then T(R) = {a |

ne0,1,2,....}.

Proof Let the input string be w = am, let N be the iargest integer

such that m = 2(2N-l) + k for gome positive k; then 0 < k < 2N+1

(It is easy to see there is always such an integer N). We will show

2(k—l)ram-2(k--1)s

that for any m, A2 =§?(a 0). The proof follows

by induction on m.

Base The cases m = 1 through m = 6 are verified in the example
mentioned above (The recognition matrix M).

Induction step Assume the theorem is true for 1,2,...,m-1.

Case 1 1 <ks¢ 2N+1; then by induction A, =ﬁ'(az(k-2)ram-1-2(k2)$. 0).

We put k-1 for k and m-1 for m). Consider the rule in P, A,..A,.

A5 =§'(afamyl$, 0) and with the derivation above we get A4 =§>

(az(k_2)+lfam-l~2(k-z)$, 0). Apply now the rule AZ"AQAS/A3;
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-2(k-2)
Ag

=
and finally A2 B (a

< (aba®2 $, 0) can be written A ?(al‘a”"“k‘l’s, 0)

2(k-l)ram—2(k-1)$’ 0).5
2222—2-»k = 1. We use now the inductive hypothesis applied to a string
of length m - 1; we get,m-1 = 2(2“-1) and A, =§'(am'lf$, 0). Applying
the rule A4"A5A2 ve get Aa'ﬁ? (amrs’ 0) and the rule A,.. 4A5/A3
leads to Ay <2 (’s, 1) end A (!, 0) and finally A= ta™s, 0),
which proves the theorem.

Given a string am$,A1 will succeed 1iff A, ? @"f $, 0) and
using the result above, this happens iff m = 2(k-1) which implies

m = 2(2"-1) for some n. QED

VII. GENERALIZATIONS OF TS

In previous chapters we developed and studied the properties of the
TS, a formal model for the recognition schema used in the TMG
system ([1]). The following question arises: "what extensions or
variations of this model are possible and how do they relate to the
original model from a practical point of view?".

In this chapter we develop two extensions of the TS, namely the
"generalized TS" (gTS) and the (£,m)~TS. We show that these models
are equivalent; they include the TS as a particular case and maintain
some of its properties such as: (1) they can be recognized in linear
time (by a modified version of Algorithm 5.1), (2) to every gTS (or
(2,m)-TS) there corresponds an automaton (similar to the one in

Definition 2.2) which accepts the language recognized by the gTS.
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However, we will show an important result which belongs to the
generalized models and does not, we believe, belong to the TS,
namely that for any gTS (or (£,m)-TS) an equivalent gTS can be
constructed which recognizes the same language and has only recognition
failures. Finally, another extension of the TS, the eTS, is briefly
discussed.

First we define the '"generalized TS":

Definitijon 7.1 A generalized TS (gTS) R is a 5-tuple R = (V,IZ,P,S,$)

in which:
V 1is a finite set of variables,
L 1s a finite set of terminal symbols,
S 1is an element of V,
$ 1is the endmarker, $ is not in I,
P 1is a finite set of rules of the form a) or b):
a) A..B(C,D) A,B,C and D in V,
b) A..a ain ZUfle,f},z = sU{s}.
For any variable A there is at most one rule with A on the lefthand
side.
Define the set of relations for each n in N, A:%}(xry,i),
x,y in Ze*, i in {0,1}, as follows:
1) If A..a is in P, a in Z,, then A =%$(afx, o) for all x in Ze*,
and A:%?(rbx,l) for all x in Ze*, b in Ze, b ¥ a.

*
2) If A..c¢ is in P, then A =%#(rx,o) for all x in Ee .
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1 *
3) If A..f is in P, then A ?(&, 1) for all x in I_ .

*
4) Let A..B(C,D) be in P. For each X X,y and Xq in ).'.e , 1f:

L k
a) B ?(xlrxzxy 0), C %(xzrxy o) then A =R>(x1x2tx3, o),

k = 24mHl,
b) B =.(x %y 0, c=>(Fx2, 1) then A-?('\xl 5 1),
k = 2+4mtl.
%
c) B —i'r(rxlxz, D, D é(x rxz, o) then A-=]$(x sz, o),
k = 24m+l.

L
d) B =T‘{(’\xl, n»,Dd %(rxl, 1) then A-%(Fxl, 1),

k = 24mtl.

n *
If A ?(xl‘y, 1), x, yin I, 1 in {o,1}, we say that A derives

(xly,1) in n steps. We say A derives (xf‘y, 1) 1if A derives (xly, 1) 1a
r steps for some r, and we write A ? (xry, 1). (Equivalently, we
will say A has outcome i on x y and it recognizes x). The language

*
recognized by R is: T(R) = {x|x in I, S=R>(x$P, o)}.

Remarks

1. The difference between the TS and the gTS can be explained
informally as follows: suppose we have a rule A..B(C,D) in a given

gTS and an input x in Z*$; if A is called, A calls B and two cases arise:
1 of the input string

x. Let xly = x; then C is called on y. If C succeeds and accepts Yy

for some yl and Ygs ¥1¥5 = Vs then A succeeds and accepts x If

171
C fails then A fails (In the TS, in a similar Case D is called. In

fact this is the only difference between the two schemas).
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Case 2 B fails; then D is called on x and if D fails then A fails.

If D succeeds then A succeeds and accepts whatever D accepts.

2. We generalize, in a recursive manner, the form of the rules in P:
a) The expression A..B,A and B in V, stands for the set of
rules A..B(xi,xé), X+ o€ xé..f, where X,)»X, are new variables which

do not appear in any other rule in P,

b) The expression A..BlB2 stands for the set of rules
A"BI(BZ’xl) and_xi..f, where X; 1s a new variable which does not
appear in any other rule in P.

c¢) The expression A..Ble....Bk for some k > 2, stands for the
set of rules A"xlBk’ )(:'...B]_B?_....Bk__1 where Xl is a new variable
which does not appear in any other rule ‘in P,
where o, in VUiep{e,f}

k 1
for 1 {1 ¢k, k> 2, If a is in V then the expression stands for

d) Consider .the expression A..alaz...a

the set of rules A..Xlak, xl"alaZ"'akrl’ where Xl is a new variable
which does not appear in any other rule in P. If o is in ZeU{e,f}
then the expression above stands for the set of rules A..alaz....
ak_lxl, Xl..ak and X1 is a new variable which does not appear in any
other rule in P.

e) The expression A..x/B, A and B in V, & in (VUZeU{s,f}fk
stands for the set of rules A"Xl(XZ’B)’ Xl..a, Xz..e where Xl,Xz are
new variables which do not appear in any other rule in P. (The

expression A..a/B has the same meaning as in TS; a formal proof 1s

given in Theorem 7.1).
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f) The expression A..allazl...../an, for n 32, oy in
(VUEeU{e,f})+, 1l <1 ¢ n, stands for the set of rules
A..al/xl, Xl..a2/u3/..../an and X, 1s a new variable which does not
appear in any other rule in P.
3. The expression A..a(B,y) where a,B and vy in (VUZeU{s,f})+, stands
for the set of rules A..Xl(Xz,X3) xl..a, XZ..B X3..Y, where

xl’XZ’X3 are new variables which do not appear in any other rule in P.

4. The expression A..(a)(B,y), where a,B8 and y are in (VUZeU{e,f})+,
stands for the set of rules A..Xl(y,B), Xl..a(f,e), where Xl is a
new variable which does not appear in any other rule in P,

Informally, the outcome of o will determine only which expression is

processed next, B or y, but the string recognized by a is irrelevant:

if o succeeds we have backtracking and B is "called"; if o fails,

Y is called and we have backtracking as usual.

5. As in the case of the TS, a "gTS-automaton" A(R) corresponding to
the gTS R can be defined such that the language accepted by A(R) is
T(R). Using the same nmotations for A(R), of a given gIS R, as in the
case of the TS we will apply Definition 4.1 for various types of
failures in the gTS.

In [15] Knuth describes the "parsing gachine" (PM) which is
similar to the gTS and thé languages accepted by PM are the gTSL.

The problem studied in [15] is the following: given a BNF grammar
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the "corresponding PM program" is defined; then the question 1is
asked whether the '"corresponding PM program" accepts the language
generated by the given grammar.

In the next theorem we show that the class of languages
recognized by gTS, the gTSL, includes all the TSL.
Theorem 7.1 For any TS R = (V,Z,P,S,$) there is a gTS R' such that
T(R') = T(R).
Proof Consider the gTS R' = (V',I, P',S5,$) where V' includes the set
VU{XA| all A in V} and also all the variables which are implicitly
defined in the shorthand notation of the rules in P', P' is formed
as follows:

1) i1if A.,a is in P, a in ZéJﬂs,f}, then A..a is in P'.

2) 1if A..BC/D ié in P, A,B,C and D in V then P' contains A..XA(E,D)
and XA..B(C,f).

It can be shown by induction that T(R) = T(R'). QED

Some of the results for the TS can be extended to gIS. One
example is the.result concerning the time complexity of TSL. The
Algorithm 5.1 can be, with little change, applied to any given gTS and
so we have the following theorem:
Theorem 7.2 For any gTS R, there is an algorithm which recognize;
a string of length n in T(R) in less than c.n steps, for some constant C.

The Theorem 6.1 can also be extended to gIS:
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Theorem 7.3 For any gTS R, there exists a deterministic linmear
bounded automaton M such that the language accepted by M is T(R).

Next we will display a gTS which accepts the language L =

2
n

{a~ |n > 1}. We conjecture that there is mno TS which recognizes L
and subsequently the inclusion TSL & gTSL is proper.

Let Q = (V,I,P,S5,5) be a gTS where: V contains the set
{s,A,A',B,C} and also the variables which are implicitly included
in the shorthand notation of the rules in P, £ = {a}; P contains
the rules: S..C(e,A')

A..(S)(f,BS)
B..(S)(e,aBa)

C..a$(e,aaaa$)

A'..aaA

Theorem 7.4 Let Q,L as defined above. Then T(Q) = L.
Proof Let the input string be ans, n 20 For n €4 the theorem can
be checked with the following recognition matrix (the entries here

have the same meaning as in Algorithm 5.1; see also Theorem 7.2):

1 2 3 4 5 6
s |1 (0,6) 1 1 (0,6) 1
Al 1 1 1 1 1
A'| 1 1 1 1 1 1
B {0,2) (0,1) 1 (0,5 (0,4) 1
cl1 (0,6) 1 1 (0,6) 1
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For n > 5, let k be the largest integer such that n = k2 + m, for
some non negative integer m. We will show by induction on n that:
D B3 2mpn-2mg 5y
b) if m = O then A' -—-6>(a“$r, 0), otherwise A' ?(l‘a“s, 1).
(These statements do not hold for n < 5 and for this reason we start
the induction with n = 5),

Base The case n = 5 can be checked with the matrix above,

Induction step Case 1 Assume m = 0; let input string be ans,

n-kz. On input an-zs, we had n-2=(k-1)2 + 2k-3; by the inductive

hypothesis B ? (az(Zk'3)f‘an-2-2(2k-3)$, 0). We can write n-2-2(2k-3)
( a2y o

and finally A' _——Q?(ans }, 0), vhich proves statement b). Statement

2 k-2)°

= (k-2)"; again by induction on a $ we get S =”Q(a
a) follqws immediately using the rule for B and the fact that §
succeeds on an$; we get B 723 (Y‘ans, 0).

Case 2 We assume m # 0; let n = k2 + m. We claim that A fails on

. an-2$, i.e. A T(ran_2$, 1), and this implies A' fails on a"$ and,
finally, S fails on a"$. To show A fails on an-2$, there are two
cases to consider.

Case 2a: m = 2; then n-2 = k2 and using the rule for A we get

A ﬁQ (rak2$, 1). Case 2b m # 2; then S fails on an_2$ and for A to
succeed, BS must succeed on a l1—2$. We write n-2 = k2+m-2 and by the
inductive hypothesis B ‘-——Q‘v' (a2 (m-Z)r akz_(m_z)s, 0); A will succeed on

an-2$ only if kz—(m-Z) = p2 for some p. Assume such an integer p

exists. Then m = ko-p4+2 = (ktp) (kmp)42 ¥ (Ktk-l) (kek41)42 > 2k + 1.
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On the other hand, we assumed k takes the largest integer such that
n-k2+m, hence m £ 2k, and the contradiction obtained shows BS
cannot succeed on an—2$, therefore A' (and also S) fails on a$.

By applying the inductive hypothesis on a) we get B =?? (BZmpzran-2m+1

$,0).
The rule for B: B..(S) (e,aBa) applied on string an$ gives Bz?(azmran-2m$,0)

which is the desired result. QED

Next we define the (2,m)-TS. The (2,m)-TS is a generalization
of the TS and the gTS; whenever a variable is called over an input
string,m outcomes are possible: & of these are considered
successful, the reat are failures and we have backtracking.

Definitfon 7.2 An (¢,m)-TS R, £ » 1, m32, is a 6-tuple R = (V,I,P,S,g,$)

in which:

V 1s a finite set of variables,

Z 1is a finite set of terminal symbols,

S 1is an element of V,

$ 1s a symbol called endmarker, $§ is not in . (We use the
notation I  for the set IU{$}).

P 1is a finite set of rules of the form a) or b):

a) A"(Ql’QZ”"’Qm)’ AinV, for1 { j¢m, ng.ZeU{e} such
that for all a in ZeU{e} a belongs to exactly one Qj'

b) A..B(Cl,C

...,Cm), ABin V, C, in V for 1¢ j¢ m.

2? 3
For any A in V there is exactly one rule with A on the lefthand side.
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g: U xU -+>U, where U_ = {1,2,..,m}. We define the set of
m m m m
*

relations, for each positive integer n, A =%#(xfy,i), x,y in Ee , 1 in
U _ as follows:
m

1) If A..(Ql,QZ,..., Qm) is in P and € belongs to Qj for some

*

j, then A =%9(Tx,j), for all x in Ze . (In this case we can assume
that all Q;, 1 ¥ j, are empty).

2) Let A.. (Ql’QZ""" Qm) be in P and for no j, Q, contains ¢}

h|
*
also let & be in Q. For all x in I_, if 1 ¢ & then A=%?(afx, i), and

if 1 > & then A =%?(Tax, i).

3) ‘Let A..B(Cl,Cz,....,Cm) be in P, For all X) 5%y X

*
in Ze , 1f:
n n

3

1 2
a) B? (xlrx2x3, 1, cj =;'(x2rx3, k), g(3,k) =1 and 1 ¢ &
n : .
then A =§?(xlx2Px3, 1) where n = n, + 1, + 1.

n - n
b) B ==% (xlrx2x3, 1), Cj =ﬁ?(xzrx3,k), g(j,k) = 1 and i > &,
R

then A e%;(rx1x2x3, i), where n = n, + n, + 1. (Informally, when A is

1 2
"called" on X, XyXq, A first calls B. Let us assume B "returns" with
outcome j, recognizing the substring X3 here, we could have j > £,
in which case x = €. Next Cj is called on XyX, and it is assumed Cj

returns with outcome k, recognizing the substring X, The function g
will determine the outcome for A, specifically the outcome is i = g (J,k).
In case a) the outcome is "success" since 1 ¢ £ and therefore
A will recognize the substring X)Xy In case b) 1 > £ and we have
backtracking).
If A -%#(xry, i), %,y in Ze*, 14n U , we say A derives (xly,1)
in n _steps. We say that A derives (xly, 1) if A derives (xly,i) in r

steps for some r, and we write A =—§> (xfy,i).
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guag x| *, 5 = (s, 1))
The language recognized by R is: T(R) = {x|x in I , S = (x$h, .

As in previous cases (for the TS or the gTS) an automaton A(R) can
be defined corresponding to an (£,m)-TS R such that the language
accepted by A(R) is T(R).

Definition 7.3 Let R = (V,I,P,S,g,$) be an (2,m)-TS. The .tape alphabet

of A(R) is T = {A(i)l all Ain V, 0 ¢ 1 < m}. (Whenever variable

A 1is called in R, A(R) will print on its tape A(b), the superscript (o)
indicating that no processing has been done yet. However if the rule
for A is A..B(Cl,...;cﬁ) and B "returns' with outcome i, then before
Ci is called, the symbol A(O) on the tape is changed to A(ij, to

indicate the result of the "call'" of B). The set of internal states of

A(R) is K = {qi | 0 <1 <m}. (There exists a state for every possible
outcome when the head of the storage tape moves inwards, and also the
state q which indicates a variable call when the head moves outward).

A configuration of A(R) is a 3-tuple (q,xlrxz,w) where q 1s 1In K, x

1%2
is in Xe*, M 1s an abstract symbol (it indicates the position of the
read head on string xlxz), wis in (PxN)*, N being the set of natural
numbers.

We define the relation fzzis between two configurations a,R, and
we write akziss as follows: assume o = (q,xltxz,m), B = (q',xirxé,m'),
X X, = xixé, w = y(X,1) for some ¥y in(PxN)*, Xin T, 1 in N.

1) let q = 9, X = A(o) for some A in V, the rule for A in P
is A..B(Cl,....,Cm); then q' = q,> xi =%, w' = m(B(o), 1). (The
rule indicates that with a rule of the form A..B(Cl,...Cm) the processing

of A starts by having B called).



57

2) let q = 9, X = A(°), P contains A"(Ql""’Qm); then if

» J ¢ 2 we have x!

= = LI V" = oy
X, a x3, a in Q 1 xla, q qj, w y; 1f

]

= \ = Al = ' =
X, = a x3, a in Qj’ ] > & we have X] = x,49 qj, w Y. (The

processing of A in this case consists in matching the input symbol
scanned with a set Qj; if j > 2 we have backtracking of one symbol ,
i.e the symbol has to be matched again)-
3) lLet q= q, X= A(o), P contains A"(Ql"”Qm) and € belongs
. L | - '
to Qj’ then X *%,q qj and w' = y,

A(0)

4) Let q = qj’ X = s P contains A..B(C Cm); then

12>

v, 1, Ix .
A0

q' = 9, xi =x and u'

5) let qm= 9 s X , P contains A..B(Cl,...,Cm), g(3,k) = h;

: | - ' . P v | - v o
if h ¢ £ then q Qo X =X, 0 v; if ﬁ > 2 then q qh,lxll i

w' = vy,
If GKZESB’ we say A(R) makes a move from configuration a to
*
configuration B. We write akzﬁsB if there are Byseessl such that a = a

B = a s and ay FK?E) LI for 1 ¢ 1 < n-1 and some n, the number of

1’

moves,

The language recognized by A(R) is {w|w in E*, (qo,fws, (S(O),O))
*

IZ‘(ES (ql,wsl‘,e) 1
In a way similar to the proof of Theorem 2.1, it can be shown that

the language recognized by A(R) is T(R). We notice that by the

definition of the (2,m)-TS, there exists a rule for every variable and

therefore no subroutine failures are possible. Otherwise we can define

various typés of fallures as for the TS (Definition 4.1).
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Definition 7.4 Let R = (V,I,P,S,g,$) be an (2,m)-TS, For A in V,
*
Xin T :

1) A has a recognition failure (or simply failure) on x if

A —ih(rx$,j) for some j > 2.

2) A has an end failure on x if (qo,rxs, (A(o), 0))}K%§5
(qo, xSP,y(B(O), n)) for some y in (FxN)*, n in N, B in V, and the
rule for B in P is B..(Ql,...,Qm). mo Q, contains e, 1<14m.

3) R has a partial-acceptance failure (p~a failure) on x if

S-#(xrx$ 1) for some X inZ* X, X, = X.
R 1 27 0% » %1%

4) A has a loop failure on x if A(R) in configuration (qo,rx$,
(A(o), 0)) can make an unbounded number of moves.

The following theorem shows that any gTS can be "simulated" by
an (&,m)-TS.
Theorem 7.5 For any gTS R there exist an (2,m)-TS R' such that
T(R) = T(R'").
Proof Let R = (V,I,P,S,$) be a gTS and consider the (1,3)-Ts
R' = (V',I,P',S,8,$) as follows: V' includes the set VU{X}where X is
not in V (V' contains also variables included in the shorthand
notation of the rules in P'). The set of indices for R' is U, =

3
{0,1,2}, g is defined byﬁ g(1,J) = 3 for all 1,3} in u,. P' contains

the rules:
1) X..(4,6,{e}),
2) if A..B(C,D) is in P, then A..B(C,D,X),

3) 4if A..e is in P, then A..({€}, é,6),
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4) 4if A..f is in P, then A..(d{c}, ¢)
5) if A..a, ain I, is in P, then A..({a},ze'—{a},d)

6) if A has no rule in P, then A..(¢,4,{c}).

Since the (&,m)-TS is defined so that no subroutine failure is possible
(there exists a rule for every variable), we simulate this failure

by introducing an additional outcome (2). Otherwise, it can be shown
a=2(xly, 1) 1££ A =3 (xly,1), for all At V, x,y tn 5,7, 1 tn

{0,1}.

The theorem follows. QED

At this point, the following question can be asked: given an
(L,m)—TS, is it possible to find a gTS which accepts the same
language? We will show that the answer 1is positive, but we first
prove it for a restricted case.

Definition 7.5 An (&,m)-TS, or a gTS, is reduced if it has only

recognition failures.

In the definition which follows,a gTS is comstructed corresponding
to any reduced (2,m)-TS. It will be shown that they recognize the
same language.

Definition 7.6 Let R = (V,Z,P,5,g,$) be an (2,m)-TS. We define

the gTS M = (Vl,z,Pl,Sl,S) as follows: V., includes the set

1
{AiIA in Vv, 1¢ 1¢ m}U{[Ai,jlll € 1,j ¢ m, A in V.} (For every

variable A in V there are m variables in Vl’ namely, Ai for 1¢1 ¢ m.
For any input string x, exactly one variable in this set will succeed

and all the others will fail. Moreover, as it will be shown later, if
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A has outcome j in R, on some input x, then Aj will succeed in M and
it will recognize the same string that A recognizes in R, or if
1 > 2,47 w111 recognize the null string).

Pl contains the rules:

1) 1let A..(Ql,Qz,....,Qm) be in P and for no j, Qj contains €.
I Q = {aj,..05a.}, ky 1, 1 ¢ &, then Ai..alfazl..../ak.
If Q = {al,...,ak}, k1,1 > %, then Ai..(al/...../ak)(ﬁ.f).
If , = 6 then A..f.

2) let A..(Ql,...,Qm) be in P and suppose there exists j such
that Qj contains €; then Ai..f, for 1 % j, and AJ..E.

3) let A..B(C;,....,C ) be in P, let cj -, , qi)ll ¢ 1 ¢k}
be the set of pairs‘such that g(pi,qi) = §{, for some j ¢ £; then

P, 9; P, q P, 4
al..B lcplln ZCPZI...../B ke 'k ; 1f G, 15 empty, A g, (Since Al

1 2 Py 3
succeeds in M only if A has outcome j in R we need to congider in the
rule for Al only the pairs in Gj)' .

4) let A..B(Cl,....,Cm) be in P, let Gj = {(pi,qi)'l ¢ 1 ¢k}
be the set of pairs such that g(pi,qi) = j for some j > 2; then

P, q P; q
.. 1cpl)(e. (ad,21):1ad, 11.. 8 1cpi) Ce,[ad,1421), 1 = 2,3,... k-1:
1 1

P, 4
(ad k1.. 8 K¢ ®) (e, f).
Py

If GJ is empty, then Aj..f. (The case is different from the one
above in as far as we have backtracking. This is the reason we use
rules of the form A..(a)(B,Y), since a is only checked for outcome and

backtracking will always occur on the substring recognized by «).
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In order to show T(R) = T(M) we need the following lemmas.
Lemma 7.1 Consider R,M as above. For any ¥,z in Ee*, if there exists
J, 1 ¢ 3 ¢m, such that Aj =%%?(yrz, o), for some n, then A; =§?(ryz,1)
for all 1 # j.
Proof By induction on n.
n =1 The rule for A in P has the form A..(Ql,...,Qm).
Case 1 Qj contains e. Then, according to the definition of M we have
Ai..f, for all :l ¥ j; the theorem follows.
EEEE;E QJ does not contain €. We can write y = a for some a in Ee;

also a is in Qj' Using the definition of M it follows that Ai fails

on az, for all i ¥ j.

Induction step Let A..B(Cl,Cz,...,pm) be in P.

P, q
Case 1 J ¢ %; the rule for ad contains all the pairs B 11 such

- P q

that g(pi,qi) j. ZLet (p,q) be such that B =E#(ylryzz,o), Cp =??

(yzfz,o), Y5, = ¥ By induction p and q are unique, that is for no
1] 1

pair (p',q'), BP Cg, succeeds on yz and therefore no Ai, for 1 # §,

can succeed.

Case 2 j > &; this case is proved in a similar way. QED

Lemma 7.2 Consider R,M as before. For all A in V, xy in Z:, A'=§?(xry,i)
16 Al =§?(xry, o).

Proof First we show: 1if A.=%é(xty,i) then Ai-=ﬁ?(xfy,o). The proof

is by induction on n.

n =1 Let P contain A"(Ql""’Qm)'
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Case 1 Qi contains ¢, Then x = ¢, Ai..e and Ai =M#(ry,o).
Cage 2 Q:L does not contain €. Then x = a, for some a in ):e and
a is in Qi' Finally, in M,Ai ?(ary, o).

Induction step Let the rule for A be A..B(C Cm)' We will

1900

consider the case 1 ¢ £ . (The other case is similar). There are

3,k in Um, such that B =T{?(xlrxzy,j), c ?(xzry,k), X,X, = x and

3 1%2
g(3,1 = 1. Let G = {(p,a)|p,q 1n U_, g(p,q) = 1}. By induction

k
B ?(xlrxzy, o), CJ

M, for all pairs (p,q) others than (j ,k),chg will fail on xy

?(xzf‘y, 0). Using now the rule for Al 1o

according to Lemma 7.1; therefore al -i#(xlxzry, 0).

Now we show: 1if Ai =—§—)(xfy, o) then A ?(xry,i). The proof is
by induction on n. -
n =1 This case is easily verified.

Induction step Let the rule for A be A..B(Cl,...,cm). We will

consider the case i > £ (the other case 1s similar). Then x = ¢
also let (p,q) be such that BP =M#(ylryzz, o), Cg ’ﬁ?(yzl‘z, o),
¥1¥2 = V. By induction B ﬁR(yl“yzz, P), Cp-i)(yz‘"z, q) and

g(p,q) = 1; 1t follows that A =—E>(I‘y1y2z, 1). QED

Theorem 7.6 For any reduced (2,m)-TS R, there exists a reduced gT$S
M such that T(R) = T(M).

Proof Using Lemma 7.2 above: S (x$l', 1) if and only if st =
Zroot X M

(x$M, 0); it follows that T(R) = T(M) and also that M is reduced.
QED
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We would like to show that given any (£,m)~TS R there exists
a reduced (£',m')-TS R' such that T(R) = T(R'). For this purpose
we will show: a) loop failures can be eliminated; b) p-a and end
failures can be eliminated (no loop failures being introduced).

Next we show that loop failures can be eliminated in any given
(2,m)-TS. We will proceed in two steps: given an (¢ ,m)-TS R we
first construct the (&',m')-TS Rl; from Rl we will comstruct later
on the desired (&',m')-TS R', which has no loop failures and
recognizes T(R).

Definition 7.7 Let R = (V,I,P,S,g,$) be an (2,m)-TS. We define

the (',m')-TS Ry, R = (Vl,z,Pl,S,gl,$),as follows: &' = 22,
m' = 24mkl. (We introduce additional outcomes with the following
meaning: .if the outcome of a derivation in R is 1, 1 ¢ £, and the
string recognized is not the null'string, then the same derivation
holds in Rl. However if 1 ¢ % and the string recognized is the null

string or if 1 > ¢ in R, then the outcome in Rl is 2 + 1, the string
recognized being the null string. The purpose 1s to separate the
derivations in which the null string is recognized and which, as it
wil be shown later on, could give rise to a loop. The outcome 24mtl
is reserved for cases in which a loop occurs in R and though 1t will
be used only later in R', it is introduced here for ease of notation).

v, = VU{x}, X 1s a new variable not in V. P, contains the following

rules:
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1) if A"(Ql""’Qm) is in P and for no i Qi contains €,
' ' ! - ! -
then Pl contains A"(Ql"""Qm‘) where Qi Qi for 1 ¢ ¢, Qi é
for 2 < 1 ¢ 22, or i = f+mtl, Q£+£= Qi for 2 < i ¢ m.
2) 1if A..(Ql,...,Qm) is in P and Qj contains € for some j,

then P, contains A..(Qi,...,Q&,) where Q£+j = {¢} and Qi = ¢ for
all 1 ¥ o+j.

3) if A..B(Cl,...,Cm) is in P, then P, contains A..B(Xl...,xm,)

1

where Xi = C1 = X£+i for 1 ¢ 1 ¢2, X = Ci for L < 1 ¢ m,

2+
Xptmil = %

Let, for 1 ¢ 1 ¢ m, L =1 1f 1 < £ and I undefined otherwise.
Then, gy is defined as follows:

1) If g(1,3) =k, k ¢ 2 then g, (I,24)) = 81(14-1,{) - gl(I,i) =k
_and g1<(£+i, +) = 2+ k.

2) If g(1,3) =k, k > %, then gl(I,j) = gl(I,z+j) = g (2+1,04)) =
31(z+1,5) =2 + k.

3) g @, wimHl) = g (S4mtl, 1) = twtl for 1 ¢ 1 ¢ LwHl.

Lemma 7.3 Consider R, Rl as above,
a) Let A-=%?(xfy,1), for some integer n. If 1<% and x # €

then A =§;<xry,1), otherwise A = (xty,2+1).
1. 1

b) Let A=§#1 (xPy,1). If 1 & then A = (xly,1). If 1> 2,
then x = € and A =§?(Py,i—£).
Proof a) By induction on n,

n = 1 This case is easily verified.
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Induction step Let A..B(Cl,....,Cm) be in P. Also, let B ?(xlrxzxa, P),

cp -?(xzrxy Q) X X,x5 = xy and g(p,q) = 1.

Case 1 p,q,1¢2 ; then X)X, = X, X3 = V. If 1 < £ and x = € then

= ™ ==y
1 = ¥, = € and by induction B 4 (fx3, p+£),Cp+z =R'-'>1
using the definition of R, we get A=> ("x3, gl(p+2.,q+2)) or A==¥

el !

X (rx3,q+9.);

(xty,9.+i).
If x # € then x, or x

1 2
! ]
case, by induction, B -?1 (xlf X, X3, P ) and Cp =Rﬂ; (xzf‘xy q') where

or both are not the null string, in which

p' = por q' = q or both. Finally by the definition of Rl A —_;l:
(xty, 1).
Other cases are similarly treated,
b) By induction on n. This proof is similar to a). QEﬁ

Corollary .T(R) = T(Rl).
In the following definition we construct the (2',m')-TS R'
which, as we will show later, has no loop failures and T(R')=T(R).

Definition 7.8 Consider R, R

1 @8 given in Definition 7.7. We define

the (2',m')-IS R' as R' = (V',I,P",[S,4],8,,$) where: V'= {{a,v1]

all A in Vi Wng}, P containg the following rules:

(1) if A..(Ql,...,Qm,) is in P, then [A,W]..(Ql,...,Qm,) for

1’
all wa Vl - {A}.

(2) 1if A..B(Cj,....,C ;) is in P, then for all Wg 4 ~ {A},

1,
[A,W]..[B,W'] ([Cl,wll,....,[Cm,,wm,]), where Wi = ¢ for 1< 2,

Wi = W' = WU{A} for 1 > 2.
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3 [X,W)..(4,...,8,{c}) for all wg v,

(4) for all AinV,WeV, [AWIAN..(8,....,8,{e]).

In R' defined above, every variable has the form [A,W] where A
is a variable of R, and W 1s a subset of Vy. The rules in R' are
simulating those in R1 and in addition the set corresponding to each
variable (W for the variable [A,W]), keeps track of those variables
which could give rise to a loop in Rl' For instance, if a variable [A,W]
is called in R', this corresponds to variable A being called in R,.
Further, if variable A in turn, calls in R1 any variable belonging to
" the set W, then a loop occurs in Ri. In R' the loop is prevented by
rule (4) above which guarantees the derivation will end with outcome
241, | .

We will show now the relation between Rl,R'. But first, we have
the following definition:

Definition 7.9 Llet R = (V,I,P,S,g,$) be an (%,m)-TS. We define the

set L(A,x) for all A in V, x in Ze* as: L(A,x) = {2|Z in V and Jy

in (FxN)* such that (qo,rx,(A(o),O))bX%ij (qo,rx,y(z(o),O))}U{A}.

Informally, the set L(A,x) will contain a variable B if the automaton

A(R) starting with x on the input tape and with A(o) on its storage

tape will eventually reach a configuration in which B is called and the
read-head is in the same position as in the beginning, i.e. 1t points

to the first symbol of x. For instance, if the rule for A is A..B(Cl,...,Cm),

*
then B is in L(A,x), for all x in Ze .
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*
Lemma 7.4 Consider RI,R' as given by Definition 7.8, For all xy in ):e

and all integers i, 1 ¢ 1 < m':

n
a) 1if A =
&

all sets W, W& V - L(&,xy).

(xly,1), for some integer n, then [A,W] -=R—';’ (xry,i) for

b) 1if [A,W] -RL,(xfy,i) for some set W< V - L(A,xy) and some
integer n, then A —Ti‘l? (xly, 1).

Proof a) By induction on n.

n =1 This case is easily verified using Definition 7.8.

Induction step Let the rule for A in Pl be A..B(C Cm'); alsgo let

120
B ==R=>1 (xlfx2x3, P), c, -?1 (xzt‘x3, ), X X,X3 = xy, g, (p,q) = i

Let W, = V-L(B,xy), Wz = V-L(Cp,xy), w3 = V-L(A,xy); then by induction
[B,W,] =R=' (xlrxzxj,'p), ,[Cp’w2] =-R=? (xzrx3,q). Theré are two cases
possible:

Case 1 X, ¥ ¢ (which impljes p¢ % ); we claim that L(B,xy) = L(A,xy)-
{A}. First, if x is in L(B,xy) then X is in L(A,xy), as we have in

A(Rl): (qo,rxy,(A(o) ,0)) I‘—‘ (qo,rxy,(A(o),O) (B(°),o)). Suppose now

AR,)
that X is in L(A,xy){4 As x # € , we must have (qo,rxy,(B(O),O) 'I%R;;
(ql,rxy,v(x(o),O)) for some vy (otherwise B(o) will be erased and the

read-head will move past the first symbol in xl); therefore X 1s in
L(B,xy). It follows, then, that W3 - Wl-{A} . Further, we observe that
for all x x, in I *, l1¢i<m', Zin V, WE V, if [Z,W] = = ll‘xz,
then [Z,W'] =7 (x fxz,i) for all W' < W (since 1 < m' we do not have a
loop in R and by Definition 7.8 the rule for {Z,W] in R' can be written

with any set W', W' € W). Thus, we have [B,W]_] ‘“‘E‘,’ (x f‘xz 3,p)
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[Cp,d] ‘-;—T’(xzf‘xyq); using the rule for [A,W,] we get [A,W3] ’—iﬁ’

(xPy,1), where W, = V-L(A,xy).

3
Case 2 X =€ (which implies p > £ ); using an argument similar to the
one before we can show that L(A,xy)-{A} = L(B,xy)UL(Cp,xy). It follows
- - = - . . —
that W3U{A} W) - L(C,,xy) = W, - L(B,xy); also [B,uJ{a}] T
=D
(xlrx2x3, P, [CP,W3U{A}] =;? (xzrxa, q) and finally [A,w3] x (xly,1).

b) The proof is similar to a). QED

Corollary T(R.I.) = T(R').

It remains to be shown that R' has no loop failures.
Lemma 7.5 Let R' be given by Definition 7.8. R' has no loc;p-failures.
Proof Assume the contrary; then we must have a veriable [A,L] in V'
and a string x in Z*S such that (.qo,}x, ([A,L](o),O)) AtR') (qo,l‘x,y
([A,L](o) ,0)), for some y in (be{)*. (The n'otation [A,L] (o) is derived
from [A,L] as a variable in V' and the superscript (o) inr , as in
Definition 7.3). Let the rule for A in P be A..B(Cl,...,Cm,); then
P' contains [A,L]..[B,L']([Cl,Lll,...,[Cm,,Lm,]) where L = ¢ for
1 € £ and Li = L' = LU{A} for 1 > L. Two cases are possible:
Case 1 [B,L'](O) is written on the tape and though its superscript (in
this case (o)) might change the symbol is never replaced by € ; then,
the second symbol of the string y in (I‘xN)* is ([B,L'](i)‘,l) for some
1, 0¢ 1 ¢ m', and sincé L' = LU{A} we have L'OL.
Cage 2 [B,L'] —‘E?("x,j) for some j, £ <j £ m'; in this case the second

symbol of y is ([Cj,L'](i), 1) for some 1, 1 <1 ¢ m', and L' = LU{a}.



69

We notice that in both cases the set of variables assoclated with
the second symbol of Y(namely L') properly includes the set corresponding
to the first symbol (L). Since the length of y is finite, we can repeat
the same argument for every symbol in y and therefore the set of
variables associated with the last symbol in Y([A,L](o),l), i.e. L, must
properly include the set corresponding to the first symbol, L, which is

a contradiction.

QED
Theorem 7.7 Given any (%,m)-TS R there exists an (£',m')-TS R' such
that T(R) = T(R') and R' contains no loop failures.
Proof The theorem follows from lemmas 7.3, 7.4, 7.5. QED

Remark We define an "e-free TS" as-a TS R = (V,I,P,S,$) which has no
rule of the form A..c , A in V. Using techniques similar to the ones
used in lemmas 7.4, 7.5 it can be shown that for any e-free TS the loop

failures can be eliminated (some subroutine failures might be introduced at
this time). In what follows we will show that p-a and end failures can also
be eliminated from any given (2,m)-TS. First we have the definition:

Definition 7.10 Let R=(V,I,P,S,g,$) be an (2,m)-TS; we define the

(2',m")-TS R' = (V',Z,P'.5.g"' $) as follows: &' = 2¢, m' = L4uwHl,

V' = {A,A |all A in VIU{X|X is not in V}, (Intuitively, for every
successful outcome 1 £ 2 in R there are two successfulﬁoutcomes in R',
namely 1 and 1 + %; also for every variable A in V there are two
variables, A and A, in V'. The variable A in R' simulates A in R as

* -
follows: 1f A -Ei(xfy,i) for some xy in Z then A 1;? (xry,i+2);
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if A < (xly,1) for some x in Z*$, then A T‘,‘ (xly,1). 1In other words,
if the string recognized in R with outcome i does not contain §, the
outcome in R' 1s 2+1; once $ is recognized the outcome is 1. Moreover,
for any A in V, A is called in R' only after the endmarker has been
scanned successfully by the read-head. The purpose of this schema is
twofold: firstly, if § is not recognized and the outcome in R is 1,
the outcome in R' is %2+1 (and not 1) and thus p-a failures are avoided;
secondly, after $ has been scanned successfully only variables of the
form A, A in V, are called and we can see to it that no attempts are
then made to match an input symbol which would cause an end failure).
P' contains the following rules:

1) 1If A..(Ql,...,Qm) is in P and no Qi contains € for 1 £ 1 ¢ m,
then let k be such that $ is in Q.. In P' we have the rule K..(Qi,Qé,...,Q;)

where Q;+

otherwise Q£+2 = Qk-{$}, Qi = {$}. Also in P' we have A..(d,....,8,{c}).

= H y =
Q for 1<1 ¢<mandi#k; if k > & then Q. = Q,

(According to the rule for A, an outcome 1 ¢ & will occur in R' only
when the endmarker has been successfully matched. We notice that all
sets Qi, 1l <1 < m', which have not been specifically described are
implicitly defined as empty according to the restrictions in Definition
7.2).

2) 1If A..(Ql,...,Qm) is in P and Qk contains €, for some k, then
P' contaims K..(Qi,Qé,....,Q;) and A..(Qf,Q;,...,q;,) where Qé+2 = {e},
Qi =¢ for 1 €1 < m' and 1 # k+2;(¥'={e},QI =@ forl €1 ¢<m" and

i#p, where p=kif k < g, p = k+t 1f k > 2.
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3) If A..B(C;,...,C ) 1s in P, P' contains A..B LS SO 30

and A..B(Yl,Yz,...,Ym,) where Xi

l<1cm, Xm, = X; Yi = Ci for 1 s1¢2, Y%

= < c
Ci for 1 £ 1 ¢ &, X2+i = Ci for

o+ - Ci for 1 ¢« 1< m,

Y, =X

4) X..(é,....,6,{c}). g' is defined as follows:

1) If g(1,i) = k, 1,5,k ¢ &, then g'(2+i,i+]) = 2+k, g'(i+1,]) =
g'(1,3) = g'({,3442) = k.

2) If g(i,§)

k, i,k £ £, J > &, then g'(+l,8+]) = 2+k,
g'(1,24j) = k.

3) If g(d,1

k, 3,k ¢ 2, 1> 2, then g'(2+,0+)) = 04k,

g'(aH 1) = k.

n
"

T 4) If g(4,3) » k€2, 1,4 > 2 then g'(24+1,04+]) = 2+k.

5) If g,

]
=
-

k > 2, then g'(1,4) = g'(1+2,3) = g'(4,{+2) =

g' (1+2,3+L) = k+2.

6) g'(1,84ml) = g'(24mHl,1) = L4mtl for 1 < 1 < f4mHl.

Lemma 7.6 Consider R,R' as given by Definition 7.10. Then for all A
* *
InV,xin I, yin T §:
a) & f--I—-{#(x(‘y,i), 1€1i¢miff k ?(x“y, 24+)
b) A =p(yM,1), 1¢t iff A =7 G,1)
©) A p(MNh1), 1< 160 1ff A = (M) or A = (M, 24)

d) A =r(M1),0<1 & m 1ff A T—?(P,Mi).
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Proof 'Only if" We prove these statements simultaneously, by induction

on n, the number of steps in the derivation in R.

n =1 Let the rule for A be A"(Ql’QZ""’Qm)’

a) A—%)(xry,i), x in Z*, y in Z*S.

Case 1 1 £ £ and no Qj contains €; then x = a for some a in I, also
a is in Q;. Using the rule for A ve get A ‘?’ (afy,2+1).

Case 2 1 < £ and Qi contains €; then Z“(Q]'.’QI;.""’Q;:') in R' where
Q:;.+9, = {e}. Thus, we have A = (My,2+1).

Case 3 1 > %; since the outcome 1s a failure we have x =e. Using now
the rule for A we get A = (ry,2.+i)

b) A ?(yr,i), 1 & %; we must have y = $ and $§ is in Qi' In R’
K..(Q]",Qé,...,Q;,)'whex:e Qi = {§} and therefore A ‘i‘,' sh,1).

c,d) A"—I]?(f‘,i) implies Qi containg ey if {1 < ¢ A T? (r,i) otherwise

'—f{?(r,zﬂ).

Induction step Let the rule for A in P be A..B(Cl,...,Cm).

a) A-E)(x('y,i), x in Z*, y in £*$. We assume B? (xlrx2x3, 3,

Gy % 5l x3,l0, xyx,%, = 1y, 83,0 = 4,

Case 1 X, # €; then X yX%,y in Z* and we can use the inductive hypothesis
a) as follows: B ;? (xlrx2x3,£+j), Ej (xzfx3,2+k). Using now the
rule for A we get A ==» (xry,iH-i)

Case 2 X3 = €, X, f €; by induction B (xlrxzﬁ +j). Using the
inductive hypothesis b) we have Ej T? (le‘ » k). However, we must

have in this case 1 > ¢ (otherwise y = €) and applying the definition

for g' we get A —-E"b (xy, 2+1) .
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Case 3 X3 = X, = € this case i1s similarly treated.

b A=prGh1), 1 €1 ;5 let B =2y ly,, 9, ¢, =¥ Gt k), vy, =y,
g(3,k) = 1.

Case 1 Y, = €; by induction B T{—‘,? (yl‘“ »J). Applying the inductive
hypothesis c) we have C.'l ='R-} (h,k) or Cj ?(f‘,kﬂ.). In both cases,
the rule for A and the definition of g' lead to A ’? Gh,1).

Case 2 Y, # €; this case is similar to case 1.

c) A-g-e,cr,i), tea;8=2(h), c Mo, g3,k = 1. By

k|
induction B ‘?f’ ¢,.n, Cj = (F,E) where T is either § or i+, k
is either k or &+k; by the definition of g' we get g'(3,k) is either
i or 2+i.

d) A -%‘)(f‘,i), 1 > 25 using the.definition of g' and the inductive
hypothesis we get A ? (F,e+1),

The "if'" part can be proved in the same way.

QED
Lemma 7.7 Consider R,R' as given by Definition 7.10. Then R' has
no p-a or end failures.
Proof First we prove that for no A in V, x in Z*, y in Z*s, integer
i, 1 £ 2, we have A ‘—%‘-,#(xfy,i). The proof is by induction on n.
n =1 The rule for A in P must have the form: A..(Ql,...,Qm); it
is easily checked, with the rule for X in R', that the claim made is
tnue,
Induction step Let the rule for A be K..E(XI,XZ,...,Xm,). If the
derivation A —;—,—V(xry,i) holds, we must have B ?G‘lhz"y 1, Xj ?{%

(xzrxa, k), X XX, = Xy, g(i,k) = 1,
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Case 1 Xy = € then 1 must be a failure (otherwise we have y =€) and
if so it is not true that 1 ¢ 2,
Case 2 Xq # €; we cannot have j g %, by induction. If j > 2 then

xJ - 4 for some Cj in V; again by induction we cannot have k ¢ % and
by the definition of g' we cannot have 1 < .

Thus, for no x in Z*, y in E*S we have § 'E—,-‘v'(xry, 1) and
therefore p-a failures are not possible. It remains to be shown that
R' has no end failures.

We notice that in the definition of g', whenever one of the two
variables of g' is smaller or equal to %, the value of g' is also
smaller or equal to 2 unless it is a failure. In A(R') an outcome
smaller or equal to £ is obtained for the first time only when the
endmarker has been successfully matched; moreover, if no backtracking
occurs afterwards, then according to the observation above the outcome
will always be smaller or equal to £ . Now, by the rules in P', only
variables of the type A, for some A in V, are called following these
outcomes and, as it is easy to verify, these variables will never
attempt to match an input symbol. In other words, after the endmarker
has been successfully scanned (for the last time, if this happens more
than once) only variables of the type A, for some A in V, are called
and, as it was shown before, these varlables never attempt to match an

input symbol. Hence, no end failures are possible, QED

Theorem 7.8 Given any (2,m)-TS R there exists an (2',m')~TS R' such
that T(R)=T(R') and R' has no p-a or end failures. Moreover, if R

has no loop failures, then R' will have none either.
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Proof From Lemma 7.6, statement b), we conclude that T(R)=T(R').

By Lemma 7.7 R' has no p-a or endAfailutes; Assume that R has no

loop failures. If R' has loop failures, suppose A has a loop failure

on x, x in £*$. In R we cannot have A :i? (klrxz,i) for XX, = x,

1 <1 ¢<m (this will contradict Lemma 7.6). The only possibility is

that A has (in R) on x an end failure; the attempt in R to match an

input symbol after the endmarker has been successfully scanned

corresponds in R' to outcome %2+mtl. By the rules in R', this will

also be the outcome of the derivation and no loop is thus possible in R'.
QED

The previous results can now be summarized in the following

two theorems:

Theorem 7.8 Given ahy (2,m)-TS R there exists a reduced (2im')-TS R'

such that T(R) = T(R').

Proof The theorem follows from Theorem 7.7, 7.8 and the observation

by by Definition 7.2 an (2,m)-TS does not have any subroutine failures.,

As a corollary to this theorem we get the following important *
result:
Corollary Given any (2£,m)-TS R, there exists a gTS R' such that
T(R)=T(R'").
Proof Using the theorem above we go from R tec R1, which is reduced.
By Theorem 7.6 we get a (reduced) gTS R' such that T(R')-T(Rl). QED

Theorem 7.9 Given any gTS R, R = (v,z,P,5,$), there exlsts a reduced

gTS R’ such that T(R) = T(R').
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Proof This theorem follows from Theorem 7.5, 7.6, 7.8. QED

Theorem 7.9 shows that in a gTS all loop, p-a and end failures can be
eliminated and the proof provides a procedure for constructing the
reduced gTS. From a practical point of view, a recognition schema
which is "reduced" seems to be desired since the program will always
terminate and it will never loop or halt before coming up with the
final answer.

As was mentioned before, the TS is a formalization of the recognition
schema used in the TMG system. The concept of a "well-formed" was
introduced in order to describe the same desirable features in a TS that
the concept of "reduced! underlines for the gTS model, By comparing
the definition 3.1 and 7.5 we notice that the property of being "well-
formed" for a recogniéion schema 18 a restriction of the "reduced"
property to be distinguished symbol S. Since the distinguished symbol
is our main interest in this case, the concept of '"reduced" was
introduced only to illustrate a stronger result in the case of the gTs.
We do not know 1f a given TS can be made '"well-formed" and various
observations, and among them Theorem 4.8, ("It is undecidable whether an
arbitrary TS is a wfTS") lead us to believe that this is not possible,
The fact, 1llustrated by Theorem 7.9, that every gTS can be made "reduced"
seems to indicate an advantage in using the gTS instead of the TS.

The gTSL include,properly - we believe, the TSL and moreover, there

is no apparent difficulty in using the gTS instead of the TS.
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Next, we will describe the eTS, another abstract model of a
recognition schema and a generalization of the TS.

Definition 7.11 An extended TS (eTS) R is a 5-tuple R = (V,%,P,S,$)

in which:
V 18 a finite set of variables,
I 1is a finite set of terminal symbols,
5 1is an element of V,
$ 1is the endmarker, $ is not in I,
P 1is a finite set of rules of the form a) or b):
a) A..B(C,D), A,B,Cand D in V,

b) A..a, a in ZeU{e}U{fAlall A in V}, where f, are metasymbols

A
not in I, and € is the null string. (Instead of one metasymbol f, we
have in eTS one metasymbol fA for every variable A in V. The outcome
of a derivation can be in eTS either in {0,1} or in {fAIA in V}., If
the outcome is fA, for some A in V, this outcome "propagates" until
it reaches the rule for A; in other words, an outcome fA will cause
every rule, of which it is part of, to have outcome fA’ until the
rule involved is the rule for A, in which case the outcome becomes 1).

For any variable A there is at most one rule with A on the
lefthand side.

We define the set of relations for each n in N, A =%?(xry, P),
xy in Ze*, p in {0,1}U{fA|A in V}, as follows:

1) If A..a is in P, a in s then A =%#(arx,o) for all x in Ee*,

*
and A =%f(rbx, 1) for all x in I, , bin Z,s b # a.
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' *
2) 1If A..c is in P, then A%(Tx,o) for all x 1n I_",
*
3) If A..f, 1s in P, then A %(rx,l) for all x in I,
1 %*
4) If A..f ds in P, B # A, then A =3 (I, fg) for all x in I_°,
*
5) Let A..B(C,D) be in P. For each x %Xy, and x, in ).‘. , 1f:

1 3

a) B % (x rx2x3 ,0), C % (xzrx3,0) then A -& (x,x 0,

12 *3»

b) B%(xlrxz,o), C%(rx » 1) then A -IRS(fxlxz, 1),

c) B -?(l‘xl %5,1), D (x,'x,,0) then A= (x,'x,,0)
k= 04mtl,
d) B ‘%’(rxl, 1), D %(le,l) then A -—%v(l‘xl,l),

k = L4mHl.

-}

e) %’(rxl,fA) then A=§ (l‘xl,l), k.= & +1.

£)

-]

vﬁs(l‘xl,f ) and E # A then A %(}xl,fE), k= 241,
£)

-]

(x I'x,,0), C %(sz, £), E # A then A—E.(Px ),

172 1%2>fg
k =4 4mtl.
[}

8) B = (xl'x,,0), c %(sz,fA) then A %(rxlxz,l)

=

k = 24mtl,
2
B) B =p(Mx,0), DB Mk ,£), E 4 A then = (M ,£p)

k = 2+mrtl.
'3

) B3 (1), 0 Bo(lx ,5,) then A%(l‘xl,l)

w

k = 24mtl,

% ..
If A =¥ (xy,p), %y in Zo » P in {0,11(£,]4 1n V}, ve say A

derives (x“y,p) in n steps. We say A dérives (xry,p) if A derives (xly,p)
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r steps for some r, and we write A '-=R' xF ¥,p). The language recognized

by Ris: TR) = {x[x in I", § = Mol
Theorem 7.10 Given any eTS R there exists a gTS R, such thatTTRl) = T(R).
Proof Let R = (V,I,P,5,$). We will construct an (2,m)-TS R' such that
T(R') = T(R). The theorem will follow according to the corollary of
Theorem 7.8.

Consider the (2,m)-TS R' = (V',I,P',S,g,$) in which: £ = 1,
m = r+4 where r is the number of variables in V. (There are in R’
42 new oﬁtcomes, all of them failures; outcome r+4 will correspond to
subroutine failures in R. Outcomes 3 through r+2, one for every
variable in V, are aesignated fof carrying over the failures of type fA
for Ain V), Let V = {xil 1€1¢r}; then V' = {xi,xil 1 ¢4 ¢ riiz,w},
where Z, W are not in V.

P' contains the following rules:

1) If A..a is8 in P, a in E,» then P' contains A"(Ql’QZ""’Qm)
where Q = {a}, Q, ==, -{al, Qj =¢ for § > 2. (The outcome 1 stands
for success, outcome 2 corresponds to a recognition failure in R).

2) 1If A..e is in P then P' contains A..(Ql,....,Qm) where Q = {e},
Qj =4 for j > 1.

3) If A..fy is in P, then let A =X, B=X;; 1f 1 = § then P'

contains A..(Ql,...Qm) where Q, = {€}; 1f 1 # § then A"(Ql""’Qm) is
in P' where Qj = {el.



80

4) Let A..B(C,D) be in P and let A = X;5 in P' A'..B(Y,,...,T)

where Y, = C, Y, =D, and Y, = Z for j not in {1,2}. Also in P'

h|
A..A’(Yi,...,Y;) where Y! = W, Y! = Z for ] # 1. (For every rule in

i 3

P there are two rules in P'; let A be in V and A..B(C,D) in P. Then
the rule for A' in P' will register success or recognition failure as
outcomes 1 or 2; however, if the outcome for A is fD’ for some D in V -
let D = Xi! A' will register outcome i+2. The rule for A in P' is
intended to propagate all outcomes i, save outcome j+2 where 3 is such
that A = Xj. For this reason variable W was introduced and the definition
of g insures that in this case the outcome is 2, i.e. recogﬁition failure),

5) 1If there is no rule for A in P, P' contains A"(Ql""’Qm)
where Q = {e}; also in P',W..(Qi,...,Q;) where Q;—l = {e}and Z..(Qf,...,Q;)
where Q; = {e}. . . ‘

g 1s defined as follows: ..

1) gk,m) =k for 1 < k ¢ m

2) g(1,k) = g(2,k) =k for 1 < k ¢ m=2

3) gk,m-1) =2 for 1 £k ¢ m-2

It can be shown by induction that T(R) = T(R'). QED

Remark It is straightforward to show that the converse of Theorem 7.10

also holds, i.e. for any gTS R there exists an eTS R, such that T(R)-T(Rl).
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VIII. THE TS AND THE ABSTRACT FAMILIES OF DETERMINISTIC LANGUAGES

An abstract famlly of deterministic languages (AFDL) is defined
in [3] as a family of languages closed under the operations of '"marked
union", "marked*" (marked kleene closure) and inverse "marked gsm"
mapping. It was shown that a family of languages is an AFDL if and
only 1f there exists a 1DBA (one-way deterministic balloon automaton)
which accepts exactly that family. (The concept of balloon automaton
is found in [7]).

In a previous chapter we have shown that correéponding to a gTS
is an automaton which accepts exactly the languages recognized by gTS's.
However, this automaton is not similar to any class of balloon automata
in'the sense that it cannot be viewed as having an (unrestricted) finite
control which operates on a read-only input tape and some sort of
additional memory. In fact a distinctive restriction in a gISA is on
the number of states in the finite contro{.. Such a restriction, regarded
from a practical point of view, does not seem justified since in most
cases a finite control unit is easily implemented in hardware. For
this reason it is desirable to find out whether there exists a class of
balloon automata which accepts the gTSL. We will show the answer to,
this question is positive by showing that the gTSL form an AFDL and
using the mentioned result from [3].

First we will recall the definitions of "marked union, "marked*"

and '"marked gsm'" mapping.

4

* *
Definition 8.1 Let Ll.EE El . ngzxz , and the symbols a,b not in
*
ZfUEz. The sets (aLl)U(bLz) and (aLl) are called, respectively, a

marked union of L, and L2’ a marked * of L

1 1
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A marked generalized sequential machine (mgem) is a 7-tuple

G = (K,L,A,8,), q°,$) where:

K 1is a finite set of states,

I 1s a finite set of input symbols,

A 1s a finite set of output symbols,

q, is an element of K, the initial state,

$ 1s a symbol called endmarker, $ is not in zUa,

§ 18 a mapping from K x Ze into K, (we use the notation Ze for
tish,

A 1s a mapping from K x Ze into A* U A*$, such that if a is in I,
q 18 in K and A(q,a) = x then x is in A*; also if A(q,$) = y then
y 18 in A*S.

The functions § and )\ are extended to mappings from K x Z* by
defining §(q,e) = q, A(q,e) = ¢, 6(q,wa) = §[5(q,w),a] and A(q,wa) =
A(q,w) - 1[s(q,w),a) for all q in K, w in z*, ain . . .

let G = (K,Z,A,G,A,qo,$) be a mgsm: the function G2t o 2A defined
by G(X) = {ylk(zo,x$)*= ¥yS, x in X} is called a mgsm mapping. The

1

function G : 28, 2t defined by EI(Y) = {xlA(qo,xs) in Y$} is called

an inverse mgsm mapping.

Lemma 8.1 The gTSL are closed under marked union.

Proof Let R1 and R, be two gT5, Rl = (Vl,zl,Pl,Sl,$) and R2 = (VZ,ZZ,P2,82,$);
assume V’lf\V2 = ¢. Consider the gTS R = (v,z,P,S,$) and the symbols a,b

not in ZIQZZU{S}. V = V,UV,U{S} where S is a new variable, not in Vf!VZ’

I = Zf]:ﬂd{a,b}, P includes PﬂjPz; it also contains S..aSlleZ.



83

*

We claim T(R) = a.T(Rl)Ub.T(RZ). Let x be in T(R), x in £ .
Using the rule for S, we have either x = ax; and S1 ?(x1$ },0) or
x = bx2 and S2 =§>(x2$r,0); it follows that either x is in a.T(Rl)

*
or x is in b.T(RZ). Also, if x is in T(Rl), x in I then Sl =R$

(x$F,0) and s ??(axsr,O). Similarly for x in T(R,). QED

Lemma 8.2 The gTSL are closed under marked *.

Proof Let R1 = (Vl,zl,Pl,Sl,$) be a gTS; according to Theorem 7.9 we
can assume R1 is reduced and therefore there are no partial-acceptance
or end failures. Consider alsé the gTS Ri = (V',Zl,Pi,Si,a) which is
identical to R1 except for a different notation for variables (anVi=d)
and the endmarker (a is not in 21); otherwise the rules are similar
and T(Rl) - T(Ri).

Consider the gTS R = (V,L,P,S,$) where: V includes the set
VﬂJViU{S,A,B},'S,A,B not in VfJVi; V also contains the variables which
are implicitly defined by the shorthand notation of the rules in P.

L= EIU{a}. Let I, = {aill ¢ 1 ¢ m}. P includes PﬂJPi and also the
following rules:

S..$/aA

A..(B) (Sl,S]'_A)

B..alB/azB/...../amB/S.

*
We will show T(R) = [aT(Rl)] . Let x be in T(R). We write x = X ax, ax,

*
....axk$, for some integer k and X, inZ , 0¢ 1< k. First we notice

X, = € since the rule for S shows any word in T(R) must have $ or a as the

first letter. We can write Si =§?(xi ar,O) for 1 < 1 ¢ k-1; also S1 =§5
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(xk$r,0). We conclude that x, is in T(Rl) for 1 ¢ 1 ¢ k and therefore

i
*
x is in [aT(R))] .
*
Suppose now x is in [aT(Rl)] ; 1t can be shown by simply applying

the rules in P that x is in T(R). QED

Next we will show the gTSL are closed under inverse mgsm mapping.
But first, we have the following definitions:

Definition 8.2 Let G' = (K',A,Z,Gf,k',q°§) be a mgem. We define the

mgsm G = (K.A,Z,G,A,qo,$) as follows:

1) If §'(q,b) = p, A'(q,b) = ¢ for q,p in K', b in L,s then K
contains q,p and §(q,b) = p, A(q,b) = €.

2) If 6‘(q,b).- p, A'(q,b) = 21350003, 4P in K', b in B
a#d 8, in Zy for 1 ¢ 1 s‘k and some k, k > 1, then K contains C T IPEERRNY Y
where q for 1 « 1 ¢ k-1, are new states; not in K', and 6(q,b) = qy°
x(q,b) = a3 G(qi,e) = Q. A(qi,e) =a. for 1 ¢ 1 ¢ k-2; also
6(q_;.€) = P, Mg _;.€) = a.

The mappings, X\, &, extensions of 1,8 over the domain K er*,
are defined as follows

1) 1If &(q,e) is not defined above, then &(q,e) = q, A(q,c)=€c.

2) If G(qi,e) = d10 A(qi,e) =a, for 1 €« 1 ¢ k-1 and some k > 1,
and a(qk,e) 1s undefined, then E(ql,s) = q and X(ql,e) = a,8,....8 .

3) For all x in Be*, b in Aél{e}: §(q,xb) = 6(8(q,x),b) and
A(q,xb) = X(q,x). A(8(q,x),b). (We notice that the range of § includes
no state q which has an e-move).

*
We define the set of mappings {Gpl all p in K} from Kxd, to K,
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* *
and the set of mapping {lpl all p in K} from RxA, to I (These

e »
mappingsare intended to facilitate the notation in later proofs, The
subscript p, for some p in K, implies that Gp has the value p or
else is undefined; when, given an input string, & takes an initial
state (ql) to a final state (qn) such that a number of c-moves occur
before reaching the final state 9 then GP will take 4 top if p is
one of the states on which the e-moves have occurred):

1) 1If &(q,c) is undefined, then Sq(q,s) = q, Gp(q,e) is undefined
for all p # q, Aq(q,s) =g, Ap(q,e) is undefined for all p # q.

2) Let s(qi,e) = Q40 A(qi,e) =a, for 1 ¢ 1 ¢ k-1 and some
k > 1, and 6(qk,e) is undefined; if qj = p for some 1 ¢ j ¢ k, then
Gp(q,e) =p andvkp(q,s) = a1a2""aj-l' If qj ¥ pforall j,1 <3 < k,
then dp(q,e), Ap(q,e) are undefined.

'3) If §(q,b) = 4> b in Ae’ then Gp(q,b) = §p (ql,e) and
kp(q,b) = A(q,b). Ap(ql,E).

4) For all x in Ae*’ b in Ae: 6p(q,xb) = 6p(§(q,x),b),

Ap(q,xb) = i(q,x). Ap(@(q,x ),b).

Definition 8.3 Let R = (V,I,P,S,$) be a gTS, let G be the mgsm in

Definition 8.2, I = {ail l<i¢ml, e {bil l1<1i¢n}, K=

{qil 1 <1< r}. We define the gIS R' = (V',A,P'.5'.$) as follows:

V' = {[qAP],[qAP;A]| q,p in K, A in VIU{S'W{[qAP;1]| q, p in K, A in

V, 1 =2,3,....,r}. (The variables in V' of the form [qAP] will simulate
derivations in R on strings in A*s and in the same time, they will keep
track of the states in G. Variables [gAP;A] are intended to recognize

*
strings in A which map into €. Variables [qAP ;1] are introduced to
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facilitate the writting of the rules in P').

P' contains the following rules:

(1) Let K, be K = {q|q in K and 8(q,c) undefined}; we denote the
elements of K1 by Kl = {pil 11 <2}, Then, S'..[qOSplll[qOSpZ]/.....
/[qoSqZ]. (K1 contains only states with no e-move).

(2) Let P contain A,.B(C,D); for all q,p in K,P' contains:
[aAp]..[qBq, 1 ([q,Cp], [qAp; 21), [qAp;1]..[qBa,]([q,Cp],[qAp;1+1]),
for 1 = 2,3,....r-1, [qu;r]..[qur]([quP],[qDP])-

(3) Let Aq = {b| b in A, and A(q,b) = €}; we denote the elements of
Aq by Aq -'{b(i)l 1<41sg 8}, Thep, [qu;A]..b(l)[qcl)Ap]/b(z)[q(z)Ap]/
e8P ap) where ¢ = (g, b®) 1 €1 ¢ 8,

(4) Let A.,abe in P, a 1n Lns 1f there are p,q in K such that
8(q,e) = p,.A(q,e) = a, then [qAP]..c and [qAs]..f for all s in k, s # p.
If there is b in Ae, q,P in k such that &6(q,b) = p, A(q,b) = a, then
[qAP]..[qgAP;A]1/b. For any other case [qAp]..f.

(5) If A..e is in P, then for all q,p in k and q ¥ p, [qAq]..c,
{qAP]..£.

(6) If A..f 1s in P, then [qAP]..f for all q,p in K.

Now we can prove the following lemma:

Lemma 8.3 The gTSL are closed under inverse mgsm mapping.
Proof Consider R,R',G as given by definitions 8.2, 8.3.
Part one Let x be 1in T(R'), x in A*; we will show A(qo,x$) = y$ and
y is in T(R). First we prove the following statements:
a) If [qAp] "%1"' (xlfxz, 0), X)Xy in A:, then A 'T‘i?(ylfyz,O)

where Y, = Ap(q,xl), Yy = X(p,xz).
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n(p) .
b) If fqap] iﬁ’ (rx, 1) for =11 p in K and some integers n(p),

then A =§?(ry, 1) where y = X(q,x).
Let n' = maxp[n(p)]. We prove these statements simultaneously, by
induction on n'.
n' =1 a) [qAp] %ﬁr(xlrxz, 0) implies a rule [qAq]..c was used in
the derivation and therefore X; = €, p=gq. Then kq(q,e) =e=y and
using the rule A..c in P we get A -if(ryz, 0)

b) We must have in this case [qAp]..f for all P In K. This
implies A..f in P and therefore A =§»(ry,1).

4
Induction step a) Assume [qAp] éig(xifxz, 0), n' > 1. There are
Rl

only three cases possible:

Case 1 The first rule used in the deri;ation is of the form
[qAp)..[qAp;A1/b.’ Assume first that [qAP;A] succeeds on X1 %95 (qap;A]
2 (xlrxz, ‘0). Then using the rule for [qAp; ], there is @ 4q 4,
and x, = b(j) X33 also [q<j)Ap] ?ﬁ# 3rx2, . Using the inductive
hypothesis and the relation A(q,b(j)) =€ we get A =E9(ylry2, 0).

If [qAP;A] fails, then x, = b and §(q,b) = p; we have A(q,b) = a and
A..a in P. Therefore A cﬁ?(afyz, 0).

Case 2 The rule for [qAp) has the form (2) in the definition of P'
and there is an integer j such that [quj] succeeds on XX, . Let
[quj] = (x rxa 2 0), for some Xy Xg¥, = X3 then [qij]
(xarxz, . By induction B =§?(y3r ALY 0), C =§?(y4ry2, 0) where
vy = Aq (q,x3), V4 = AP (qj,xa); using the rule for A, A..B(C,D)

we get A =§#(y3y4ry2, 0) where Y3y, = AP (q,x3x4) = Ap(q,xl).
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Case 3 [quj] fails, for all q._j in K, and [qDp] succeeds on X)X,
{quj] = (f‘xlxz, 1), [qDp] -E?(xlf X,, 0). By the inductive hypothesis
b) we have B - (lexz, 1); finally we get D = (ylfyz, 0) where
v, = )‘P (q,xl) and using the rule A..B(C,D) we get A =R$(y1[‘y2, 0).

b) ' Assume [qAp] g &, 1) for all P in K and some integers n(p),
n' > 1, There are threg possible cases:
Case 1 The rule for [qu] has the form (4) in the definition of P', that
is the corfesponding rule in P has the form A..a, a in Ze. Suppose
y = ay;; then there is b in Ze, b is mapped into a by A. It follows,
according to rules (4) that in this case we will have [qAS) ?;' 'Qxlbf‘xz,O),
for some s in k and X, »Xq such that X = xlbxz. Since this contradicts
the hypothesis, we must have y = a'yl, a' ¥ a; we conclude that A ?(Ty,l).
:Cagse 2 The rule for [quJ has the form (2) and [qui] fails on x,
1s1ig¢j-1, [quj] suc‘ceeds on x. Let [quj] = (xlfxz,O); then
[qij] will fail on X, for all p in K. By the inductive hypothesis

R
(Pyz,l). Finally the rule A..B(C,D) leads to A < (ty,1), v = 19, =

follows B ﬂi’(ylfyz,O), where y, = qu (q,;:l), y, = A(qj ,xz), also C =»

A(q,x).
Case 3 [quil fails on x for all q in K. Then [qDp] will fail on x
too, for all p in K; by induction we get B 'i? (Py,l), y = X(q,x) and
finally A 4 ('y,1).

Consider a string x in T(R'); [qosai] ‘R—“? (x$!,0) for some Ei in K

such that S(Ei,e) is not defined. Then § ?(ySP,O), where y$ =

At-li(qo,x$) = X (qo,x$) and therefore i'(qo,x$) is in T(R).
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* =
Part two We will show that if x is in A and A(qo,x$) is in T(R)$
*
then x 1s in T(R'). Comsider, x, in A', x, 1in 8, and q in K such that if
= \J ! =™
X =% b for some b in Ae and S(q,xl) p for some p in K then
_A(p,b) # €. (This restriction on all 3-tuples (xi,xz,q) means that

when x, is the input on G from state q, the last symbol of x, will

1

*
produce some output)., For all x; in A:, X, in Ae’ q in K with the above

restriction:

1

a) Let y; = Ap(q,xl) for some p in K, Yo ™ i(p,xz); if A =;-?

(7;y,,0) then [qAp] = (x,Mx 1) for all s in

3 2,0) and [qAs] ﬁ(f‘x

1%2°
K and s # p.

b) Let v, = X(q,xl); if A ";‘;(fyl,l) then [qAp] < (Fxl,l) for
all p in K.

The proof is by induction on n'.
n' =1 a) A =l]i=>(ylfy2,0) impliés y; = a, ain EeU{E} and A..a in P.
Case 1 a in Ee; let lxll - 2(bylx| we designate the length of the
string x). We prove this case by induction on £. First, if L = 0 we
have b = €; also §(q,€) = p and A(q,e) = a. It follows that [qAp]. .
and [qAs]..f, for all s in K, s # p; this leads to the desired result.
For the induction step let |x1| =%, £ >0, There is b 1In Ae such that

x = x3bx4, g(q,xa) - 7. X(q,x3) = ¢, A(pl,b) = g; also if 6(pl,b) =p

2

then X(pz,xa) = ¢ from which we conclude that x, = ¢, Therefore

4
X = x3b, and X(q,x3) = €. Applying the rule for [qAp], of the form (4),
[qAP;A] succeeds on x3b; let Xy = b(l)x:'i.Then,, by induction on x:;b we
1
get [q( )Ap] ’R"," (xébrxz,O) and finally [qAp] ud (xlt‘xz,O).
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Case 2 a = € is treated similarly.

b) Av-;-#(ryl,l); two cases arise:
Case 1 A has a rule A..f; then according to rules (6) in the definition
of P', [qAP]..f for all p in K and the result follows.
Case 2 A has a rule A..a, a in Ze and v, = a'yz for some a' in ).‘.e,
a' ¥ a. First assume 8(q,c) = p;- Then A(q,e) = a' and according to
rules (4), [qAPl..f for all p in K; the result follows. Now, suppose

*
§(q,e) is undefined; we have X, in Ae , b' in Ae such that x, = x3b'x

1 4>

3(q,x3) = P> X(q.x3) =€, (p;,b") = a'. Let |x3| = %; if 2 = 0
then applying rules (4) we get [qAS]..f for all s in K. For £ > 0 it

can be shown inductively the result still holds.

] .
Induction step a) A =;=> (yl)‘ yZ,O), n' > 1. Then the rule for A has

. the form A..B(C,D). Two cases are possible:
Case 1 B =R7(y3ry4y2,0), c =ﬁ?(y4ly2,0) and y; = y,y,. Consider the

rule (2) for [qAP]; let X, be the shortest string such that x, = x.x

1 374

and ¥y = Ap (q,xs) for some 12 in K. Then if Xy = xéb, for some b in
1

Ae, A( E(q,x:'i), b) # € because otherwise the assumption Xq is the shortest
string is contradicted. By the inductive hypothesis [qull 'R"i‘
(x3fx4x2,0) and [qBs] ? (f‘xlxz,l) for all 5 in K, s # p; also by
induction [plcp] F("zf x2,0) vhich establishes the claim,

Case 2 B =?(l“y]_yz, 1), D ?(YIPYZ’O)‘ Applying the inductive

hypothesis a) and b) we get [qBp] —‘E-? (M xz,l) for all p in K and

1
(epP] =% (xlf X,,0). Using the rule (2) for [qAp] we get the desired

result.
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b) A == (I‘yl,l) n' > 1. The rule for A: A..B(C,D). Two
cases are possible:

Case 1 B —i'(y3l‘y4,0), c —R# ("ya,l), Yp = Y3¥,- We define x..x

3°7%
as above and by induction we get [qull -lll-" (x3fx4,0) for some P, in
K and [qBS] =¥ (rx3x4, 1) for all s in K, s ¢ P;- Also by induction

we have [ple] = = (Ix,,1). Using the rule (2) for [qAP] we get

[qAp] =* (rx »1) for all p imn K.

C_a_s_e_z B == (ryl,l) c =? (ryl,l) This case is similarly treated.
Consider x in A" ; let y$§ = A(qo,xs) and S ——i{#(ysf‘,O). By

applying the result above we get [qoSE] = (x$l',0), where q = E(qo,xs),

and [qOSp] =ﬁ=,7 (Fx$,1) for all p in K, p ¥ q, which imply x is in T(R').

| QED
Theorem 8.1 The gITSL .form an AFDL .
Proof Follows from the definition of an AFDL and lemmas 8.1, 8.2, 8.3,

QED
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THE TMG RECOGNITION SCHEMA

Abstract

In [1] McClure describes ™G, a compiler writing system. Although
TMG is a syntax directed system, its recognition schema differs in some
respects from previously known schemas. The formalization of this
recognition schema and the study of its properties form the goal of this
work,

First, the "TMG Recognition Schema", shortly TS, is defined; also,
an automaton (TSA) corresponding to a glven TS is described and it is
shown that the TSA accepts exactly the language "recognized" by the TS.

A subclass of TS, the so called "well-formed 78", is then defined
and it is shown to have the property: the class of languages it
"recognizes" includes all deterministic context-free languages,

A given string can be recognized by a TS or it can be rejected,
in which case we have a "failure". The various types of failures are
described and the relations between them are investigated. Some closure
properties and decidability results follow.

Next, the time complexity of the languages "recognized" by the TS,
the TSL, is considered; it is shown that the TSL can be recognized in
linear time by a suitable algorithm.

The question how the TS relates to the phrase structure grammars
is also investigated; it is shown that the TSL are context sensitive,
they include some non-cfl's and is conjectured that there are cfl's which
are not TSL. It is also shown that the TSL over a one letter alphabet are

not regular.
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Another question of interest is whether the TS, our model of a
recognition schema, can be improved. Several extensions and generalization
of the TS are studied and it 1s shown that they compare favorably with
the original model. One of thesge extensions, the so called "generalized
TS" (gTS), has the following property: there exists a class of balloon
automata which accepts exactly the gISL, i.e. the class of languages

recognized by the gTS.



