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1 Introduction
Regular exprtessions
r:=NULL| EMPTY | CHAR ¢ | ALT ry ro | SEQ ry r2 | STAR r
Values
v:= Void | Char c | Left v | Right v | Seq vi v | Stars vs

The language of a regular expression

L NULL =2
LEMPTY €]}
L(CHARc) % {[c]}
L(SEQr r2) & (L)@ (Lry)
LALTri 1) & (Lr)U(Lr
L(STARr) & (Lr)«
The nullable function
nullable NULL &1 False
nullable EMPTY def True

nullable (CHAR ¢) ' False

nullable (ALT ry r3) ' ullable r1 V nullable ry

nullable (SEQ 11y 1) & ullable r1 A nullable ry
(

nullable (STAR r) ' True

The derivative function for characters and strings
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der c NULL

der c EMPTY
der ¢ (CHAR ¢)
der ¢ (ALT rq r2)
der ¢ (SEQ r1 r2)

der ¢ (STAR r)

ders (| r
ders (c::s) r

& NULL

' NULL
&f if ¢ = ¢’ then EMPTY else NULL
L ALT (der c ry) (der crq)

&f if nullable ry then ALT (SEQ (der ¢ r1) r2) (der ¢ ra)
else SEQ (der c ry) ro

& SEQ (der cr) (STAR )

def
=r

& ders s (dercr)

The flat function for values

The mkeps function

|Void|
|Char ¢|
|Left v
|Right v|
|Seq vi val
|Stars (]|

|Stars (v::vs)|

g 118 1&g
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mkeps EMPTY = Void

mkeps (SEQ ri ry) = Seq (mkeps r1) (mkeps ry)

mkeps (ALT ry ra) &f if nullable ry then Left (mkeps r1) else Right (mkeps ra)
mkeps (STAR r) X Stars I

The inj function

def

injf EMPTY c Void = Charc

inj (CHAR d) ¢ Void & Char d

inj (CHAR d) ¢ (Char ¢') ©1 Seq (Char d) (Char ¢')

inj (ALT ry r2) ¢ (Left vy) & Left (injr1 ¢ v1)

inj (ALT ry r3) ¢ (Right v2) E8 Right (inj ra ¢ vo)

inj (SEQ ry r3) ¢ (Seq vi vz) & Seq (inj r1 v1 va) v2.0

inj (SEQ r1 r2) ¢ (Left (Seq v1 v2)) def Seq (inj r1 cv1) va

inj (SEQ ry ra) c (Right vy) & Seq (mkeps 1) (inj rs ¢ vo)
(

inj (STAR r) ¢ (Seq v (Stars vs)) & Stars ((inj rcv)::vs)

The inhabitation relation:
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Fvi:in Fvy:ir
FSeq vy ve : SEQ ry 1o

" V11 - Vo I 11
b (Left vi) : ALT ry 1o F (Right vo) : ALT ro 1rq

F Void : EMPTY F (Char c) : CHAR ¢

Fv:r F Stars vs : STAR r
F Stars || : STAR r F Stars (v::vs) : STAR r

We have also introduced a slightly restricted version of this relation where the last rule
is restricted so that |v| # [|. This relation for non-problematic is written = v : r.

Our Posix relations € r — v

[| € EMPTY — Void [c] € CHAR ¢ — (Char ¢)

SEFrL—v sE€Erg—v s (Lr)
s €ALT ry ro — (Left v) s € ALT ry ro — (Right v)

s1€rf — Vv, So € Iy — Vo
ﬂS3S4.8375[]/\S3@S4:S2/\S1@5‘36(111’1)/\846([4?'2)

(s1 Qs9) € SEQ r1 ro — Seq v1 vo

S1ET VY s3 € STAR r — Stars vs vl # 1]
(s1 @ s3) € STAR r — Stars (v::vs) [| € STAR r — Stars |]

Our version of Sulzmann’s ordering relation
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vizp vl v #Ew] Vo Zry V2!
Seq vi va =5EQ 1y ro Seqvi'vo' Seq vi va =SEQ 1y ro Seq V1 v2'
len (Jv1]) <len (|v2|) len (|v2]) < len (|v1])
Left vo = AT r, ry Right vi Right vi = A1 1, 1, Left va
Vo Zry V2! vi =y vi’
Right va = AL T r, r, Right vy’ Left vi =ArT r, ry Leftvi'

Void EEMPTY Void Char c ECHAR c Char c

|Stars (vivs)| =] |Stars (v::vs)| # ]
Stars [| =sAR y Stars (v::vs) Stars (v::vs) =graR » Stars []

V1 Zr Vo

Stars (v1::v81) >=STAR r Stars (va::vsg)

Stars vs1 =STAR r Stars vsa

Stars (v::vs1) Z=sTAR r Stars (v::vss) Stars [| =sAR » Stars ]

Some lemmas
If nullable r then \ mkepsr : r.
If nullable r then |mkeps r| = [|.
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